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To Marjorie 


Preface 


[Hilbert’s] style has not the terseness of many of our modem authors 
in mathematics, which is based on the assumption that printer’s labor 
and paper are costly but the reader’s effort and time are not. 


H. Weyl [143] 


The purpose of this book is to describe the classical problems in additive number 
theory and to introduce the circle method and the sieve method, which are the 
basic analytical and combinatorial tools used to attack these problems. This book 
is intended for students who want to learn additive number theory, not for experts 
who already know it. For this reason, proofs include many “unnecessary” and 
“obvious” steps; this is by design. 

The archetypical theorem in additive number theory is due to Lagrange: Every 
nonnegative integer is the sum of four squares. In general, the set A of nonnegative 
integers is called an additive basis of order h if every nonnegative integer can be 
written as the sum of h not necessarily distinct elements of A. Lagrange’s theorem 
is the statement that the squares are a basis of order four. The set A is called a 
basis of finite order if A is a basis of order h for some positive integer h. Additive 
number theory is in large part the study of bases of finite order. The classical bases 
are the squares, cubes, and higher powers; the polygonal numbers; and the prime 
numbers. The classical questions associated with these bases are Waring’s problem 
and the Goldbach conjecture. 

Waring’s problem is to prove that, for every k > 2, the nonnegative kth powers 
form a basis of finite order. We prove several results connected with Waring’s 
problem, including Hilbert’s theorem that every nonnegative integer is the sum of 


Vill Preface 


a bounded number of kth powers, and the Hardy—Littlewood asymptotic formula 
for the number of representations of an integer as the sum of s positive kth powers. 

Goldbach conjectured that every even positive integer is the sum of at most 
two prime numbers. We prove three of the most important results on the Gold- 
bach conjecture: Shnirel’man’s theorem that the primes are a basis of finite order, 
Vinogradov’s theorem that every sufficiently large odd number is the sum of three 
primes, and Chen’s theorem that every sufficently large even integer is the sum of 
a prime and a number that is a product of at most two primes. 

Many unsolved problems remain. The Goldbach conjecture has not been proved. 
There is no proof of the conjecture that every sufficiently large integer is the sum 
of four nonnegative cubes, nor can we obtain a good upper bound for the least 
number s of nonnegative kth powers such that every sufficiently large integer 
is the sum of s kth powers. It is possible that neither the circle method nor the 
sieve method is powerful enough to solve these problems and that completely 
new mathematical ideas will be necessary, but certainly there will be no progress 
without an understanding of the classical methods. 

The prerequisites for this book are undergraduate courses in number theory and 
real analysis. The appendix contains some theorems about arithmetic functions 
that are not necessarily part of a first course in elementary number theory. In a 
few places (for example, Linnik’s theorem on sums of seven cubes, Vinogradov’s 
theorem on sums of three primes, and Chen’s theorem on sums of a prime and an 
almost prime), we use results about the distribution of prime numbers in arithmetic 
progressions. These results can be found in Davenport’s Multiplicative Number 
Theory (19]}. 

Additive number theory is a deep and beautiful part of mathematics, but for 
too long it has been obscure and mysterious, the domain of a small number of 
specialists, who have often been specialists only in their own small part of additive 
number theory. This is the first of several books on additive number theory. I hope 
that these books will demonstrate the richness and coherence of the subject and 
that they will encourage renewed interest in the field. 

I have taught additive number theory at Southern Illinois University at Carbon- 
dale, Rutgers University—New Brunswick, and the City University of New York 
Graduate Center, and I am grateful to the students and colleagues who participated 
in my graduate courses and seminars. I also wish to thank Henryk Iwaniec, from 
whom I learmed the linear sieve and the proof of Chen’s theorem. 

This work was supported in part by grants from the PSC-CUNY Research Award 
Program and the National Security Agency Mathematical Sciences Program. 

I would very much like to receive comments or corrections from readers of this 
book. My e-mail addresses are nathansn@alpha.lehman.cuny.edu and nathanson@ 
worldnet.att.net. A list of errata will be available on my homepage at http://www. 
lehman.cuny.edu or http://math.lehman.cuny.edu/nathanson. 


Melvyn B. Nathanson 
Maplewood, New Jersey 
May |, 1996 
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Notation and conventions 


Theorems, lemmas, and corollaries are numbered consecutively in each chapter 
and in the Appendix. For example, Lemma 2.1 is the first lemma in Chapter 2 and 
Theorem A.2 is the second theorem in the Appendix. 

The lowercase letter p denotes a prime number. 

We adhere to the usual convention that the empty sum (the sum containing no 
terms) is equal to zero and the empty product is equal to one. 

Let f be any real or complex-valued function, and let g be a positive function. 
The functions f and g can be functions of a real variable x or arithmetic functions 
defined only on the positive integers. We write 


f = O(g) 
or 

f<€e 
or 

gf 


if there exists a constant c > 0 such that 


If(x)| < cg(x) 


for all x in the domain of f. The constant c is called the implied constant . We 
write 


f “Ka.b.... 8 
if there exists a constant c > 0 that depends on a, b, ... such that 


Lf(x)| < cg(x) 


XIV Notation and conventions 


for all x in the domain of f. We write 


f = 0(g) 
if 


f~e, 


The real-valued function f is increasing on the interval / if f(x,) < f(x2) for all 
X;,X2 € I with x; < x2. Similarly, the real-valued function f is decreasing on 
the interval / if f(x) > f (x2) for all x), x2 € J with x; < x2. The function f is 
monotonic on the interval / if it is either increasing on / or decreasing on /. 

We use the following notation for exponential functions: 


exp(x) = e* 


and . 
e(x) = exp(27ix) = e27'*, 


The following notation is standard: 


Z the integers 0, +1, +2,... 

R the real numbers 

R’” n-dimensional Euclidean space 

Zz" the integer lattice in R” 

C the complex numbers 

\z| the absolute value of the complex number z 
RzZ the real part of the complex number z 

SZ the imaginary part of the complex number z 
[x] the integer part of the real number x, 


that is, the integer uniquely determined 
by the inequality [x] < x < [x] +1. 


{x} the fractional part of the real number x, 
that is, {x} = x — [x] € [0, 1). 
l[x || the distance from the real number x 


to the nearest integer, that is, 
|x| = min{|x —n|:n € Z} = min({x}, 1 — {x}) € [0, 1/2]. 


(a,,...,@,) the greatest common divisor of the integers a), ..., ay 
[a},...,@,] the least common multiple of the integers a),..., a, 
|X| the cardinality of the set X 


hA the A-fold sumset, consisting of all sums of h elements of A 


Part I 


Waring’s problem 


i 


Sums of polygons 


Imo propositionem pulcherrimam et maxime generalem nos primi de- 
teximus: nempe omnem numerum vel esse triangulum vex ex duobus 
aut tribus triangulis compositum: esse quadratum vel ex duobus aut 
tribus aut quatuorquadratis compositum: esse pentagonum vel ex duo- 
bus, tribus, quatuor aut quinque pentagonis compositum; et sic dein- 
ceps in infinitum, in hexagonis, heptagonis polygonis quibuslibet, 
enuntianda videlicet pro numero angulorum generali et mirabili pro- 
postione. Ejus autem demonstrationem, quae ex multis variis et abstru- 
sissimis numerorum mysteriis derivatur, hic apponere non licet.. . .’ 


P. Fermat [39, page 303] 


'! have discovered a most beautiful theorem of the greatest generality: Every number 
is a triangular number or the sum of two or three triangular numbers; every number is a 
square or the sum of two, three, or four squares; every number is a pentagonal number or 
the sum of two, three, four, or five pentagonal numbers; and so on for hexagonal numbers, 
heptagonal numbers, and al! other polygonal numbers. The precise statement of this very 
beautiful and general theorem depends on the number of the angles. The theorem is based 
on the most diverse and abstruse mysteries of numbers, but I am not able to include the 
proof here.... 


4 1. Sums of polygons 
1.1 Polygonal numbers 


Polygonal numbers are nonnegative integers constructed geometrically from the 
regular polygons. The tnangular numbers, or triangles, count the number of points 
in the triangular array 


The sequence of triangles is 0, 1, 3,6, 10, 15,.... 
Similarly, the square numbers count the number of points in the square array 


The sequence of squares is 0, 1, 4,9, 16, 25,.... 
The pentagonal numbers count the number of points in the pentagonal array 


The sequence of pentagonal numbers is 0, 1,5, 12, 22, 35,.... There is a similar 
sequence of m-gonal numbers corresponding to every regular polygon with m 
sides. 

Algebraically, forevery m > 1, the kth polygonal number of order m+2, denoted 
Pm(k), is the sum of the first k terms of the arithmetic progression with initial value 
] and difference m, that is, 


Polk) = 1+(m+1)+(2m+1)4+---+((k — lm +1) 


k(k —- 
a mk(k — 1) + k. 
2 
This is a quadratic polynomial in k. The triangular numbers are the numbers 
k(k +1) 


Pi(k) = a 
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the squares are the numbers 
prk) =k’, 


the pentagonal numbers are the numbers 


k(3k — 1) 
p3(k) = > 
and so on. This notation is awkward but traditional. 

The epigraph to this chapter is one of the famous notes that Fermat wrote in 
the margin of his copy of Diophantus’s Arithmetica. Fermat claims that, for every 
m > 1, every nonnegative integer can be written as the sum of m + 2 polygonal 
numbers of order m + 2. This was proved by Cauchy in 1813. The goal of this 
chapter is to prove Cauchy’s polygonal number theorem. We shall also prove the 
related result of Legendre that, for every m > 3, every sufficiently large integer is 
the sum of five polygonal numbers of order m + 2. 


1.2 Lagrange’s theorem 


We first prove the polygonal number theorem for squares. This theorem of La- 
grange is the most important result in additive number theory. 


Theorem 1.1 (Lagrange) Every nonnegative integer is the sum of four squares. 


Proof. It is easy to check the formal polynomial identity 


(x? +x} + x2 + x2)(y? + y2 + y2 + y2) 2? +23 +23 + 22, (1.1) 
where 
Zp OXY + X22 +XZY3 + X44 
Z2™ X12 — X2Y1 — X34 + X43 (1.2) 
Z3 X13 — X31 + X24 — Xay2 
fq ™ X14 — X41 — X23 + X32 


This implies that if two numbers are both sums of four squares, then their product 
is also the sum of four squares. Every nonnegative integer is the product of primes, 
so it suffices to prove that every prime number is the sum of four squares. Since 
2 = 17+ 17 +07 +07, we consider only odd primes p. 

The set of squares 


(a? |a=0,1,...,(p — 1)/2} 
represents (p + 1)/2 distinct congruence classes modulo p. Similarly, the set of 


integers 
{(-b? -1|b=0,1,...,(p—1)/2} 
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represents (p + 1)/2 distinct congruence classes modulo p. Since there are only 
p different congruence classes modulo p, by the pigeonhole principle there must 
exist integers a and b such that 0 < a, b < (p — 1)/2 and 


a? =—b?—1 (mod p), 
that is, 
a? +b*+1=0 (mod p). 
Let a* + b* + 1 = np. Then 
2 


o) % 3 a) — 1 ? 
p <np~a?+b?+ 40? <2(2—*) +l < St! < p’, 


and so 
l<n<p. 


Let m be the least positive integer such that mp is the sum of four squares. Then 
there exist integers x;, x2, x3, X4 such that 


2 2 2 2 


and 
l<m<n<p. 
We must show that m = I. 
Suppose not. Then | < m < p. Choose integers y,; such that 
yi =x; (mod m) 
and 
—m/2< y, <m/2 
fori =1,...,4. Then 


yityrtyreyi exrect exp tx? = mp =0 (mod m) 


and 
mr= yi +2 +Y3 + Ya 


for some nonnegative integer r. If r = 0, then y; = 0 for all i and each x? is divisible 
by m?. It follows that mp is divisible by m?, and so p is divisible by m. This is 
impossible, since p 1s prime and | < m < p. Therefore, r > | and 


mr =yitye+yztyy < 4(m/2)? =m’. 


Moreover, r = m if and only if m is even and y; = m/2 for all i. In this case, 
x; =m/2 (mod m) for alli, and so x? = (m/2)? (mod m?) and 


mp =x) +x} +Xx3+x2 = 4(m/2) =m? =0 (mod m’). 


1.3 Quadratic forms 7 


This implies that p is divisible by m, which 1s absurd. Therefore, 
l<re<nm. 
Applying the polynomial identity (1.1), we obtain 
m’rp = (mp)(mr) 

= (x) +x3 + x2 +x2)(y? + y? + yz + 2) 

= 27 +23 +23 +24, 
where the z; are defined by equations (1.2). Since x; = y; (mod m), these 
equations imply that z; = O (mod m) fori = 1,...,4. Let w; = z;/m. Then 
W),..., W4 are integers and 

rp= wi +we + we + wi, 

which contradicts the minimality of m. Therefore, m = | and the prime p is the 
sum of four squares. This completes the proof of Lagrange’s theorem. 

A set of integers is called a basis of order h if every nonnegative integer can be 
written as the sum of h not necessarily distinct elements of the set. A set of integers 
is called a basis of finite order if the set is a basis of order h for some h. Lagrange’s 
theorem states that the set of squares is a basis of order four. Since 7 cannot be 
written as the sum of three squares, it follows that the squares do not form a basis 
of order three. The central problem in additive number theory is to determine if a 
given set of integers is a basis of finite order. Lagrange’s theorem gives the first 
example of a natural and important set of integers that is a basis. In this sense, it 
is the archetypical theorem in additive number theory. Everything in this book is a 
generalization of Lagrange’s theorem. We shall prove that the polygonal numbers, 
the cubes and higher powers, and the primes are all bases of finite order. These are 
the classical bases in additive number theory. 


1.3. Quadratic forms 


Let A = (a;_;) be an m x n matrix with integer coefficients. In this chapter, we 
shall only consider matrices with integer coefficients. Let A’ denote the transpose 


of the matrix A, that is, A’ = (a7 ) is the n x m matrix such that 


ij 


a; = Gj 
fori =1,...,n and j = 1,...,m.Then(A’)! = A for every m x n matrix A, 
and (AB)! = B' A’ for any pair of matrices A and B such that the number of 
columns of A is equal to the number of rows of B. 

Let M,,(Z) be the ring of n x n matrices. A matrix A € M,(Z) is symmetric if 
A! = A. If A is a symmetric matrix and U is any matrix in M,,(Z), then U" AU is 


also symmetric, since 


(U'AU)! =UTAT(U’) =U" AU. 
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Let SL,,(Z) denote the group of n x n matrices of determinant 1. This group acts 
on the ring M,,(Z) as follows: If A € M,(Z) and U € SL,(Z), we define 


A-U=U'AU. 
This is a group action, since 
A-(UV) =(UV)’ A(UV) = V"(U’AU)V =(U'AU)-V =(A-U)-V. 
We say that two matrices A and B in M,,(Z) are equivalent, denoted 
A~ B, 


if A and B lie in the same orbit of the group action, that is, if B= A-U =U’ AU 
forsome U € SL,,(Z). It is easy to check that this is an equivalence relation. Since 
det(U) = 1 forall U € SL,(Z), it follows that 


det(A -U) = det(U’ AU) = det(U’ ) det(A) det(U) = det(A) 


for all A € M,(Z), and so the group action preserves determinants. Also, if A is 
symmetric, then A - U is also symmetric. Thus, for any integer d, the group action 
partitions the set of symmetric n x n matrices of determinant d into equivalence 
Classes. 

To every n x n symmetric matrix A = (a; ;) we associate the quadratic form F4 


defined by 
Fa(X1,...,%Xn) = 2 Yi. jXix;- 
inl jel 
This is a homogeneous function of degree two in the n variables x;,..., x,. For 
example, if /, is the n x n identity matrix, then the associated quadratic form is 


2 


tee tx? 


2 
Fy (X1,..+5Xn) BXpP +X ne 


Let x denote the 2 x 1 matrix (or column vector) 


We can write the quadratic form in matrix notation as follows: 
Fa(xy,...,X%n) = x! Ax. 


The discriminant of the quadratic form F 4, 1s the determinant of the matrix A. Let 
A and B be n x n symmetric matrices, and let F4 and Fx, be their corresponding 
quadratic forms. We say that these forms are equivalent, denoted 


F, ~~ Fr, 
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if the matrices are equivalent, that is, if A ~ B. Equivalence of quadratic forms is an 
equivalence relation, and equivalent quadratic forms have the same discriminant. 
The quadratic form F, represents the integer N if there exist integers x;, ..., Xn 
such that 
Fy(x,,...,Xn) ON. 


If F, ~ Fg, then A ~ B and there exists a matnx U e€ SL,(Z) such that 
A=B-U =U" BU. It follows that 


F(x) =x! Ax =x!U" BUx = (Ux)' B(Ux) = Fp(Ux). 


Thus, if the quadratic form F, represents the integer NV, then every form equivalent 
to F, also represents N. Since equivalence of quadratic forms is an equivalence 
relation, it follows that any two quadratic forms in the same equivalence class 
represent exactly the same set of integers. Lagrange’s theorem implies that, for 
n > 4, any form equivalent to the form x? + --- + x? represents all nonnegative 
integers. 

The quadratic form Fy, is called positive-definite if F4(x\,...,Xn) = 1 for all 
(x1,..-,Xn) ¥ (O,..., 0). Every form equivalent to a positive-definite quadratic 
form is positive-definite. 

A quadratic form in two variables is called a binary quadratic form. A quadratic 
form in three variables is called a ternary quadratic form. For binary and ternary 
quadratic forms, we shall prove that there is only one equivalence class of positive- 
definite forms of discriminant 1. We begin with binary forms. 


Aw({ fl 41.2 
@1.2 42.2 


be a2 x 2 symmetric matrix, and let 


Lemma 1.1 Let 


2 2 
F(X), X2) = ay 1X} + 2a) 241X2 + 22X37 


be the associated quadratic form. The binary quadratic form F, is positive-definite 
if and only if 


a,, 21 
and the discriminant d satisfies 
d = det(A) = a),;42.2 —a?, > 1. 
Proof. If the form F, is positive-definite, then 
F,(1,0) =a, 2 1 


and 


2 2 2 
F(—@),2, Q1,1) = 41,14) y — 2@),14; 4 + @y \a2,2 


2 
= a1) (a1,142.2 — ay >) 
=a,id > 1, 
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and sod > 1. Conversely, if a; ; > 1 andd > 1, then 
@y 1 Fa(x1, X2) = (ay1X1 + @4,2%2)" + dx3 > 0, 


and F4(x;, x2) = 0 if and only if (x), x2) = (0, 0). This completes the proof. 


Lemma 1.2 Every equivalence class of positive-definite binary quadratic forms 
of discriminant d contains at least one form 


2 2 
Fa(x1,X2) = 1 1X) + 2a, 2X 1X2 + 22X57 


for which 


2 
2|a;.2| < aia < Ave: 


Proof. Let Fg(x1, x2) = by,:.x? + 2b) 2x1.x2 + bz,2x} be a positive-definite quad- 
ratic form, where 
bh, bi2 } 
B = . . 
( bi2 622 


is the 2 x 2 symmetric matrix associated with F. Let a, be the smallest positive 
integer represented by F. Then there exist integers r;, r2 such that 


F(r,,7r2) ™a,1. 


If the positive integer h divides both r, and r2, then, by the homogeneity of the 
form and the minimality of a; _;, we have 


Fi(r,,r2) ay 
ay OL 1 
h2 h2 


ais F(nifh,r2/h)= 
and so h = |. Therefore, (r;, 72) = 1 and there exist integers s; and s2 such that 
l= rySz — 125; =r\(s2 +rot) — r2(s; +r)0) 


for all integers ¢. Then 


u-(7 §) +ryl ) € stam 
rz $2+7ol 


for all t € Z. Let 


A=U'BU 
_ ( F(r,, r2) a,,+F(ry,r2)t ) 


a,4+ F(ri,r2)t F(s; +ry,t, S2 +rot) 


. Q@i1 @)1.2 
4,2 a22 }° 
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where 


Ay > = by irySy + by 2(ris2 +1251) + bz.27252 
Q\2™a,,+a;\0 
Q2.2 = F(s, + ryt, 52 +7r2t) = ay) 
since (5; + r,t, Sz + rot) ¥ (0,0) for all t € Z, and a, is the smallest positive 


number represented by the form F. Since {a; , + a).,f : t € Z} is a congruence 
class modulo a; _;, we can choose f¢ so that 


/ Qa) 1 
lay.2| = la, . +a; 1t| < 3 


Then A ~ B, and the form Fz is equivalent to the form F4(x), x2) = a),1x? + 
2a) 2X1X2 + a22x3, where 


2\a;.2| < a1.) < 422. 
If d is the discriminant of the form, then 
2 
d =) 12.2 — Qi 2» 


and the inequality 


2 
ay 


2 2 
Qa}, £41422 =dtaj,<d+ 4 


implies that 
3a? ; 
4 


<d 


or, equivalently, 


2 
ais ava. 


This completes the proof. 


Theorem 1.2 Every positive-definite binary quadratic form of discriminant | is 


equivalent to the form x? + x3. 


Proof. Let F be a positive-definite binary quadratic form of discriminant 1. By 
Lemma 1.2, the form F is equivalent to a form ay.)x? +2a),2x)X2+@2,2x} for which 


2 
2|a\,2| <a); < — <2. 


Since a; > 1, we must have a,, = 1. This implies that a; 2 = 0. Since the 


discriminant 1S l, we have 
2 ] 
Q2.2 ™ 4; 1422 —@,;>™ 1. 


Thus, the form F is equivalent to x? + x?. This completes the proof. 
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1.4 Ternary quadratic forms 


We shall now prove an analogous result for positive-definite ternary quadratic 
forms. 


Lemma 1.3 Let 
Q); @j.2 @)3 


A=] 41.2 422 423 
@\.3 42,3 3,3 
be a3 x 3 symmetric matrix, and let F4 be the corresponding ternary quadratic 
form. Let d be the discriminant of F,. Then 
Qy 1 Fa(x1, X25 X3) = (111 + @1,2X2 + 4),3X3)° + G ao(X2, X3)s (1.3) 


where G4 is the binary quadratic form corresponding to the matrix 


At = ( @) 142.2 — aj, Q; 142.3 — @},24) 3 ) (1.4) 


2 
Q) 12,3 — @),24),3 @),1€3,3 — a; 4 


and Ga has discriminant a,.\d. If F, is positive-definite, then G+ iS positive- 
definite. Moreover, the form F 4 is positive-definite if and only if the following three 
determinants are positive: 


a;,, = det(a,.;) > 1, 
d' ~ det ( Q).1 @)2 ) > 1, 
Q@)\.2 42,2 


d = det(A) > 1. 


and 


Proof. We obtain identities (1.3) and (1.4) as well as the discriminant of G4,- 
by straightforward calculation. 
If F,4 iS positive-definite, then 


FAC, 0, 0) =Q,)2 1. 


If Ga-(x2,x3) < O for some integers x2, x3, then Gy-(a).)x2,@).)x3) = 
a? |G a-(x2, x3) < 0. Let x) = —(a).2x2 + 4),3x3). Then 


QA) 1X1 + Ay 24) 1X2 + A) .30),)x3 = 0, 
and so 
Q).) Fa(X), Q). 1X2, A),1X3) 
+ 24G 
= (Qy 1X1 + A) .2Q), 1X2 + A),3Q),1X3)° + Gao (Gy. 1X2, A), 1X3) 
= Gae(Qy 1X2, A),)X3) 


= at \Gas(X2, x3) 
< 0. 
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Since F, is positive-definite, it follows that x2 = x3 = 0, and so the binary form 
Ga 1S also positive-definite. By Lemma 1.1, the leading coefficient of G,4- is 
positive, that is, 

d' =a) 1a72—-a),>1, 


and also the discriminant of G4. is positive, hence 
d = det(A) > 1. 


This proves that if F,4 is positive-definite, then the integers a, ,,d’, and d are 
positive. 

Conversely, if these three numbers are positive, then Lemma 1.1 implies that 
the binary form G g. is positive-definite. If F4(x,, x2, x3) = 0, then it follows from 
identity (1.3) that 


Ga-(X2, X3) = 0 


and 
Qy 1X1 +. Qy2X2 + Q)3X3 = 0. 


The first equation implies that x2 = x3; = 0, and the second equation implies that 
x, = 0. Therefore, the form Fy, is positive-definite. 


Lemma 1.4 Let B = (b;,;) be a3 x 3 symmetric matrix such that the ternary 


quadratic form Fg is positive-definite. Let Gg- be the unique positive-definite 
binary quadratic form such that 


by Fe(y1, Y2. ¥3) = (b).1¥1 + bi.2y2 + 1,393)" + Gae(Y2, 3). 
For any matrix V* = (v7 ;) € SL2(Z), let 
A* =(V*)’ B*V* (1.5) 


and let Gas be the positive-definite binary quadratic form corresponding to the 
symmetric matrix A* and equivalent to the form Gg-. For any integers r and Ss, let 


l r S 
Vis=(uj)= > 0 vi, vf, E€ SL3(Z) (1.6) 


* * 
O vz, 22 


and 
A,s = V,/,BV,.s = (ai,;)- (1.7) 


Let F,_, be the corresponding ternary quadratic form. Then a, = b;,; and 
2 
Ay. Fa, (X1, X2,X3) = (A1.1Xy + y,2%2 + A, 3%3)" + Ga-(X2, x3), 


where the matrix A* defined by (1.5) is independent of r and s. 
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Proof. Since v,; = 1 and v2; = v3; = 0, it follows from the matrix equa- 
tion (1.7) that 


33 33 3 
T 
a\,j;= > ye bY. - So bev. = yo bit; 
km] iw] kw] jo] Zz} | 


and so a); = bi 1. Let 


x] y1 
x=] X2 and Vist =y=l yo ], 
X3 ¥3 
sO 
3 
yi = > Ui, jXj- 
jel 


In particular, 
y2 = v2, 1x1 + V2. 2X2 + V2,3X3 = VY X27 + VU] 2X3 
y3 = v3, 1x1 + U3,2X2 + U3,3X3 = Uz 1X2 + Vz 2X3. 


y= ( 2 | and v-(2). 
y3 X3 


V*x* my”. 


Then 


It follows that 
G a-(y2, 3) = Gae(V°x") = Gae(x2, X3). 


Moreover, 
3 3 
byiyi + Bi.2y2 + by 393 = ob > Uj, jXj 
iw] jel 
3 3 
- > (> bums) xj 
j=l \iel 
= Ay |X) + A) 2X2 + A) ,3X3. 
Since 


Fg,,(X1,%2,%3) x7 Ay sx = (V,5x)" B(Visx) = y" By = Fa(yi, Yas V3). 
it follows that 
(ay, X1 + @1,2X2 + 1,3%3)" + Gap, (x2, x3) 
= a) .\ Fr, (x1, X2, X3) 
= by Fa, (x1, X2, 3) 
= b, 1 Fe(y1, ye, y3) 


= (by 1y1 + b.2y2 + b1.393)* + Gayo, ys) 
= (Ay, 1X1 +).2X2 + A)3X3)" + Gae(X2, x3), 
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and so 
G 4°(X2,.X3) = Gas (42, X3) 


for all integers r and s. This completes the proof. 
Lemma 1.5 Let uy; ), U2, and u3, be integers such that 
(U1, U2,.1,431) = 1. 


Then there exist six integers u;_; fori = 1,2,3 and j = 2,3 such that the matrix 
U =(u;_;) € SL3(Z), that is, det(U) = 1. 


Proof. Let (u;.;, u2.;) = a. Choose integers u; 2 and u22 such that 
Uy 142.2 — U2,144,.2 =a. 
Since (a, u3.;) = (U1.), 42,1, 43,1) = 1, we can choose integers u3.3 and b such that 


au33 —bu3, = 1. 


u,b 
u“,3™ ’ 
a 


u21b 
u23™ ’ 
a 


u32 = 0. 


Then the matrix 


Uy. U2 hs} 


Ue(uij)= | ur u22 (E)b 


U3, O 43,3 
has integer coefficients and determinant |. This completes the proof. 


Lemma 1.6 Every equivalence class of positive-definite ternary quadratic forms 


arr 3 ; 
of discriminant d contains at least one form jor 4 jXiXj for which 


4 
2 max (|a),21, lai3!) < aia < avd. 


Proof. Let F be a positive-definite ternary quadratic form of determinant d, and 
let C be the corresponding 3 x 3 symmetric matrix. Let a;_, be the smallest positive 
integer represented by F. Then there exist integers u)}, ¥2,;, and u3, such that 


F(uy.1, U2,1,U3,1) = Qy,1. 


If (uy.1, 42.1, 43,,) = h, then the form F also represents a, ;/h7, and so, by the 
minimality ofa, ;,we have (u;.1, 42,1, 43,;) = 1. By Lemma 1.5, there exist integers 
u;; fori = 1,2, 3 and j = 2, 3 such that the matrix U = (u;_;) € SL3(Z). Let 


B=U'CU =(b;,;). 
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Then F is equivalent to the form Fg, and 
by) = a1) 
is also the smallest integer represented by Fs. By Lemma 1.3, 
@y 1 Fg (x1, X2, 3) = (b1,141 + by,.2X2 + dy, 3x3)" + Gae(X2, x3); 


where G g-(x2, X3) iS a positive-definite binary quadratic form of determinant a, ,d. 
By Lemma 1.2, the form Gg-(x2, x3) is equivalent to a binary form 


2 * 2 
G ao(X2, X3) = Gy Xz + Ay 9X2X3 + Aj 2X3 
such that 


2 
ay | < Av ae. 


Choose V* € SL2(Z) such that A* = (V*)’ B*V*. Let r,s € Z, and let V,, € 
SL3(Z) be the matrix defined by (1.6) in Lemma 1.4. Let 


A=V, BV,.s = (a;,;). (1.8) 


Note that the integer in the upper left corner of the matrix is still a, ;, the smallest 
positive integer represented by any form in the equivalence class of F, and that, 
by Lemma 1.3, 


Ay) ™ 41,142,2 — aj». 
Finally, it follows from (1.8) that 
Qy.2 = A117 +d, 20; , + d1,305 | 


and 
Q),3 =) 15 +b) 20; + b13V; >. 


Therefore, we can choose r such that 


Qi) 
la;2] < — 
2 
and choose s such that 
Qi 
lai3|< — 
Since 
Qi,1 < F,(0, 1, 0) ™ €222 
we have 


2 
Qy, S 41,1422 
2 2 
™ Q),182.2 — A). +@;2 


* 2 
= 4), +4)2 
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This implies that 


or, equivalently, 


This completes the proof. 


Theorem 1.3 Every positive-definite ternary quadratic form of discriminant \ is 


. ) 
equivalent to the form x? + x} + x2. 


Proof. Let F be a positive-definite ternary quadratic form of discriminant 1. By 
Lemma 1.6, the form F is equivalent to a form F. = >> a;,;x;x; for which 


4 
O < 2max (la) 21, lai.31) < ai < 3" 


This implies that a}2 = a;.3 = 0. Since d » 0, it follows that a,.,; » O and so 
a, , = 1. Therefore, 
1 O 0 
A=} 0 422 @23 |, 
O a23 433 


A* = Qa22 a23 
Q2.3 43,3 


has determinant 1. By Theorem 1.2, there exists a matrix 


where the 2 x 2 matrix 


y* -( M22 U3 ) & SLy(Z) 


U23  U3.3 
such that (U*)’ A*U* is the 2 x 2 identity matrix /,. Let 


] 0 0 
U={ 0 u22 423 
O u23 33 


Then U’ AU is the 3 x 3 identity matrix /;. This completes the proof. 


1.5 Sums of three squares 


In this section, we determine the integers that can be written as the sum of three 
squares. The proof uses the fact that a number is the sum of three squares if 
and only if it can be represented by some positive-definite ternary quadratic form 
of discriminant |, together with two important theorems of elementary number 
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theory: Gauss’s law of quadratic reciprocity and Dirichlet’s theorem on primes in 

arithmetic progressions. | 
The statement that a is a quadratic residue modulo m means that there exist 

integers x and y such that x? — a = ym. If p is prime and (a, p) = 1, then the 


Legendre symbol (s) is defined by (2) = | if a is a quadratic residue modulo p 
and (4) = —] if a is not a quadratic residue modulo p. By quadratic reciprocity, 
if p and q are distinct odd primes, then (2) ™ (+) ifp=1 (mod 4org =! 
(mod 4), and (4) =- (2) if p=q=3 (mod 4). Also, (3) = | if and only 


if p= 1 (mod 4), and (2) =1 if andonly if p=1o0r7 (mod 8). 
P 


Lemma 1.7 Let n > 2. If there exists a positive integer d’ such that —d’ is a 
quadratic residue modulo d'n — 1, then n can be represented as the sum of three 
squares. 


Proof. If —d’ is a quadratic residue modulo d’n — 1, then there exist integers 
@; 2 and a; ; such that 


at, +d’ =ayi(d'n — 1) = a),,422, 


where 
anz2=d'n—1>2d’'-—1>1 
and so 
ai, > 1. 
Equivalently, 


' 2 
d = 4,102.2 — Qj >. 


The symmetric matrix 
aii a2 | 
A=] a2 422 O 
l O in 


has determinant 
det(A) = (a; 142.2 — a} .)n —~a22=d'n—an2=1. 


By Lemma 1.3, the quadratic form F, corresponding to the matrix A is positive. 
Moreover, F. has discriminant | and represents n, since F.,(0.0.1) = rn. By 
Theorem 1.3, the form x? + x3 + x? must also represent n. This completes the 
proof. 


Lemma 1.8 [fn is a positive integer and n = 2 (mod 4), then n cun be 
represented as the sum of three squares. 
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Proof. Since (47, n — 1) = 1, it follows from Dirichlet’s theorem that the arith- 
metic progression {4nj +n —1: j = 1,2,...} contains infinitely many primes. 
Choose j > 1 such that 


p=4nj+n—1l=(4f+1)n—-1 
is prime. Let d’ = 47 +1.Sincen =2 (mod 4), we have 
p=dn—1=1 (mod 4). 
By Lemma 1.7, it suffices to prove that —d’ is a quadratic residue modulo p. Let 
d' = I] qi. 
q.\d' 
where the gq; are the distinct primes dividing d’. Then 
p=dn—1=-1 (mod q;) 


for all i, and 


d’ = I] (—1)* =1 (mod 4). 
ows nes 4 
Therefore, 
[] @o*=1 
gj’ 
g, #3) (mod 4) 


since p= 1 (mod 4), and 


This completes the proof. 
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Lemma 1.9 [fn is a positive integer such thatn = 1,3, orS (mod 8), then n 
can be represented as the sum of three squares. 


Proof. Clearly, 1 is a sum of three nonnegative squares. Let n > 2. Let 


3 ifn =1 (mod 8) 
c={ | ifn=3 (mod 8) 
3 ifn=S5 (mod 8). 


Ifn =1lor3 (mod 8), then 


cn — 1 


=1 (mod 4). 


Ifn =S5 (mod 8), then 


=3 (mod 4). 


cn — | 
4n, = |, 
(#2) 


By Dirichlet’s theorem, there exists a prime number p of the form 


In all three cases, 


cn — 1 


p=4nj+ 
for some positive integer j. Let 
d' =8j +c. 
Then 
2p=(8j+cn—1l=d'n—1. 


By Lemma 1.7, it suffices to prove that —d’ is a quadratic residue modulo 2p. 
If —d’ is a quadratic residue modulo p, then there exists an integer xo such that 


(xo +p)’ +d’ =x2+d' =0 (mod p). 


Let x = Xo If xo 1s odd, and let x = xo + p if xo is even. Then x is odd and xad’ 
is even. Since 
x? +d’ =0 (mod 2) 


and 
x?4+d'=0 (mod p), 


it follows that 
x?+d'=0 (mod 2p). 


Therefore, it suffices to prove that —d’ is a quadratic residue modulo p. 
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d' = I] qi 
q, |\d’ 


be the factorization of the odd integer da’ into a product of powers of distinct odd 
primes gq;. Since 
2p=-!1 (modd’), 


it follows that 
2p =-1 (mod q;) 


and 
(Pp. qi) =| 


for every prime q; that divides d’. 
Ifn =1or3 (mod 8), then p=1 (mod 4) and 


(F)-(F)G) 


Ifn = 5 (mod 8), then p = 3 (mod 4) and d’ = 3 (mod 8). From the 
factorization of d’, we obtain 


d= [[ a JT] a 


9, yi" 
g, 1 imod 4) q,@3 (mod 4) 
= I] (—1)* (mod 4) 
ajo" 
4,3 (mod 4) 
=-I1 (mod 4) 
and so 
[] Cpt --1. 
qi le” 
a, 53 (mod 4) 


It follows from quadratic reciprocity that 
(F)-(G)G) 
Pp p Pp 
(5) 
Pp 


22 1. Sums of polygons 


™ - I] 
q, 1! jd! ! q, 1d" 
q, al (trod 4) 9, #3 (rod 4) qj =3 (mod 4) 
k, k, 
q; iw’ qi q; id’ qi 
9,@! (mod 4) q, es imod 4) 


In both cases, 


-(2) WG) 


q 

- [J co J] Co 
qed tes 8 q0it twos ty 

- [J co. 


4, od’ 
9; ws,? (mod 8) 


Therefore, —d’ is a quadratic residue modulo 2p = d'n — 1 if 
>> -& =0 (mod 2). 
q, 1s" 
q; 85.7 tenod Ry 


This 1s what we shall prove. We have 


d= |] a JT] a JT] @ I] a 
a” «1a \d a’ 


qj ’ q ’ 4 
g, ™I (mod 8) q, 3 (mod 8) qj m5 (raod &) q; =? {mod 8) 
= [] * [J] ©23* JT] Co* (mod 8) 
XN a’ 9 id? a 1a’ 
gj m3 (ned &) q, 85 (mod 8) q,@7 (mod B} 
= 3 YT] * (mod 8). 
q, a q, a” 
gp m3.5 (mod ¥) 9;5,7 (mod 8) 


Ifn =1lor5 (mod 8), thenc = 3 and 
d’=8j;+3=3 (mod 8). 


1.5 Sums of three squares 23 


This implies that 
ki; =1 (mod 2) 
a, a! 
4g, 43.5 (mod &) 
and 
k; =O (mod 2). 
aj id 
q, 25.7 (mot 8) 


Ifn =3 (mod 8), thenc = 1 and 
d'=8j;+1=1 (mod 8). 


It follows that 
2 k; =0 (mod 2) 


q, to! 
q, 53.8 (mod 8) 


and 
>> k =0 (mod 2). 
q; id’ 
q, 3.7 {mod 3) 
This completes the proof. 


Theorem 1.4 (Gauss) A positive integer N can be represented as the sum of three 
squares if and only if N is not of the form 


N = 4°(8k +7). 


Proof. Since 
x? =0,1, or4 (mod 8) 


for every integer x, it follows that a sum of three squares can never be congruent to 
7 modulo 8. If the integer 4yn is the sum of three squares, then there exist integers 
X1, X2, X3 such that 


2 2 2 


This is possible only if x;, x2, x3 are all even, and so 


X)\2 X2\2 x3\2 
m= (5) +(5) +). 
Therefore, 4°m is the sum of three squares if and only if m is the sum of three 
squares. This proves that no integer of the form 4°(8k + 7) can be the sum of three 
squares. 

Every positive integer N can be written uniquely in the form N = 4°m, where 
mz=2 (mod 4)orm =1,3,5, or7 (mod 8). By Lemma 1.8 and Lemma 1.9, 
the positive integer N is the sum of three squares unless m = 7 (mod 8). This 
completes the proof. 


Theorem 1.5 /f/N is a positive integer such that N =3 (mod 8), then N is the 
sum of three odd squares. 
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Proof. Recall that x? = 0,1, or 4 (mod 8) for every integer x. If N = 3 
(mod 8) is a sum of three squares, then each of the squares must be congruent to 
1 modulo 8, and so each of the squares must be odd. This completes the proof. 


1.6 Thin sets of squares 


If A is a finite set of nonnegative integers such that every integer from 0 to N can 
be written as the sum of h elements of A, with repetitions allowed, then A is called 
a basis of order h for N. A simple counting argument shows that if A is a basis of 
order h for N, then A cannot be too small. 


Theorem 1.6 Leth > 2. There exists a positive constant c = c(h) such that, if A 
is a basis of order h for N, then 


\Al > cNT*, 


Proof. Let |A| = k. If A is a basis of order h for N, then each of the integers 
0,1,..., M is asum of h elements of A, with repetitions allowed. The number of 
combinations of h elements, with repetitions allowed, of a set of cardinality k is 


the binomial coefficient (“*}~'). Therefore, 


4 _ wee _ ‘Eh 
weis(**) ') = Ae ee 
h h! ht 


for some constant c’ > 0 and all k, and so 
hin\\/* 
|A| =k> (“*) =cN'/*, 


This completes the proof. 
Since the squares form a basis of order 4, it follows that for every N > 0 the set 
Qw of all squares up to N is a basis of order 4 for NV. Moreover, 


lOvl =1+[N'?] > Nt”, 


This is much larger than cN'/*, which is a lower bound for the thinnest possible 
basis of order 4. It is natural to ask if for every N there exists a set Ay of squares 
that is a basis of order 4 for N and satisfies 


_ Aw 
Ne NIA 


The answer is provided by the following theorem. 


Theorem 1.7 (Choi—Erdos—Nathanson) For every N > 2, there exists a set Ay 
of squares such that Ay is a basis of order 4 for N and 


[An} < a N' log N 
"= Mog 2 oe” 
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Proof. The sets Az = A3 = {0,1} and Ay = As = {0, 1, 4} satisfy the 
requirements of the theorem. Therefore, we can assume that N > 6. 

We begin with a simple remark. By Theorem 1.4, if 2 is a nonnegative integer 
and €=1or2 (mod 4), then @ is the sum of three squares. Since the square of 
an even integer is 0 (mod 4) and the square of an odd integer is 1 (mod 4), it 
follows that ifm #0 (mod 4) and a is any positive integer such that a? < m, 
then either m — a? is the sum of three squares or m — (a — 1)? is the sum of three 
squares. 

For N > 6, we let A? consist of the squares of all nonnegative integers up to 
2N'/3. Then 

JAY | < 2N'3 41, 


Let A”) consist of the squares of all integers of the form 


[MeN] or [Ken] _ 1, 


where 
4<k<N'?, 
Then 
JA?) < 2(N'3 — 3) = 2N'3 — 6. 
Let 
AY = AYU AY. 
Then 


JAW < 4N'?, 


Since AY contains all the squares up to 4N7/?, it follows from Lagrange’s theorem 
that every nonnegative integer up to 4N/? is the sum of four squares belonging to 
Ay 

Let m be an integer such that 


4n-2<m<N 


and 
m0 (mod 4). 


We shall prove that there exists an integer ap € A? such that 
O<m-a < 4N7 


and m — a? is the sum of three squares. Since 


it follows that 
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Let 
a= [l/2N1?) 


Then a? € AY, (2-1)? € AY, 
at < kN <m < (k+1)N7%, 


and 

a>k'?n' _ 1, 
It follows from our initial remark that either m — a? or m — (a — 1)? is the sum 
of three squares. Choose a2 € {(a — 1)’, a2} © AY such that m — a2 is a sum of 
three squares. Since 4 < 3N'/° for N > 6, we have 


O<m-a 


<m-—a 
<m-(a-1) 

< (k+1)N23 — (12 N' — 2/2 

< (k+1)N7? — kN7? + 4k'?P NIP 
wm N23 4 ag l/2 N73 

< N2344N}/2 

< 4N23, 


and so m—a? is the sum of three squares belonging to A”. Therefore,if0 <m<WN 


and m #0 (mod 4), then m is the sum of four squares belonging to A” . 
Let 


| log N 
Ay = (ia? :0<i<—— and ae A}. 
log 4 


Then Avy is a set of squares and 


log N 2log N 4 
Awl s (PEG #1) 1491 < <ee ) ane —"_ \ nN jog nN, 
log 4 log 4 log 2 


Letn € [0, NJ. Ifm #0 (mod 4), then n is the sum of four squares belonging 
to A) © Ay. Ifn =0 (mod 4), thenn = 4'm, where m #0 (mod 4) and 
0 <i < log N/log4. Then 

m =a? +a? +42 +42, 
where a), G2, Q3, a4 € AY), and so 


n= 4'm = (2'a,)’ + (2'a,)* + (2'a3)? + (2'a4)" 


is a sum of four squares belonging to Ay. This completes the proof. 
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1.7 The polygonal number theorem 


We begin by proving Gauss’s theorem that the triangles form a basis of order three. 
Equivalently, as Gauss wrote in his journal on July 10, 1796, 


EYPHKA! num =A+A+4+A. 


Theorem 1.8 (Gauss) Every nonnegative integer is the sum of three triangles. 


Proof. The triangular numbers are integers of the form k(k + 1)/2. Let N > 1. 
By Theorem 1.5, the integer 8N + 3 is the sum of three odd squares, and so there 
exist nonnegative integers k,, k2, k3 such that 


8N +3 = (2k, + 1)* + (2ky + 1)? + (2k3 +1)” 
= Ak? + ky + kj + ko +kj + k3) +3. 


Therefore, 
N= ky(k; +1) + ko(k2 + 1) + k3(k3 + I) 
2 2 2 
This completes the proof. 

Lagrange’s theorem (Theorem 1.1) is the polygonal number theorem for squares, 
and Gauss’s theorem is the polygonal number theorem for triangles. We shall now 
prove the theorem for polygonal numbers of order m + 2 for all m > 3. It is easy 
to check the polygonal number theorem for small values of N/m. Recall that the 
kth polygonal number of order m + 2 is 


Din(k) = =~ +k. 


The first six polygonal numbers are 


Pm (0) = 0 

Pm(1) = 1 

Pm(2) =m+2 
Pm(3) = 3m +3 
Pm(4) = 6m +4 
Pm(5) = 10m +5. 


If k;,..., ks are positive integers, then, forr = 0,1,...,m+2—s, the numbers 
of the form 


Pm(k1) + Pm(k2) +--+ + Pm ks) +r pmC) (1.9) 


are an interval of m +3 — s consecutive integers, each of which is a sum of exactly 
m + 2 polygonal numbers. Here is a short table of representations of integers as 
sums of m + 2 polygonal numbers of order m + 2. The first column expresses the 
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integer as a sum of polygonal numbers 1n the form (1.9), and the next two columns 
give the smallest and largest integers that the expression represents. 


rPm(1) 0 m+2 
Pm(2) + rpm(1) m+2 2m +3 
2 Pm(2) + rpm(1) 2m+4 3m+4 
Pm(3) + rpm() 3m+3 4m+4 
Pm(3) + Pm(2) + rpm(Q) 4m +5 Sm +5 
4Dm(2) +rpm(1) 4m+8 5m+6 
Pm(3)+2pm(2)+rpyn(l) Sm+7 6m+4 
Pm(4) +rpm() 6m+4 TIm+5 
Pm(4) + Pm(2) + rpm() Tm +6 871 +6 
2 Pm(3) + Pm(2) Im+8 8m+7 
Pm(4) + 2pm(2)+rpm(1) 8m+8 9m+7 
Pm(4) + Pm(3) + rpm Q) 9m+7 10m+7 
Pm(5) +rpmQ) 10m+5 llm+6 
Pm(5) + Pm(2)+rPpm(1) Wm +7) 12m+7 


This table gives explicit polygonal number representations for all integers up to 
12m +7. It is not difficult to extend this computation. Pepin [95] and Dickson [23] 
published tables of representations of N as a sum of m + 2 polygonal numbers 
of order m + 2 for all m > 3 and N < 120m. Therefore, it suffices to prove the 
polygonal number theorem for N > 120m. 

We need the following lemmas. 


Lemma 1.10 Letm > 3 and N > 2m. Let L denote the length of the interval 
l 6N 2 8N 
p=(-+/—-3, 2+ /—-8). 
(; * m ; 3 * m : 


L>4 


Then 
if N > 108m 


and 


L>m if€>3andN >7€m’*. 


Proof. This is a straightforward computation. Let 


x=N/m>2 
and , 
fon l— —. 
We see that 
L = V8x — 8 — V6x — 3 + = > e 
if and only if 


V8x-—8> V6x — 3 + po, 
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or, after squaring both sides and rearranging, 
2x — 02 —5 > 2UyV6x — 3. 
Squaring and rearranging again, we obtain 
4x (x — (702 +5)) + (€5 +5)? + 1265 > 0. 


This inequality certainly holds if 
l 2 
x > 1+5=7(¢ =) +5, 


Therefore, 


Since 


l 2 
(4-2) +5 = 107.86..., 


it follows that L > 4if N > 108m. Since 


] 2 
1 >1(¢- 2) +5 


for 2 > 3, it follows that L > 2 if 2 > 3 and N/m > 7€?. Therefore, if 2 > 3 and 
N > 7€?m?>, then L > &m. This completes the proof. 


Lemma 1.11 Letm > 3 and N > 2m. Leta, b, andr be nonnegative integers 
such that 


O<r<m 


and m 
N=5Z(a-b)+b+r. (1.10) 


Consider the open interval 


| [6N 2 I8N 
T={- —-3, - — — 
(5+ m 37 m : 


If 

bel, 
then 

b* < 4a (1.11) 
and 


3a <b? +2b+4. (1.12) 
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Proof. From equation (1.10), we have 


if 
2 2\? N- 
0<b<2(1-—)s 4(1-=) +3( "). 
m m m 
If b € I, then 
N 
O<b< —+ BN 8 
m 


This proves (1.11). 
Again by the quadratic formula, 


bP +2b+4—3a~b?- (1-2) o-(6(=—) ~4) > 0 
m m 


If b € I, then 


1 3\, /(! 3) +6 N-r\_, 
>({---—- -—-— — 4. 
2 em 2 sm m 
This proves inequality (1.12). 
The following result is sometimes called Cauchy’s lemma. 
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Lemma 1.12 Leta and b be odd positive integers such that 
b? < 4a 
and 
3a < b* +2b+4. 
Then there exist nonnegative integers s,t, u,v such that 


a=s¢reur ty? (1.13) 


and 
b=st+ttt+urtu. (1.14) 


Proof. Since a and b are odd, it follows that 4a — b* = 3 (mod 8). By 
Theorem 1.5, there exist odd positive integers x > y > z such that 


4a — b? = x2 4+ y? +27, 


We can choose the sign of +z so thatbh+x+y+z=0 (mod 4). Define integers 
s,t, u,v as follows: 


b+x+ytz 
s= —_____——_ 


4 
b+x b+x—-—y¥z 
t= — 5 = ——_____ 
4 
b+y , b-—x+y Fz 
4 
) b+z s b-—x-—y+z 
2 4 


These numbers satisfy equations (1.13) and (1.14) and 
S>tr->up> v. 


We must show that v > 0. By Exercise 8, the maximum value of x + y + z subject 
to the constraint x? + y? +z? = 4a — b* is V12a — 3b2. Also, the inequality 
3a < b* +2b +4 implies that /12a — 3b? < b + 4. Therefore, 


x+y+z< V12a — 3b? < b+4, 


and so 5 
v> — >-l. 
Since v is an integer, we must have v > 0. This completes the proof. 
The following result is a strong form of Cauchy’s polygonal number theorem. 


Theorem 1.9 (Cauchy) fm > 4and N > 108m, then N can be written as the 
sum of m +1 polygonal numbers of order m +2, at most four of which are different 
from 0 or 1. If N > 324, then N can be written as the sum of five pentagonal 
numbers, at least one of which is 0 or 1. 
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Proof. By Lemma 1.10, the length of the interval 


1  /6N 2 |8N 
i=(54 — 37 at) 


is greater than 4 since N > 108m, and so / contains four consecutive integers 
and, consequently, two consecutive odd numbers 5; and b2. If m > 4, the set of 


numbers of the form b+,r, where b € {b,, b2} andr € {0,1,..., m — 3}, contains 
a complete set of representatives of the congruence classes modulo m, and so we 
can choose b € {b,, b2} C J andr e€ {0,1,...,m — 3} such that 


N=b+r_ (mod m). 


a-2(“——*) 45=(1-=)o+2(—*) (1.15) 
m m m 


is an odd positive integer, and 


N= 5 (a —b)+be+r. 
By Lemma 1.11, since b € J, we have 
b* < 4a 
and 
3a <b? +2b+4. 


By Lemma 1.12, there exist nonnegative integers s, t, u, v such that 


aeste¢ tt tyr +y? 


and 
bmestli tutu. 


Therefore, 
N = = (a —b)+b+r 


oF (e-seP-r+w use? —v)a(sereusner 
= Pm(S) + Pm(t) + Pm(U) + Pm(v) + Fr. 


Since 0 < r < m — 3 and since 0 and | are polygona) numbers of order m + 2 for 
every m, we obtain Cauchy’s theorem for m > 4, that is, for polygonal numbers of 
order at least six. To obtain the result for pentagonal numbers, that is, for m = 3, 
we consider numbers of the form b; + r and b, +r, where b,, b>) are consecutive 
odd integers in the interval /, andr =Oor 1. 


1.8 Notes 33 


Theorem 1.10 (Legendre) Let m > 3 and N > 28m?. If m is odd, then N is the 
sum of four polygonal numbers of order m + 2. If m is even, then N is the sum of 
five polygonal numbers of order m + 2, at least one of which is 0 or 1. 


Proof. By Lemma 1.10, the length of the interval / is greater than 2m, so / 
contains m consecutive odd numbers. If m is odd, these form a complete set of 
representatives of the congruence classes modulo m, so N = b (mod m) for 
some odd integer b € /. Let r = 0 and define a by formula (1.15). Then 


N= =(a—b)+b, 


and it follows from Lemma 1.11 and Lemma 1.12 that NV is the sum of four 
polygonal numbers of order m + 2. 

If m is even and N is odd, then N = b_ (mod m) for some odd integer b € / 
and N is the sum of four polygonal numbers of order m + 2. If m is even and N is 
even, then N—1=b6 (mod m) for some odd integer b € / and N is the sum of 
five polygonal numbers of order m + 2, one of which 1s p,,(1) = 1. This completes 
the proof. 

A set of integers is called an asymptotic basis of order h if every sufficiently 
large integer can be wnitten as the sum of A not necessarily distinct elements of 
the set. Legendre’s theorem shows that if m > 3 and m 1s odd, then the polygonal 
numbers of order m + 2 form an asymptotic basis of order 4, and if m > 4 and m 
is even, then the polygonal numbers of order m + 2 form an asymptotic basis of 
order 5. 


1.8 Notes 


Polygonal numbers go back at least as far as Pythagoras. They are discussed at 
length by Diophantus in his book Arithmetica and in a separate essay On polygonal 
numbers. An excellent reference is Diophantus of Alexandria: A Study in the 
History of Greek Algebra, by T. L. Heath [53]. Dickson’s History of the Theory of 
Numbers (22, Vol. II, Ch.1] provides a detailed history of polygonal numbers and 
sums of squares. 

There are many different proofs of Lagrange’s theorem that every nonnegative 
integer is the sum of four squares. For a proof using the geometry of numbers, see 
Nathanson (93). There is a vast literature concerned with the number of representa- 
tions of an integer as the sum of s squares. Extensive treatments of these matters can 
be found in the monographs of Grosswald [43], Knopp [74], and Rademacher [98]. 
Liouville discovered an important and powerful elementary method that produces 
many of the same results (see Dickson [22, Vol. II, Ch. 11] or Uspensky and 
Heaslet [122]). 

Legendre and Gauss determined the numbers that can be represented as the sum 
of three squares. See Dickson [22, Vol. II] for historical references. In this chapter, 
I followed the beautiful exposition of Landau [78]. There is also a nice proof by 
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Weil [140] that every positive integer congruent to3 (mod 8) is the sum ot three 
odd squares. 

Cauchy [9] published the first proof of the polygonal number thearem. Legen- 
dre’s theorem that the polygonal numbers of order »: form an asymptotic basis of 
order 4 or 5 appears in [80, Vol. 2, pp. 331-356]. In this chapter I gave a simple 
proof of Nathanson (91, 92], which is based on Pepin [95]. 

Theorem 1.7 is due to Choi, Erdos, and Nathanson [13]. Using a probabilistic 
result of Erdos and Nathanson [36], Z6llner [152] has proved the existence of a 
basis of order 4 for N consisting of <« N'/4* squares. It is not known if the ¢ can 
be removed from this incquality. Nathanson (89], Spencer {t1&]J, Wirsing {145}. 
and Zollner (151] proved the existence of “thin” subsets of the squares that are 
bases of order 4 for the set of all nonnegative integers. 


1.9 Exercises 


1. Let m > 2. Show that the polygonal numbers of order m + 2 can be written 
in terms of the triangular numbers as follows: 
Pm(k) = mp,(k) +k 
for all k > 0. 


2. (Nicomachus, 100 A.D.) Prove that the sum of two consecutive triangular 
numbers is a square. Prove that the sum of the ath square and the (7 — 1)-st 
triangular number 1s the nth pentagonal number. 


3. Let u(2) be the smallest number such that every integer N can be written in 
the form | 
Nwtxit---+ x5). 


Prove that v(2) = 3. This is called the easier Waring’s problem for squares. 
Hint: Use the identities 


2x+1=(xt+1)? - x? 
and 
2x = (x +1)? — x? - 17. 
4. Prove that if m is the sum of two squares and n is the sum of two squares. 
then mn is the sum of two squares. Hint: Use the polynomial identity 


(x? + x2)(y? + y2) = (xy) + X22) + (x1 y2 — X2y1)’. 


5. (Nathanson [88]) Prove that there does not exista polynonnal identity of the 
form 
(x2 + x2 + x2)(y? + y? + y2) 22 +22 +22, 
where 2), Z2, Z3 are polynomials in x), x2, X3, yi, 2, ¥3 With integral vocf- 
ficients. 


10. 


12. 
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. Prove that Theorem 1.4 implies Lagrange’s theorem (Theorem 1.1). 
. Prove that the set of triangular numbers is not a basis of order 2. 


. Let S? = {(x, y,z) € R? : x2 + y? +2? = 1}. Prove that 


({x+y+z: (x,y,z) € S?} =[-V3, V3]. 


a 
Fa(X1,--.5Xn) ™ > Qj, jX;X; 
i jel 


and , 
Fa(xX\,..-,Xn) = > bj jXiX; 


ijel 
be quadratic forms in n variables such that 


Fa(%1,..+5%n) = Fe(xy,..-s Xn) 


for all x;,...,x, € Z. Prove that a; ; = 6;.; foralli.j =1,...,n. 


Let A be an n x nm symmetric matrix, and let F, be the corresponding 


quadratic form. Let 


U =(u;_;) 
and 
B=U'AU =(b;.;). 
Prove that 
bjj = Fa(usj,Urj.--++Unj) 
forj=l1,...,n. 


_ForN > 1. letk= Ra and 


A={0,1,...,k — 1} U {k, 2k,...,(k — Ik}. 
Show that A is a basis of order 2 for N such that 


|A| <2VN +1. 


Leth > 2,k >2.,and 
h-} . 
A={O}U| Jfajki : aj = 1 veaes k — 1}. 
i=Q 


Prove that A is a basis of order A for k” — 1 and 


|A| < h(k — 1) +1. 
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13. (Raikov [99], Stohr [119]) Let h > 2 and N > 2". Let A be the set 
constructed in the preceding exercise with 


k= [Nin] +1, 
Prove that A 1s a basis of order A for N such that 


|A| < AN" 41, 


2 


Waring’s problem for cubes 


Omnis integer numerus vel est cubus; vel e duobus, tribus, 4,5,6,7,8, 
vel novem cubus compositus: est etiam quadratoquadratus; vel e duo- 
bus, tribus &c. usque ad novemdecim compositus &sic deinceps.’ 


E. Waring [138] 


2.1 Sums of cubes 


In his book Meditationes Algebraicae, published in 1770, Edward Waring stated 
without proof that every nonnegative integer is the sum of four squares, nine cubes, 
19 fourth powers, and so on. Waring’s problem is to prove that, for every k > 2, 
the set of nonnegative kth powers is a basis of finite order. 

Waring’s problem for cubes is to prove that every nonnegative integer is the 
sum of a bounded number of nonnegative cubes. The least such number is denoted 
g(3). Wieferich and Kempner proved that 9(3) = 9, and so the cubes are a basis 
of order nine. This is clearly best possible, since there are integers, such as 23 and 
239, that cannot be written as sums of eight cubes. 

Immediately after Wieferich published his theorem, Landau observed that, in 
fact, only finitely many positive integers actually require nine cubes, that 1s, every 


'Every positive integer is either a cube or the sum of 2,3,4,5,6,7,8, or 9 cubes; similarly, 
every integer is either a fourth power, or the sum of 2, 3, ..., or 19 fourth powers; and so 
on. 
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sufficiently large integer is the sum of eight cubes. Indeed, 23 and 239 are the 
only positive integers that cannot be written as sums of cight nonnegative cubes. 
A set of integers is called an asymptotic basis of order h if every sufficiently large 
integer can be written as the sum of exactly /: elements of the set. Thus, Landau’s 
theorem states that the cubes are an asymptotic basis of order eight. Later, Linnik 
proved that only finitely many integers require eight cubes, so every sufficiently 
large integer is the sum of seven cubes, that is, the cubes are an asymptotic basis of 
order seven. On the other hand, an examination of congruences modulo 9 shows 
that there are infinitely many positive integers that cannot be written as sums of 
three cubes. 

Let G(3) denote the smallest integer h such that the cubes are an asy mptotic 
basis of order h, that is, such that every sufficiently large positive integer can. be 
written as the sum of A nonnegative cubes. ‘Then 

4< G(3) <7. ! 
To determine the exact value of G(3) is a major unsolved problem of additive 
number theory. It is known that almost all positive integers are sums of four cubes, 
and it is possible that G(3) = 4. 

The principal results of this chapter are the theorems of Wicferich- -Kempner 
and of Linnik. Because of the mystery surrounding sums of few cubes, we also 
include a section about sums of two cubes. We shall prove that there are integers 
with arbitrarily many representations as the sum of two nonnegative cubes, but 
that almost all numbers that can be written in at least one way as the sum of two 
nonnegative cubes have essentially only one such representation. 


2.2 The Wieferich-Kempner theorem 


The proof that g(3) = 9 requires four lemmas. 


Lemma 2.1 Let A and m be nonnegative integers such that m < A? and m can 
be written as the sum of three squares. Then 


6A(A? +m) 
is a sum of six nonnegative cubes. 


Proof. Let m,, m2, m3 be nonnegative integers such that 


m =m? +m? + mi. 


Then 
O<m,<J/m<A 


fori = 1, 2,3, and 


3 
6A(A? +m) = 6A(A? + mj + m3 + m3) =) ((A+ mi) +(A—mi)’). 


rd | 
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This completes the proof. 


Lemma 2.2 Lett > 1. For every odd integer w, there is an odd integer b such 
that 


w=b°* (mod 2’). 


Proof. If b is odd and w = b*> = (mod 2’), then w is odd. Let b; and b> be odd 
integers such that 


b> =b3 (mod 2’). 


Then 2' divides 
b} — b> = (bz — b,)(b2 + b2b, + b?). 


Since b3 + b2b, + b? is odd, it follows that 2' divides b2 — by, that is, 
b,; = by (mod 2’). 

This means that if b; and b2 are odd integers such that 
0<b, <b <2’, 

then 
bi} #b; (mod 2'), 


and so every odd integer is congruent to a cube modulo 2’. This completes the 
proof. 


Lemma 2.3 If 
r > 10648 = 22°, 


then there exists an integer d € [0,22] and an integer m that is a sum of three 
squares such that 
r=d>+6m. 


Proof. If the nonnegative integer m is not the sum of three squares, then there 
exist nonnegative integers s and ¢ such that 


m = 4°(81 +7), 
and so 


0 (mod 96) ifs >2 
72 (mod 96) ifs =1 
42 (mod 96) ifs =Oandt is even 
90 (mod 96) ifs =O and tf Is odd. 


6m =6-4°(8t+7) = 


It follows that if m is a positive integer and 


6m =h (mod 96) 
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for some 
he H = {6, 12, 18, 24, 30, 36, 48, 54, 60, 66, 78, 84}, 


then m is the sum of three squares. The following table lists, for various h € H 
and 


de D=({0, 1, 2,3, 4,5, 6, 7, 8,9, 10, 11, 13, 14, 15, 17, 18, 22}, 
the least nonnegative residue in the congruence class 
d*+h (mod 96). 


The elements of # are listed in the top row, and the elements of D are listed in the 
column on the left. 


0 
| 
2 
3 
4 
5 
6 
7 
8 
9 


Every congruence class modulo 96 appears in this table. Since 0 < d < 22 for 
all d € D, it follows that if r > 22°, then there exists an integer d € D such that 
r — d® is nonnegative and r — d*> = h_ (mod 96) for some h € H. Therefore, 
r —d> = 6m, where m is the sum of three squares. This completes the proof. 


Lemma 2.4 [f1 < N < 40, 000, then 
(i) N is a sum of nine nonnegative cubes; 


(ii) if N ¥23 or 239, then N is a sum of eight nonnegative cubes; 


2.2 The Wieferich-Kempner theorem 4] 


(iii) if N ¥ 23 or 239 and if N is not one of the following fifteen numbers: 


IS 22 50 114 167 
175 186 212 231 238 
303 364 420 428 454 


then N is a sum of seven nonnegative cubes; 
(iv) if N > 8042, then N is a sum of six nonnegative cubes. 


Proof. Let s(N) denote the least integer h such that N is the sum of # nonnegative 
cubes. Von Sterneck computed s(/N) for all N up to 40,000. The four statements in 
the lemma are obtained by examining von Sterneck’s list of values of s(N). Using a 
computer, one can quickly verify (and extend) von Sterneck’s list (see Exercise 8). 


Theorem 2.1 (Wieferich-Kempner) Every nonnegative integer is the sum of nine 
nonnegative cubes. 


Proof. We shall first prove the theorem for integers 
N > 8!°. 


Let 

n= (N'). 
Then 

29 <n <2. Rk, 
There exists an integer k > 3 such that 
8-8 < N <8. gat). 

Let 

N; = N —i?. 
Fori = 1,...,m we have 

d; = N;_, —N; =i? —(i—1)° = 3i? — 31 +1 


, Q2k+3 
< 317 <3N73 < 3 


Choose / so that 
Nis, < 8-8 < Ni. 


Then i > 1. Since k > 3, we have 
N, =N—n? 
<(n+1P—n*?-1 
= 3n* +3n 
< 6n’ 
< 3. g%+3 


< 8-8. 
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Therefore, i < n — 1. It follows that 


N; < Ni-a = (Ni-1 — Ni) + (Ni — Nii) + Niat 
= d; + dis) + Nis) 
< 3-93 4.8. 3% 
< 11.8%. 
Since N,;_,| — N; = d; 1s odd, exactly one of the integers N; and N;_; is odd. Choose 


a € {i—1,i} such that N, = N —a? is odd. By Lemma 2.2, there is an odd integer 
b € (1, 8* — 1] such that 


N-a=b* (mod 8). 


Then 
7-8 ao 8.8% 9% «N-—a—b<N, < 11-8% 

and 

N—-a& — b> = 8 Q, 
where 

7-8% <q < 11.8%, 
Let 

r=q—6-8%*. 

Then 


22° < 88 < g%* <7 < 5.8%. 


It follows from Lemma 2.3 that r can be written in the form 
r=d>+ 6m, 


where 0 < d < 22 and is a sum of three squares. Let 


A = 8. 
Then 
Pa 5 - 8% A 
mi ”-_ < . 
~ 6 6 
Let 
c = 2*d, 
Then 


N =a>+b>+84q 
=a>°+b>+8*(6-8% +r) 
=a>+b>+8*(6- 8% +d> +6m) 
=a>+b>+(2*d)* + 8*(6 - 8% + 6m) 
“a+b>+c°+6A(A2 +m). 
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By Lemma 2.1, 6A(A2 +m) is a sum of six nonnegative cubes, so N is the sum of 
nine nonnegative cubes. 


Now let 
40,000 < N < 8°. 
Then 
a =[(N — 10, 000)'/*] > 30, 000'”? > 31, 
sO 
d=(a+1)> —a? = 3a* +3a+1 < 4a* < 4N7?, 
Therefore, 


N —(a+1)? < 10,000 < N —a@ =N — (a+1)> +d < 10,000+4N2%. 


If N —a> < 40, 000, then N —a? is asum of six nonnegative cubes by Lemma 2.4. 
If N — a? > 40, 000, then we choose the integer 


b =((N —a° — 10, 000)'/*] > 31, 
and obtain 
N —a®? —(b+1)> < 10,000 < N—a’®— Bb < 10,000+ 4(N —a?)*?. 


If N —a°* — b® < 40, 000, then N — a? — b? is asum of six nonnegative cubes by 
Lemma 2.4. If N — a> — b* > 40, 000, then we choose the integer 


c=[(N —a° — b° — 10, 000)'”"] > 31 
and obtain 
N —-a@ —b’—(c+1) 
< 10,000 
<N-a@-—b-e 


< 10,000+4(N -a?—b*)”” 


2/3 
< 10,000 + 4(10, 000 + 4(10, 000 + 4N?/3)*") 


2/3 2/3 
< 10, 000 + 4 ( 10, 00 + 4 (10, 000+ 4 (8"°)"”) ) 
< 20, 000. 


Thus, if 40,000 < N < 8!°, then there exist three nonnegative integers a, b, and 
c such that 
10,000 < N —a° — b> —c°’ < 40, 000. 


By Lemma 2.4, N — a? — b° — c° is the sum of six nonnegative cubes. This 
completes the proof. 
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2.3  Luinnik’s theorem 


Let G(3) denote the smallest integer s such that every sufficiently large integer is 
the sum of s nonnegative cubes. 


Theorem2.2 [fN = +4 (mod 9), then N is not the sum of three integral ¢ ucbes. 
In particular, 


G(3) > 4. 


Proof. Since every integer, positive or negative, is congruent to 0,1]. or 1 
modulo 9, it follows that every sum of three cubes belongs to onc of the seven 
congruence classes, 0,+1,+2,+3 (mod 9). Therefore, if N = $4 (mod 9), 
then N cannot be the sum of three cubes, so G(3) > 4. 


Lemma 2.5 Letn be a positive integer. If there exist distinct primes p, q.r such 
that 


p=q=rz=-1 (mod 6), (2.1) 
r<q < 1.02r, (2.2) 
3p?q'® <n < pq", (2.3) 
4n = p*r'® (mod q°), (2.4) 
2n = p°q'® (mod r°), (2.5) 
n=3p (mod 6p), (2.6) 


then n is the sum of six positive integral cubes. 


Proof. It follows from (2.2) and (2.3) that 


p?(4q'® + 2r!8) < 6p3q'? 
< 8n 
< 8p°q'? 
< p°(4q'® + 4(1.02r)"") 
< p’(4q'8 + 8r'!8). 
Thus, 
p?(4q'® + 2r'8) < 8n < p?(4q'® + 8r'8). (2.7) 


Congruences (2.6), (2.4), and (2.5) imply that 
8n = 2p°r 18 = = p*(4q'® + 2r'8) 4 18pq°r® (mod q°), 


8n = 4p°q'® = p?(4q'® + 2r'®) + 18pq°r® (mod r°), 
8n = 0 = p*(4q'® + 2r'8) + 18pq°r 6 (mod p), 


SO 
8n = p’(4q'® + 2r!8) 4 18 pq°r® (mod pq’r’). (2.8) 
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It follows from (2.1) and (2.6) that 
n=3p=-—32=3 (mod 6), 


SO 
8n = 24 (mod 48). (2.9) 


By (2.1), the primes p,q,r are odd; hence 


and 
p? (2g"* +r'8) + 9pq°r® =(2+l)p+p=4p=4 (mod 8). 


Therefore, 
p’(4q'° + 2r'8) + 18pq°r° =8 (mod 16). 


Similarly, since p = q =r=-—1 (mod 3), we have 
p?(4q'® + 2r'8) + 18pq®r° =0 (mod 3) 


SO 
p’(4q'° + 2r!®) + 18pq°r° = 24 (mod 48). (2.10) 


Since (pqr, 48) = 1, we can combine (2.8), (2.9), and (2.10) to obtain 
8n = p’(4q'* +2r'*)+18pq°r° (mod 48pq°r°). 
Therefore, there exists an integer u such that 
8n = p?(4q'® + 2r!8) + 18pq°r® + 48 pq°reu 
= p?(4q'* + 2r!8) + 6pq°r®(8u + 3). 
It follows from (2.7) that 
0 < 6pq°r°(8u +3) < 6p’r'?, 


SO 
0 < 8u+3 < p*q™*r™. 


By Theorem 1.5, 
8u+3—x2 + y? +27, 


where x, y, z are odd positive integers less than pq~?r°, that is, 
max{q°x,q°y,q°z} < pr’. (2.11) 
Therefore, 
8n = p?(4q!® + 2r!®) + 6pq°r?(x? + y* + 27) 
= (pq° +rex)p+ (pq® —rx)+ (pq° + reyy 
+(pq® — ry)’ + (pr° +q°zy’ + (pr® — q°z)’. 
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Since each of the six integers p,q,r, x, y, Z 1s odd, it follows that each of the 
six cubes in the preceding expression is even. Moreover, each of these cubes is 
positive, since, by (2.2) and (2.11), 


O<rex <q>x < pr® < pq®, 


0O< ry < q°y < pr® < pq’, 
and 
0 < g?z < pr’. 


Therefore, 


+ 
ar 
b 
' 
ae 
b 
ne” 
wed 
+ 
a. 
v 
S 
On 
N| + 
“ 
‘< 
eee” 


(eeters)  (etars 
i= 

_ 3 6 3.\3 

pq° rey pr°+q°z pr qc 

+ — Ht} 4 | ——_-+— 

(A5>) + ve 522) (5%) 


is a Sum of six positive cubes. 


Theorem 2.3 (Linnik) Every sufficiently large integer is the sum of seven positive 
cubes, that is, 
G(3) < 7. 


Proof. Let k and @ be integers such that k > 1 and (k, 2) = 1. We define the 
Chebyshev function for the arithmetic progression £ modulo k by 
D(x;k,e)= >> logp. 
pmt "med «) 


The Siegel-Walfisz theorem states that for any A > 0 and for all x > 1, 


x x 
d(x; k, C) = ok) +O (=) ’ (2.12) 


where ¢(k) is the Euler y-function, and the implied constant depends only on A. 
It follows that, for any 5 > 0, 


dx x 
o((1 +5)x;k, 2) — 0(x;k, 2) = otk) +O (a) . 


Let k = 6, £ = —1,5 = 1/50, and x = (50/51)(log N)*. For any integer N > 2, 


> log p 


(90/31 XSog Ny? < pe ihog 44 
pe-|l (mol 6) 


= ((log N)’; 6, —1) — 38((50/51)(log N)*; 6, —1) 
(log N)* ( (log N)? ) 
102 (log log N)4 ] 
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Since 
> logp < )_logp < logN, 
pal toad 6) PIN 


it follows that, for V sufficiently large, there must exist at least two prime numbers, 
q and r, such that 
q=rz=-1 (mod 6), 


(q,N)=(r,N)=1, 
and 


50 51 
=; (log Ny’ <r<q<(logN) < = = | .Q2r. 


The multiplicative group of congruence classes relatively prime to qg° is cyclic of 
order 9(q°) = g°(q — 1). Since g = —1 (mod 6), it follows that (¢(q°), 3) = 1, 
So every integer relatively prime to q° is a cubic residue modulo g°. Similarly, 
every integer relatively prime to r° is a cubic residue modulo r°. Since 


(2Nr,q) =(2Nq.r)=1, 
there exist integers u and v such that 


(u,q) =(u,r)=1, 
4N =u’r'® (mod q°), 


and 
2N = v>q'® (mod r°), 


The numbers 6, q°, and r® are pairwise relatively prime. By the Chinese remainder 
theorem, there exists an integer @ such that 


€=u (mod q°), 
£=v (modr’), 
€=-1 (mod 6). 
Then 
4N = €r'® (mod q°) 
and 
2N = 03q'® (mod r°). 
Let 
k = 6q°r°, 
Then 
(k, €) = (6q°r®, €) = 1. 
Let 


x= NIB q-®, 
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Since q < (log N)?, we have, for N sufficiently large, 
l l l 
logx = 3 los N — 6logg > 3 osN — 12loglog N > 4 oBN 


and 
k = 6q°r° < 6(log N)** < 6(4log x)** < (log x)**. 


By the Siegel-Walfisz theorem with A = 25 and 6 = 1/50, 


9((51/50)x;k, 2) — (xk, 2) = ie +o( x 


(log x)* 
x xX 
> — —_— 
= 50x *? (ass) 
XxX XxX 
> Toga * O° (carne) 
> 0. 


Therefore, if N is sufficiently large, there exists a prime p such that 
S1x 
— = 1.02 
X<P<—>H x 


and 
p=€ (mod 6q°r°). 


The primes p,q,r are distinct because (qr, 2) = 1. Since p = —1 (mod 3), 
every integer is a cubic residue modulo 6p, and there exists an integer s such that 


s)=N—3p (mod 6p). 
By the Chinese remainder theorem, there exists t such that 
1? =N-—3p (mod 6p), 


t=0O (mod q’r’), 


and 
l <1 <6pq’r’. 
Let 
n= N—?. 

Then 

4n=4N — 4° =4N = 07? = p’r'!® (mod q°), 

2n = 2N — 21°? =2N = €3q'* = p°q'® ~=(mod r°), 

n=N-—t?=3p (mod 6p). 

Finally, 


n=eN—2 <N =x3q'8 < p3g'8 
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and 


nea N—? 
> x3q'8 ~— 216p°q°r® 
> (1.02)~3 p3q'® — 216p%q'? 


3 3 
= apa" + ((«1.02)"3 — 7 q° - 216) pq"? 


3 38 
> 4P q 
for N sufficiently large. Thus, the integer n = N — 1? and the primes p, q, r satisfy 
conditions (2.1)-(2.5) of Lemma 2.5, so N — ¢? is a sum of six positive cubes. 
Since f is positive, we see that N is a sum of seven positive cubes. This proves 
Linnik’s theorem. 


2.4 Sums of two cubes 


The subject of this book is additive bases. The generic theorem states that a certain 
classical sequence of integers, such as the cubes, has the property that every non- 
negative integer, or every sufficiently large integer, can be written as the sum of 
a bounded number of terms of the sequence. In this section, we diverge from this 
theme to study sums of two cubes. 2 This is important for several reasons. First, it 
is part of the unsolved problem of determining G(3), the order of the set of cubes 
as an asymptotic basis and, in particular, the conjecture that every sufficiently large 
integer is the sum of four cubes. Second, the equation 


Nexi+y? (2.13) 


is an elliptic curve. If 73.2(N) denotes the number of representations of the integer 
N as the sum of two positive cubes, then r32(N) counts the number of integral 
points with positive coordinates that lie on this curve. Counting the number of 
integral points on a curve is a deep and difficult problem in arithmetic geometry, 
and the study of sums of two cubes 1s an important special case. 

If N = x3 + y? and x #y, then N = y> +x} is another representalion of N asa 
sum of two cubes. We call two representations 


N=axi+y> =x} + y3 
essentially distinct if {x,, y,} # {x2, y2}. Note that N has two essentially distinct 


representations if and only if r3 2(N) > 3. 


*This section can be omitted on the first reading. 
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Here are some examples. The smallest number that has two essentially distinct 
representations as the sum of two positive cubes is 1729. The representations are 


1729 = 1° + 12° =9° + 10°. 
These give four positive integral points on the curve 
1729 = x3 + y°, 


SO 
r3.2(1729) = 4. 


The smallest number that has three essentially distinct representations as the sum 
of two positive cubes is 87,539,319. The representations are 


87539319 = 167° + 436° 
= 228° + 4233 
= 255° + 414°. 


The cubes in these equations are not relatively prime, because 
(228, 423) = (255, 414) = 3. 


The smallest number that has three essentially distinct representations as the sum 
of two relatively prime positive cubes is 15,170,835,645. The representations are 


15, 170, 835, 645 = 2468° + 517° 
= 2456° + 709° 
= 2152° + 1733°. 


The smallest number that has four essentially distinct representations as the sum 
of two positive cubes is 6,963,472,309,248. The representations are 


6, 963, 472, 309, 248 = 24217 + 19, 083° 
= 5436° + 18, 948° 
= 10, 200° + 18, 072° 
= 13, 322° + 16, 630°. 


It is an unsolved problem to find an integer N that has four essentially distinct 
representations as the sum of two positive cubes that are relatively prime. 

In this section, we shall prove three theorems on sums of two cubes. The first is 
Fermat’s result that there are integers with arbitrarily many representations as the 
sum of two positive cubes, that is, 


lim supr3.2(N) = oo. 
N00 
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Next we shall prove a theorem of Erdos and Mahler. Let C2(n) be the number of 
integers up to n that can be represented as the sum of two positive cubes. Since 
the number of positive cubes up to n is n!/3, it follows that C2(n) is at most 2/3. 
Erdos and Mahler proved that this is the correct order of magnitude for C2(n), that 
is, 

C2(n) = > 1 >> n?3, 


Nase 
uN ZI 


However, numbers with two or more essentially distinct representations as sums 
of two cubes are rare. Erdos observed that the number C}(n) of integers up to n 
that have at least two essentially distinct representations as the sum of two cubes 
is o(n?/>). More precisely, we shall prove a theorem of Hooley that states that 


C3 (nh< node 


This implies that almost every integer that can be written as the sum of two positive 
cubes has an essentially unique representation in this form. 


Theorem 2.4 (Fermat) For every k > 1, there exists an integer N and k pairwise 
disjoint sets of positive integers {x;, y,;} such that 


N = x? + y; 
fori =1,...,k. Equivalently, 


lim sup r32(N) = OO. 
N00 


Proof. The functions 


x(x? + 2y?) 
f(x, y= Ee 
x" —y 
and 
y(2x* + y*) 
8(x, y) = ——>- 
x" —y 


satisfy the polynomial identity 


fix yP—ex,yraxrsty?. 


If 
u(u> — 2v?) 
F(u,v)= ay = f(u, —v) 
and ; ; 
v(2u- — v") 
G(u,v) = pap = —g(u, —v), 
then 


F(u, vy +G(u, v)? = f(u, —v) — g(u, —v)? =u>+ (—v) =ue—v>. 
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Let 


l 
0 ~, 
<é<q 
Let x, and y, be positive rational numbers such that 


Oc ree 


x} 


We define 


u= fy >i ), 
v= g(x, y)). 
Then u and v are positive rational numbers such that 


3_ 3 a yd 4 v2 
uo—v =x +y; > 0. 


Moreover, 
ue xy(xp+2y?) x ( 1+2 9° } 
vy (2xP+ ye) 2y, \ 1403/2)” 


where p = y;/x,; € (0, 1/4). Since 


1+23 303 3p? 
< ——— =1+— < 
1+ 3/2 2+? 2 


it follows that 


and 
u Xx) l 
> > dy, > ae >2 
Next, we define 
x2 = F(u, v), 
y2 = G(u, v). 


(2.14) 


Since u > 2uv, it follows from the definition of the functions F(u, v) and Git. v) 


that x2 and y> are positive rational numbers. Moreover, 


3 3 3 3 3 3 


Leto =v/u. Then 
O<o <2¢e < 1/2 
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by (2.14) and 
xX. u(u? —2v’) 
y2 ~-v(2u3 — v3) 
u 1-20? 
2v \1—03/2 
u 303 
2v 2-0? 
u 3uc2 oO 
2v 2v \2-o03 
u 3u oO 
2v 2u\2-a03 
Since 
0O< a <o< 5° 
it follows that 
u x2 3vu oO 3uv ss 3€ 
O< —-—=— —_—_<— 
2v yy 2u \2-03 du 
Thus, 
x2 x] x2 u l lu x) 3e 3 e? 
— —- —| < j|— —- —/| 4+ -]- —- —| < — + — < 2e, 
yo 4y1 y2 2v} Ziv 2y; 2 8 
and so ; ' 
me) _ ag ys — 20> — > 0, 
ya =4y 4e 8e 


This proves that if x, and y, are positive rational numbers such that 


O< rt ec < 1/4, 
x} 


then there exist positive rational numbers x2 and y2 such that 
3,3 3,3 
X27 + yy *X, + Yj; 


y2 


0< — < Be, 
X2 
and 4 
x x 
wa2 _ at Se. 
y2 yi 


If 8c < 1/4, then there exist positive rational numbers x3 and x, such that 


3 3 3 3 
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0 < 3 < gre. 


X3 
and 4 
Xx Xx 
3 _ 22 < 8*e. 
y3 2 


Similarly, if k > 2 and 
| 
0<8 ec < -, 
4 
then there exist positive rational numbers x1, yi, X2, y2,---, Xk, Ye Such that 
XP HYP RAZH YZ AMPH Y, 


Yi 


0O< < 8'-'¢ fori=1,...,k, 
and 4 
tied _ Ath & gig forie@l,...,k—1. 
Yi+l yi 


Let ¢ = 8~*. We shall prove that the k sets {x;, y;} are pairwise disjoint. Since 


4 
Y Xin; YJ Xi+j—1 
nits ht enh ae nen 


| < Vo! giti-le mB! 32) Ne 
Yi+j Yi+j-1 


for j = 1,...,k —i, it follows that 


4 xise _ xi | Mx54; _ Vo xi 5-1 
ire yi jel Yi+j Yi+j-1 
. . 
<8'e) 32/7! 
jel 
< 8'32'¢ 


for] <i <it@ < kN xX; = X54. and y; ™= Vi+t for some @ > |, then 


Mist Mi 
Viet Yi 
and ; 
SX (gt — yw |  gizate, 
Ji yi Jive Ji 
It follows that 


3 < 832% (2) 
Xj 


< 87-132! ¢? 
< 8%*¢2 


=], 
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which is absurd. Therefore, {x;, y;}, ..., {xg. ye} are & pairwise disjoint sets of 
positive rational numbers. Let d be acommon denominator for the 2k numbers x), 
Lees Xk> Vip -+y Ye, and let N = (dx)? + (dy,)>. Then {dx,, dy}, ..., {dxz, dye} 
are pairwise disjoint sets of positive integers, and 


(dx,)> + (dy)? = (dxz)? + (dy2)? = +--+ = (dx)? + (dy)? = N, 


that is, 73.2(N) > k. This proves Fermat’s theorem. 
Next, we shall prove the Erdos—Mahler theorem. This requires four elementary 
lemmas. 


Lemma 2.6 Leta and b be positive integers such that 
a<b. 
Let r(a, b) denote the number of pairs (x, y) of integers such that 
x+(a—xyayr+(b- y) (2.15) 


and 
O<x< and O<yeZ. (2.16) 
2 2 
Then 
r(a, b) < 5a’? 
Proof. The function 


fa(x) = x?+(a—x) = 3ax* —3a*x +a? 

is strictly decreasing forO < x < a/2. Letr = r(a,b) > 1. Let (x), y)),..., 
(x,, y,) be the distinct solutions of equation (2.15) that satisfy inequalities (2.16), 
and let 


O<x,)<-:-<x,< = 

Then 

b> b 3 

4 - fo ) < fo(y1) = fa(X1) < ta (0) =a”, 
and so 

a<b<4'?q < 2a. (2.17) 
Fori=1,...,7 — 1 we have 
Soir) = fa(Xi+1) < fa(Xi) = fo(yi), 

and so 


O<y<---<y<-n. 


2 
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Moreover, the point (x;, y;) is a solution of equation (2.15) if and only if (;, y;) 


lies on the hyperbola 
2 b\? 
a(x- =) -(»-3) =C, 
where 3 3 
b’ —a 
= 0. 
Cc 7) > 
Fori =1,...,7r, let 
a 
a ee 
and 
Mm ST Mi 
Then a 
O<u,<--- <u <5, 
O<u<---<u<>5, 


and (u;, v;) is a point in the first quadrant of the uv-plane lies on the hyperbola 
au’ — by? =c, 
Since the hyperbola is convex downwards in the first quadrant, it follows that 


Uj41 — UV; UV; — Uj-1 
a > ey 


Ui+; — U; u; — U;-} 
fori =2,....7 —1,andso ther — | fractions 


Viel ~ Vi _ Viel — Yi 
Uial — Uj Xjay — Xj 


are distinct fori = 1,...,7 — 1. If 7, is the number of points (x;, y;) such that 
a3 
then 
a'fr,  g 
2 2’ 
and so 
n< qt? 


Similarly, if r2 is the number of points (x;, y;) such that 


qi/3 


Viel — Vi > > 
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then 
a'/3r, b 
5 - < 5 <a 
by (2.17), and so 
ry < 27/3, 


Let r3 be the number of points (x;, y;) such that 


a3 
1 < Xj4; —Xi < > 
and 
g3 
1<yu4—-yi x a 
Since the fractions 
Yi+l 7 Yi 
Xi) — X; 


are distinct, and the numerators and denominators are bounded by a!/? /2, we have 
gi3\? 42 
rn<(—) -—. 


Therefore, 


2/3 2/3 


Q?!3 
r(a,b) <r, +m+73+1 < 3a + +1 < Sa 
This completes the proof. 
Lemma 2.7 Let x and y be positive integers, (x, y) = 1. Ifthe prime p ¥ 3 divides 


x3+y? 


x+y. 


then 
p=1 (mod 3). 


Proof. Let p » 3 be a prime such that 


34.3 
> > x ty 
x°—-xyty’= 

x+ 


=0 (mod p). 


If p divides y, then p also divides x, which is impossible because (x, y) = 1. 
Therefore, (p, y) = 1. Since 


(2x — y)?+3y? =O (mod p), 
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it follows that —3 is a quadratic residue modulo p. Let (4) be the Legendre 
symbol. By quadratic reciprocity, we have 


(F)-@)- 


if and only if p = 1 (mod 3). This completes the proof. 

In the proof of the next lemma, we shall use some results from multiplicative 
number theory. Let (x; 3,2) denote the number of primes p < x such that 
p = 2 (mod 3). By the prime number theorem for arithmetic progressions, 
n(x; 3,2) ~ x/(2 log x). Moreover, there exists a constant A such that 


1 | l 
) — = - loglogx +A+O| — ]}. 
p 2 log x 


This implies that 


1 1 
p 2 


] ] 
log log x — — loglo "60 ( 
iO/I1 pe BmOe 2 ee* log x 
pm? (wed 3) 


Lemma 2.8 For any positive integer a, let h(a) denote the largest divisor of a 
consisting only of primes p= 1 (mod 3), that is, 


hay= [| Pp. (2.18) 
PA ka 


pm (meat 3) 


Let H(x) denote the number of positive integers a up to x such that h(a) < a‘/'° 
and a is not divisible by 3. There exists a constant 5, € (0, 1) such that 


H(x) > 8x 
forall x > 2. 


Proof. Let Ho(x) denote the number of positive integers a < x of the form 
a = pb, where p = 2 (mod 3) is a prime such that p > x!!! and b is an 
integer not divisible by 3. An integer a has at most one representation of this form. 
Moreover, 


h(a) =h(b)<b-= e <x pi/'0 <ql/!0 
Pp 
It follows that every number of the form pb is counted in H(x), and so 


Ho(x) < H(x). 
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Also, Ho(2) = H(2) = 1. Let g(x) denote the number of positive integers up to x 
not divisible by 3. Then 
(x) > ax ] 
X — <= 
5 3 


and 


IV 


2x 
py (=~) 


pm? (mod 3) 


2x 


2x [1 1] ] x 
= =~ (~1log—+0 O 
3 (; °F 10” (—))+ (=) 


x 1} x 
= — log — O {| — 
3 °8 10°" (=) 
> Xx. 


[V 
| 
~ 
7o~ 
a 
w 
we 


This completes the proof. 


Lemma 2.9 Let y(d) be the Euler g-function, and let0 < 5 < 1. There exists a 
constant c, = c\(5) > 0 such that, if n is a positive integer and t > 5n, and if 


aj<::-<a,<n 
are any t positive integers, then 
t 
2 
) y(a;) > cn’. 
im! 


Proof. For any p > 7, we have 


2 P 
(1-5) 


A 
i 
S 
ed 
RL 
= 


i 


tt 
| 

elm DWwilwy wld ~~ 
+ 


A 
| 


+ 
Me TMs EM 
an} 
S| S) 


—_ 


+ 
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<Il--— 


Since the infinite product 


converges, we have 


where 
0<c <1. 


Since g(d) =d Tp (1 — 1) and n! > (n/e)", it follows that 


[oo - [eT] (1-5) 


d=} pid 

TI ] [n/p] 
-t(-) 

psn P 

n/p 

> n! (1 — ~) 

psn Pp 
> n'c> 


c7n\" 
>(=). 
e 
8/2 © 
c;! <—<l. 
° e 


on — On +1 
mmi— —_—_— < . 
2/-~2~" 


Suppose that there exists a set D C [1, n] such that |D| = m+ 1 and g(d) < c3n 
for alld € D. Since g(d) < d < n for all d < n, we have 


[ [¢@) - | y(d) I] y(d) 
d=] d=l d=) 


we? d¢D 


Choose c3 > 0 so that 


Let 
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<Tlon [> 


de} 
fp @d¢D 


< (c3n)7™*! yt! 
- cel" 


6n/2 
< on" 


c2n 
< (=), 
4 


which is impossible. It follows that there exist at most m integers in [1, n] with 
y(d;) < c3n. In particular, among the tf > 5n integers a,, there must be at least 


) > 5 én ,, on 
— 2/- 2 


integers for which g(a;) > c3n, and so 


>36 
5 vlai) > (> * )exn = Sn? = cn’, 


fs) 
where c, = c35/2. This completes the proof. 


Theorem 2.5 (Erdos-Mahler) Let C}(n) denote the number of integers not ex- 
ceeding n that can be written as the sum of two positive, relatively prime integral 
cubes. Then 

C3(n) > n??, 


Proof. Let 
h(a) = I] p* 
pel mn 3) 
and let 
ay <---<a,<n'? 


be the integers in [1, n!/3] not divisible by 3 such that 
h(a;) < a}, 
Then h(1) = A(2) = 1 and so a; = 2. By Lemma 2.8, we have 
t= H(n') > dn’ 
Let x and y be positive integers such that 
x+y=a,; forsomei =1,...,f. 


Then 


3 


wP+ey<(xt+y) =a: <n. 
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Moreover, (x, y) = | if and only if (x, a;) = (y.a;) = 1. Therefore, the number 
of pairs x, y of positive integers such that x + y = a;,x < y, and (x, y) = 1 is 
y(a;)/2. 

Let r(m) denote the number of representations of m in the form 


m=axr+y?, 


where x and y are relatively prime positive integers such that (x, y) = 1 and 
x + y =a; for some i. Then 


n ] f 
Ri = Dori) = 5 D g(a) > con?” 


me=l fu2 


by Lemma 2.9. 
Let R2 be the number of ordered quadruples (x, y, u, v) of positive integers such 


that 


ve+yews+r’, 


Qp=x+y<utu=G@; fori, j € [1,4], 
(x,y) = (u,v) =], 
x<y and u<u. 


Note that if x? + y? = 43 + v°, then x + y = u + if and only if (x, y} = (u, v} 


(Exercise 7). Then 
R2 = > (“3”). 


m=] 
Let (x, y, u, v) be a quadruple counted in R2. Since 


aj x>+y? aj w+v? 


MQ) a) x+y Maa) u+u 


and a; and a, are not divisible by 3, it follows from (2.18) that a;/h(a;) and 
a;/h(a;) are products of primes p = 2 (mod 3). By Lemma 2.7, 


2) urt+v? 
P x+y Prey 


if p=2 (mod 3). Therefore, 


Qa; aj 


h(ai)  h(a;)" 


Fix the integer a;. Since 


Qi / 
0< (5) h(a;) =a, <n!” 
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and 
Qj 9/10 
— > @. ; 
h(a;) 
it follows that 
1/3 
l< h(a;) < “710° 
Qa. 


i 


Therefore, to each a; there correspond fewer than 


ni/3 
10 
a?! 


different integers a;. By Lemma 2.6, the number of quadruples (x, y, u, v) such 


that x + y =a; andu+v =a; is smaller than 3a?" Therefore, the number R2; of 
quadruples (x, y, u, v) such that x + y =a; Satisfies 


1/3 1/3 

Ry; < 3a? 

24 S 4; “9710 * 7730" 
a; 


and so 


<3n'? D0 am 


l<i<n!/3 
< 3n'/3(n'/3)23/30 


wm 37 (2/3)-(7/90). 


Let C(n) count the number of integers m up to n of the form m = x? + y°, where 
x and y are relatively prime positive integers. Since 


r 
r<l+ ( ) 
2 
for all integers r, we have 


R, = > r(m) < 5 L+ (S”) < Ch(n) + Rp. 


r(m)>t rim)>} r(m)>t 


Therefore, 
C3(n) > R; — Ro = n2/3 — p2/9-T/D) sy, 7/3, 


This completes the proof. 
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The Erdos—Mahler theorem states that many integers can be written as the sum 
of two positive cubes. Hooley showed that very few numbers have two essen- 
tially distinct representations in this form. To prove this, we need the following 
result of Vaughan—Wooley [130, Lemma 3.5] from the elementary theory of binary 
quadratic forms. 


Lemma 2.10 Let € > 0. For any nonzero integers D and N, the number of 
solutions of the equation 
X?- Dy*=N 
with 
max(|X|,|Y¥|) << P 


«< (DNP)’, 
where the implied constant depends only on €. 
Proof. See Hua [63, chapter 11] or Landau [78, part 4]. 


The following lemma on “completing the square” shows how to transform 
certain quadratic equations in two variables into Pell’s equations. 


Lemma 2.11 Leta, b,c be integers such that a ¥O and D = b* — 4ac #0. Let 
(x, y) be a solution of the equation 


ax? +bxy+cy? +dx +ey+f =0. (2.19) 
Let 
X = Dy — 2ae+bd 
and 
Y =2ax+by+d. 
Then (X, Y) is a solution of the equation 
X? — DY’ =N, 
where 
N =(4af — d*)D + (2ae — bd)’. (2.20) 


Moreover, this map sending (x, y) to (X, Y) is one-to-one. 


The number D = b? — 4ac is called the discriminant of equation (2.19). 
Proof. Multiplying equation (2.19) by 4a, we obtain 

4a?x? + 4abxy + 4acy* + 4adx + 4aey + 4af 

= (2ax + by)’ — Dy? + 2d(2ax + by) + 2(2ae — bd)y + 4af 

= (2ax + by +d)* — Dy* + 2(2ae — bd)y + (4af — d’) 

= Y* — Dy* + 2(2ae — bd)y + (4af — d’) 

= 0, 
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where 
Y =2ax+by+d. 


Multiplying by — D, we obtain 


D*y? — 2(2ae — bd)Dy — DY? — (4af — d*)D 
= (Dy — 2ae + bd)’ — DY’ — (4af — d”)D — (2ae — bdy’ 
= X? — DY’ — ((4af — d’)D + (2ae — bd)’) 
= X?_ py*-N 
= (), 
where 
X = Dy — 2ae + bd 
and 
N =(4af — d’)D + (2ae — bd)’. 
The determinant of the affine map that sends (x, y) to (X, Y) is 


0 D 


bn p (722d #0 


since a »¥ 0 and D » O, and so the map (x, y) > (X, Y) 1s one-to-one. This 
completes the proof. 


Lemma 2.12 Let P > 2, and leta,b,c,d,e, f be integers such that 
max{ja],..., | fl} « P?. 


Let D = b* — 4ac, and define the integer N by (2.20). Let W denote the number 
of solutions of the equation 


ax’? +bxy+cy’+dx+ey+f =0 
with max(|x|, ly|) « P.lfa, D, and N are nonzero, then 
W<|PI’ 
for any € > O, where the implied constant depends only on €. 


Proof. By Lemma 2.11, to every solution (x, y) of the quadratic equation (2.19) 
there corresponds a solution of the equation 


X? — DY’? =N, 


where 
D =b* — 4ac « P* 


and 
N = (4af — d*)D +(2ae — bd) <« P?®. 
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Moreover, 
X = Dy —2ae+bd « P*\y| « PP 


and 
Y =2ax+by+d < P*(\x|+ yl) << P? 


if max(|x|, |y]) « P. It follows from Lemma 2.10 that 
W <(DNP*Y « P'" < P*. 
This completes the proof. 


Theorem 2.6 (Hooley-Wooley) Let D(n) denote the number of integers not ex- 
ceeding n that have at least two essentially distinct representations as the sum of 
two nonnegative integral cubes. Then 


D(n) «_ n°/**, 
Proof. If N has at least two essentially distinct representations as the sum of 
two nonnegative cubes, then there exist integers x;, x2, X3, x4 such that 


xptxpemxdtxi aN 


and 


O< x3 <x, <1 < 215 < NN”. 


For any number P > 2, let S(P) denote the number of solutions of the equation 


xp+x3 x3 +x} (2.21) 
that satisfy 
0 < 1x3 << x) < x2 < X4 < P. (2.22) 
Then 
D(n) < S(n'?). (2.23) 


If the integers x), x2, x3, X4 Satisfy (2.21) and (2.22), then x; + x2 » x3 + x4 by 
Exercise 7, and so 
Xp HX = X34 XZ, +h, 


where 
1 < |h| < 2P. 
Let T(P, h) denote the number of solutions of the simultaneous equations 


3 3 3 3 


and 
Xp txX2EXZ+Xth 
with 
0O<x; <P fori=1,...,4. 
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Choose the integer € so that 
2°<2P <2". 
Then 
S(P)< > T(P,A) 


1<|h|<2P 


<)> dO T(P,A) 


O<i<€ 2! <jh|<2'*! 


< € max > TP. 


- 2! <|h[<2'*! 


T(P, »| ; 


«log P max | 
IsHS2P | cin<2H 


Since x3 1s the smallest of the four integers x;, x2, x3, x4, we have 


2x4th > x34+XGt+h =X, +X2 > 0.z 


For fixed h, we can use x,,..., x4 to define four positive integers u;, U2, 43, and 
y as follows: 
Uy ™X) + X2 
U2 =X) — X3 
U3; ™X2— X3 
y= 2X4 + h, 
where 


l<u; <2P fori = 1,2,3 


and 
l<y< 4P. 
Moreover, 
Uy + U2 + U3 = 2X) +X2 — 2X3) @[A(xXgth)=yrth 
and 


h (3y? +h?) =h (3(2x4 +h) +h?) 
= h(12x2 + 12x4h + 4h?) 
= 4(3x2h + 3x4h? +h?) 
= A((x4+h)> — x4) 
m A(x; +X2 — x3) — x? _ x} + x3) 
om 12(x?x2 + x,x3 — x2x; + xXx} — x? x3 + xx} — 2X) X2X3) 
= 12(x; + X2)(x) — x3)(x2 — x3) 
= 12uj;u2U3. 
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Conversely, the numbers u;, u2, U3, and y determine x;, ... , x, uniquely. It follows 
that 


T(P,h) < U(P,h), 
where U(P, h) denotes the number of solutions of the equations 
Uj; tun+u3=yrth (2.24) 


and 
12uju2u3; = h(3y? +h?) (2.25) 


in positive integers u; < 2P and y < 4P.Ifu,; = h for some i, say, u3 = h, then 
UU; +u2™= h and 


12uyu2 = 3y? +h? = 3ut + 6uyuz + 3u2 +h’. 


This implies that 
3(uy — u,)? + h? = 0), 


which is impossible since h » 0. Therefore, u; » fh for all i = 1,2,3. Let 
U;, U2, U3,h be a solution of equations (2.24) and (2.25) counted in U(P, h). 
Let 

(u3,h) = max{(u;,h): i = 1, 2, 3}, 


where (a, 6) denotes the greatest common divisor of a and b. We define 


d3 = (u3,h), 
2 2, d3 9 
h 
d, = ,— }. 
(« za) 


d; = max{d;, d2, d3} 


Then 


and d,d2d; divides h. Let 


h 
8 Aidods’ 

and 

ve  fori=1,2,3 

t d. ¢ 9 . 
Then 

2P 
(vu,,g)=1 and 1 <p; < 7 fori = 1,2, 3. (2.26) 


It follows from (2.25) that 


12u,v2vU3 = g(3y" + h’), 
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and so g divides 12, that is, 


fg =12 
for some integer f. Therefore, |h| = |gd,d2d3| < 12d}, and so 
dy > |h|'”. (2.27) 
Since u3 ¥ h, it follows that 
v3 ¥ gd\d). (2.28) 


We can rewrite equation (2.25) in terms of the new variables v,, d;, f, g. Since 


h = gd\d2d3 
and 
y = d\v, + d2v2 + d3u3 —h, 
we have 
12ujugus = fgdided3v,v2v3 = fhv,v2v3 = h(3y? + h?), 
and so 


fuyvzu3 = 3(d; vu, + dzv2 + d3u3 — hy? + h?. (2.29) 
If we fix the integers d,, d2, d3, f, g, v3, then equation (2.29) becomes a quadratic 
equation in vj, v2: 
3d?v? + (6d,d2 — fv3)v, v2 + 3d} v3 + 6d) (d3v3 — h)v, 
+6d2(d3v3 — h)v2 + 3(d3v3 — h)* +h? =0. (2.30) 
The discriminant of this quadratic is 
D = ((6d\d2 — fv3)’ — 36d}d3 
= fv? _- 12d\d2f v3 
= f? v3 — did2 f? gu; 
= f7u3(v3 — didzg) 
x 0 
by (2.28). Similarly, the integer N defined by (2.20) is nonzero, because 
N = (4- 3d? (3(d3u3 — h)* +h?) — (6d\(d3v3 — h))”) D 
+ (2- 3d? . 6dy(d3 — vsh) — (6did2 — f'v3) - 6d\(d3 — v3h))” 
= 12d?h’D + (6d, f v3(d3v3 — h))? 
= 12d¢h? f?u3(v3 — didzg) + 36d? f7u3d?(v3 — d\d2g))’ 
= 12did3 f?v3(v3 — didzg) ((didzg)” — 3d,d2gv3 + 33) 
= 3did3 f?v3(v3 — didzg) ((didzg)’ + 3 (didog — 23) 2) 
x0. 
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Let W(P, d;, dz, d3, f, g, v3) denote the number of solutions of equation (2.30) in 
integers v;, v2 satisfying (2.26). Since the coefficients of this quadratic equation 
are all < P?, it follows from Lemma 2.12 that 


W(P, d), d2, d3, f, 2,03) « P*. 
Therefore, 


S(P) < log P| max Y> T(P.A) 
H<|h|<2H 


<K log P| max > U(P,h) 
H<|h|<2H 


«log P max 
1<H<2P 
H<|h|<2H fgel2  sdydzdxnn 
dy>mar(d| .d2) 


W(P, d,, a2, d3, ff &, U3) 


1<uy<2P/dy 
eyed dy 


« log P| max | > > > > Pt 


H<|h|<2H fgel2 sdydgdy-h 1503 52P/d3 
dy>mar(d;.d2) uy aedy 


pite 
< P* max 7 
ISAS2P 1) nic2H fgal2 8didpdy> 3 
dy >man(d) dy) 
| 
« P'** max —, 
1<H<2P a3 


H<|h|<2H = 841420324 
dy>manri(d) .d2) 


Since the number of factorizations of h in the form h = gd;d2d3 is < |h|*, and 
since 
d3 > |h|'? 


by (2.27), we have 


> - K > _— K H2/3+e | 


HS|h|<2H  adidzds—n 3 H<h<2H 


yzmaar(d).d>) 


and so 
S(P) <K pte . max H2/3té «K pr/3+se. 


Therefore, by (2.23), we have 
Dn) < S(n'?) « n°", 
This completes the proof. 


Theorem 2.7 (Erdos) Almost all integers that can be represented as the sum of 
two positive cubes have essentially only one such representation. 


2.5 Notes 7] 


Proof. This follows immediately from the remark that there are greater than cn?/? 
integers that can be represented in at least one way as the sum of two nonnegative 
cubes, but there are no more than c’n*/** = o(n?/3) integers that have two or more 
essentially distinct representations as the sum of two cubes. 


2.5 Notes 


Wieferich’s proof [144] that g(3) = 9 appeared in Mathematische Annalen in 1909. 
In the immediately following paper in the same issue of that journal, Landau [75] 
proved that G(3) < 8. Dickson [24] showed that 23 and 239 are the only pos- 
itive integers not representable as the sum of eight nonnegative cubes. An error 
in Wieferich’s paper was corrected by Kempner [70]. Scholz [108] gives a nice 
version of the Wieferich-Kempner proof. 

Linnik’s proof [81] of the theorem that G(3) < 7 is difficult. Watson [139] 
subsequently discovered a different and much more elementary proof of this result, 
and it is Watson’s proof that is given in this chapter. Dress (25] has a simple proof 
that G(3) < 11. 

Vaughan [126] obtained an asymptotic formula for r3,.g(n), the number of repre- 
sentations of an integer as the sum of eight cubes. It is an open problem to obtain 
an asymptotic formula for the number of representations of an integer as the sum 
of seven or fewer cubes. 

It is possible that every sufficiently large integer is the sum of four nonnegative 
cubes. Let E(x) denote the number of positive integers up to x that cannot be written 
as the sum of four positive cubes. Davenport {17] proved that E43(x) <«& 179/306, 
and so almost all positive integers can be represented as the sum of four positive 
cubes. Briidern [6] proved that 


Ea3(x) K x3, 


There are interesting identities that express a linear polynomial as the sum of 
the cubes of four polynomials with integer coefficients. Such identities enable us 
to represent the integers in particular congruence classes as sums of four inte- 
gral cubes. See Mordell (85, 86], Demjanenko [20], and Revoy [101] for such 
polynomial identities. 

Theorem 2.5 was first proved by Erdos and Mahler (31, 35]. The beautiful 
elementary proof given in this chapter is due to Erdos [31]. Similarly, Theorem 2.6 
was Originally proved by Hooley [57, 58]. The elementary proof presented here is 
due to Wooley [149]. For an elementary discussion of elliptic curves and sums of 
two cubes, see Silverman [1] 15] and Silverman and Tate [116, pages 147-151]. 

Waring stated in 1770 that ¢(2) = 4, g(3) = 9, and g(4) = 19. The theorem that 
every nonnegative integer is the sum of 19 fourth powers was finally proved in 
1992 in joint work of Balasubramanian [2] and Deshouillers and Dress [21]. 
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2.6 


2. Waring’s problem for cubes 


Exercises 


. Prove that 


33+ 445° =6 
is the only solution in integers of the equation 


(x — 3) +(x — 2/9 +(x — 1) = x’. 


. Let s(N) be the smallest number such that NV can be written as the sum of 


s(N) positive cubes. Compute s(NV) for N = 1,..., 100. 


. Prove that s(239) = 9, that is, 239 cannot be written as a sum of eight 


nonnegative cubes. 


. Show that none of the following numbers 


15 22 50 114 167 
175 186 212 231 238 
303 364 420 428 454 


can be written as a sum of seven nonnegative cubes. 


. Show that none of the following numbers 


79, 159, 239, 319, 399, 479, 559 


can be written as a sum of 18 fourth powers. 


. Let v(3) denote the smallest number such that every integer can be written 


as the sum or difference of v(3) nonnegative integral cubes. 


(a) Prove that 
4 < u(3) < g(3). 


(b) Prove that 
v(3) < 5. 


Hint: Use the polynomial identity 
6x =(x +1)? +(x — 1)° — 2x? 
and the fact that x = (N — N°)/6 is an integer for every integer N. 


It is an unsolved problem to determine whether v(3) = 4 or 5. This is called 
the easier Waring’s problem for cubes. 


. Let x, y, u, v be positive integers. Prove that if x + y -v+vandx°>+y°* = 


u>+v?°, then (x, y} = {u, v}. 


8. 


10. 


11. 
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(Von Sterneck [136]) Using a computer, calculate s(n) for n up to 40,000. 
Verify the results of Lemma 2.4. 


. (Mahler [82]) Prove that | has infinitely many different representations as 


the sum of three cubes. Hint: Establish the polynomial identity 
(9x4)? + (3x — 9x4 +(1 —9x° YP = 1. (2.31) 
Prove that 
(9m‘*) + (3mn° — 9m‘*)? + (n4 — 9m ny = n!?, 


Let r3.3(N) denote the number of representations of N as the sum of three 
nonnegative cubes. Prove that if N = n' for some positive integer n, then 


r3.3(N) > Q—1/3 yl / ie 


Note: This is Mahler’s counterexample to Hypothesis K of Hardy and Lit- 
tlewood [49]. 


(Elkies and Kaplansky [(27]) Verify the following polynomial identities: 
8(x2 + y? — 23) = (2x + 2y)? + (2x — 2y)? — (22), 


2x+1=(x? — 3x7 +x) +(x? -—x- 1)? — (x? — 2x), 
2(2x +1) = (2x? — 2x? — x)? — (2x3 — 4x? — x +:1)* — (2x? — 2x - 1), 
A(x +1) = (x2 +x 4+2)% +(x? — 2x — 19% — (x7 +1). 


Show that every integer N, positive or negative, can be written uniquely in 
the form 


N = 872'(2m + 1), 


where q > 0,r € {0,1, 2}, and m é€ Z. Prove that every integer N can be 
written in the form 


N =a’? +b? —c’, 
where a, b, c are integers. 
Let a be a positive rational number. Consider the equations 
a=xt+y42 
aa(xtytz) —3(yrzztx\xty) 


8a =(utuUt w) — 24uvw. 


Prove that if any one of these equations has a solution in positive rational 
numbers, then each of the three equations does. 
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12. Leta be a rational number. Let r be any rationa] number such that r ¥ 0 and 


t 1. 


a 
72r3 


For any rational number w, let 


- ( 241? - 
“"\ Gab )w 


-( 24 ) 
Uv G41: Ww. 


3 
(w+ vw)? — 24uvw = 8a (——* ) . 
r(t +1) 


Prove that 


Let w = r(t + 1). Prove that there exist rational numbers .v. y. < such that 


umy+z 
vmzZ+X 
wexty 
and 
a=x>+y 42°. 


This proves that every rational number can be written as the sum of three 
rational cubes. 


13. Let a be a positive rational number. Show that it is possible to choose r in 
Exercise 12 so that 
a=xi+y +2, 


where x, y, Z are positive rational numbers. This proves that every positive 
rationa] number can be written as the sum of thrce positive rational cubes. 


3 
The Hilbert-Waring theorem 


Nous ne devons pas douter que ces considérations, qui permettent ainsi 
d’obtenir des relations arithmétiques en les faisant sortir d’identités 
ou figurent des intégrales définies, ne puissent un jour, quand on en 
aura bien compris de sens, étre appliquées a des problémes bien plus 
étendus que celui de Waring. ' 


H. Poincaré [96] 


3.1 Polynomial identities and a conjecture of Hurwitz 


Waring’s problem for exponent k is to prove that the set of nonnegative integers 
is a basis of finite order, that is, to prove that every nonnegative integer can be 
written as the sum of a bounded number of kth powers. We denote by g(k) the 
smallest number s such that every nonnegative integer is the sum of exactly s kth 
powers of nonnegative integers. Waring’s problem is to show that g(k) is finite; 
Hilbert proved this in 1909. The goal of this chapter is to prove the Hilbert—Waring 
theorem: the kth powers are a basis of finite order for every positive integer k. 
We have already proved Waring’s problem for exponent two (the squares) and 
exponent three (the cubes). Other cases of Waring’s problem can be deduced from 


'We should not doubt thal [Hilbert’s} method, which makes it possible to obtain arith- 
metic relations from identities involving definite integrals, might one day, when it is better 
understood, be applied to problems far more general than Waring’s. 
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these results by means of polynomial identities. Here are three examples. We use 
the notation 


(x; tx,t---+x,)f = 2 (x + EQX2 t+ FER XH). 


£2,....8, a] 


Theorem 3.1 (Liouville) 


(x2 + x2 + x2 +2)” "@ => (x; +.x;)* +2 2 (x; - 


6 ies 6 ies 


is a polynomial identity, and every nonnegative integer is the sum of 53 fourth 
powers, that is, 


g(4) < 53. 
Proof. We begin by observing that 
(x; + x2)* = (x) + xo) + (x; — X2)* = 2x; + 12x?x? + 2x), 


and so 


Yo @txpt= DO @txt+ SY wx) 


l<i<j<4 I<i<j<4 I<i<j<4 
4 2.2 4 
= ) (2x; + 12x/x% + 2x‘) 
<i<j<4 


= 63 oxt4 12 > x{xs 


t=) <i<j<4 


= 6(x; + x2 4x2 4x2)", 


This proves Liouville’s identity. 
Let a be a nonnegative integer. By Lagrange’s theorem, a = xp +.x2 +x2+x? 
is the sum of four squares, and so 


6a* = 6 (xp +x3 +x? + x2)" 


> (x; +x;)* + 2 (x; — x;)* 


I<i<j<4 1<i<j<4 


is the sum of 12 fourth powers. Every nonnegative integer nm can be written in the 
form n = 6g +r, where g > 0 and0 <r < S. By Lagrange’s theorem again, we 
have g = a?+---+a?, and so 6g = 6a? +--+ 6a? is the sum of 48 fourth powers. 
Since r is the sum of 5 fourth powers, each of them either 0° or 1°, it follows that 
n is the sum of 53 squares. This completes the proof. 

The proofs of the following two results are similar. 
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Theorem 3.2 (Fleck) 


(x? + x3 +22 4+ x2) 


] 6 ] 6 3 6 
" 50 y (x; + x; + x) * 30 y (x; + x;) +3 Ee: 


I<i<j<k<4 I<i<j<4 1<i<4 


is a polynomial identity, and every nonnegative integer is the sum of a bounded 
number of sixth powers. 


Theorem 3.3 (Hurwitz) 


(xp + xp +x + x2)" 


] ] 8 
"5 Mtutes tu) + oo y (2x; xj + xx) 


l<i<j<k<<4 


| 8 ] 
+ 34 y (x; + x;) * 340 y= (2x:)° 


l<i<j<4 1<i<4 


is a polynomial identity, and every nonnegative integer is the sum of a bounded 
number of eighth powers. 


Suppose that 


M 
(x2 $2) = Soa; (burn? + b.2xF + bax +biaxz) BL) 


ie] 


for some positive integer M, integers b;_;, and positive rational numbers a; . Hurwitz 
observed that this polynomial identity and Lagrange’s theorem immediately imply 
that if Waring’s problem is true for exponent k, then it is also true for exponent 2k. 
Hilbert subsequently proved the existence of polynomial identities of the form (3.1) 
for all positive integers k, and he applied it to show that the set of nonnegative 
integral kth powers is a basis of finite order for every exponent k. This was the first 
proof of Waring’s problem. In the next section, we obtain Hilbert’s polynomial 
identities. 


3.2 Hermite polynomials and Hilbert’s identity 


For n > 0, we define the Hermite polynomial H,,(x) by 


H,,(x) = (=) eS (e"’) . 


The first five Hermite polynomials are 


Ho(x) = | 
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Hy(x) =x 


] 
H2(x) = x? - 5 

3 
H3(x) = xe 5% 


3 
H4(x) = xi — 3x74 5. 


4 
Pn(a) = (=) rx Ge (“")) 
. (>) Qx)e" (e~"’) 5 es a (e"") 


= 2x H,,(x) — 2Hn41(X), 


Since 


the Hermite polynomials satisfy the recurrence relation 
l 
Hn+i(x) = x Hy(x) — 5H, (X). (3.2) 
It follows that H,,(x) is a monic polynomial of degree n with rational coefficients 
and that H,,(x) is an even polynomial for n even and an odd polynomial for n odd. 
Lemma 3.1 The Hermite polynomial H,(x) has n distinct real zeros. 


Proof. This is by induction on n. The lemma is clearly true form = QO andn = 1, 
since H,(x) = x. Letn > 1, and assume that the lemma is true for n. Then H,(x) 
has n distinct real zeros, and these zeros must be simple. Therefore, there exist 
real numbers 


Bn <---< fo < B 
such that 
Af, (B;) = 0 
and 
H,(B;) #0 
for j = 1,...,m. Since H,,(x) is a monic polynomial of degree n, it follows that 
lim H,(x) = oo, 
<-> 0 
and so 


H,(Bi) > 0. 


Since the n — 1 distinct real zeros of the derivative H’ (x) are intertwined with the 
n zeros of H,,(x), it follows that 


(—1)/*"'(B,) > 0 
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for j = 1,...,m. The recurrence relation (3.2) implies that 


] ] 
An+1(B;) = B; A, (B;) — 5H, (B;) = — 5H, (B;), 


and so | 
j (—1)/*! , 
(—1)° An+1(B;) = 3 An (B)) > 0 
for j = 1,...,m. Therefore, for j = 2,...,, Hy+\(x) has a zero BF in each open 


interval (6;, B;-1). Since lim,—.o0 Hn+i(x) = 00 and H,,,)(B;) < 0, it follows that 
Hyn+1(x) has a zero BF > B;. If n is even, then H,.;(B,) > 0. Since n + 1 is odd, 
Hy+\(x) is a polynomial of odd degree, and so lim,-, 55 Hn+i(x) = —0o. It follows 
that H,,.,(x) has a zero B”, < B,. Similarly, if n is odd, Hn+1(B,) < 0 and the 
even polynomial H,,,)(x) has a zero B*,, < B,. Thus, H,4;(x) has n + 1 distinct 


n+l 


real zeros. This completes the proof. 


Lemma 3.2 Letn > | and f(x) be a polynomial of degree at most n — 1. Then 


/ eH (x) f(x)dx =0. 


ie ¢) 


Proof. This is by induction on 7.) If n = 1, then H,,(x) = x and f(x) is constant, 
say, f(x) = apo, so 


o° 2 0 2 
/ e* H,(x)f(x)dx = ay e* xdx =(Q. 


—O00 —-OO 


Now assume that the lemma is true for n, and let f(x) be a polynomial of degree 
at most n. Then f’(x) is a polynomial of degree at most n — 1. Integrating by parts, 
we obtain 


00 ; | n+} noc d*! , 
[e Haailsy fds = (=) [ Sale") seas 
—1\"*! f% a" 
” (=) I aa (0) Fax 
(=) | eH, (x) f'(x)dx 


This completes the proof. 


Lemma 3.3 Forn > 0, 


1 f% _2 "ifn is even 
_ x nd - 27 (1/2)! 3.3 
. [ sae | 0 ifn is odd. ©.) 
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Proof. This is by induction on n. For n = 0, we have 


oe 2 
| e“dx=J/n 


Oo 


and so cp = 1. For n = 1, the function ex is odd, and so 
oO 
| e~'xdx =0 


ee) 


and c; = 0. Now letn > 2, and assume that the lemma holds for n — 2. Integrating 
by parts, we obtain 


(* — -) (n — 2)! 
2 2"-2 ((n — 2)/2)! 
n! 
~ 2" (n/2)!" 
This completes the proof. 


Lemma 3.4 Letn > 1, let Bi, ..., B, ben distinct real numbers, and let co, ci, 
.+»Cn—-1 be the numbers defined by (3.3). The system of linear equations 


n 


>> Bix; = cx fork=0,1,...,n—1 (3.4) 
jel 
has a unique solution p,,..., Pn. If r(x) is a polynomial of degree at most n — 1, 
then 
5 r6 )p [ e7"' r(x)dx 
j= = 
j=l Wha —0o 
Proof. The existence and uniqueness of the solution 9), ..., 0, follows imme- 


diately from the fact that the determinant of the system of linear equations 


x} + X2 + see + Xn = Co 
Bix, + Box. +---+ BrXn = Cj 
Bix, + B3x2 +--+ Bex, = C2 


Bro'x, + Boul xg +--+ BP x, = na 


+ 
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is the Vandermonde determinant 


es rs 

Bo 

B; B; “a n = I] (B; — Bi) (0). 
: : l<i<j<n 

a Bao _.. nt 


Let r(x) = oi ' a, x*. Then 


n no on-} 
> 7(B))0) = > >, ax Bi 1; 


j=l jul k=O 
- 3 ak > Bi 2; 
j=l 
n-1 
= AgCk 
k= 
tok 
= —— ay. | e x°dx 
Va Jog 
] &O 
= Jat r(x)dx 
-09 
This completes the proof. 
Lemma 3.5 Letn > 1, let Bi,..., By, be the n distinct real roots of the Her- 


mite polynomial H,,(x), and let p\,..., Py be the solution of the system of linear 
equations (3.4). Let f(x) be a polynomial of degree at most 2n — 1. Then 


) en F(x) dx. 
Le, pj = = | f(x)dx 


Proof. By the division algorithm for polynomials, there exist polynomials g(x) 
and r(x) of degree at most n — 1 such that 


F(x) = Ay(x)q(x) + r(x). 
Since H,(8;) = 0 for j = 1,...,, we have 


F (Bj) = An(Bj)q(Bj) + r(B;) = r(B;). 


and so, by Lemma 3.4 and Lemma 3.2, 


>~ £(B))0; = >> (Bie; 


jel jo! 
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” e-'r(x)dx 
Wha 
] [ “AE (x)q(x)dx + | [ -¥" r(x) 
= —— e- x)q(x)dx + —= e° r(x)dx 
Vt Jc " Vt Joo 
] oe 2 
= —— e* f(x)dx. 
Jn J- 
This completes the proof. 
Lemma 3.6 Letn > 1, let B,,..., By, be the n distinct real roots of the Hermite 


polynomial H,(x), and let p,,..., Pn be the solution of the linear system (3.4). 
Then 


p>O #£fori=1l,...,n 
Proof. Since 
H,(x) = | | - B;), 


jel 


it follows that, fori = 1,...,7, 


fi(x) = (= oY". -T]c ~ B;y’ 


7 


is a monic polynomial of degree 2n — 2 such that f;(x) = 0 for all x. Therefore, 


l Oy 
=/ e* fi(x)dx > 0. 
—0o 
Since f;(B;) > 0 and f;(B;) = 0 for j ¥i, we have, by Lemma 3.5, 


fi(Bi)ei = > fi(Bi)0; 


j=l 


l a: 
= =/ e~* fi(x)dx 
> 0. 


This completes the proof. 


Lemma 3.7 Letn > 1, and let co, c),..., Cn-1 be the rational numbers defined 
by (3.3). There exist pairwise distinct rational numbers By, ..., By; and positive 
rational numbers py, ..., p, Such that 


> (Bi) pF = cr fork =0,1,...,n—-1. 


j=l 
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Proof. By Lemma 3.4, for any set of n pairwise distinct real numbers 6), ..., Bn, 
the system of n linear equations in n unknowns 


S 5 Bix) =e fork=0,1,....n—1 


jal 

has a unique solution (9;,..., P,). Let R be the open subset of R” consisting 
of all points (8;,..., 8,) such that 6; ¥ B; fori # j, and let dD: R — R" be 
the function that sends (f;,.... 8,) to (01, -.-., On). By Cramer’s rule for solving 


linear equations, we can express each ¢; as a rational function of B,..., 8,, and 
so the function 


O(B),..-, Bn) = (P1,-+++ Pn) 


is continuous. Let R% be the open subset of R” consisting of all points (x), ..., xX») 
such that x; > 0 fori = 1,...,2. By Lemma 3.6, if B,,..., 8, are the n zeros of 
H,,(x), then (B;,.... B,) € R and 


@(Bi,.-., Bn) = (O1,---+ On) € RY. 


Since R” is an open subset of R", it follows that ®~'(R”) is an open neighborhood 
of (B;,..., B,) in R. Since the points with rational coordinates are dense in R, it 
follows that this neighborhood contains a rational point (8;,..., 87). Let 


(p*,..., 07) = O(B%,..., Bt) E RY. 


Since each number p;* can be expressed as a rational function with rational co- 
efficients of the rational numbers 7, ..., 87, it follows that each of the positive 
numbers p? is rational. This completes the proof. 


Lemma 3.8 Letn > |, letco,c),...,Cn~-) be the numbers defined by (3.3), let 


Bi,..., By be n distinct real numbers, and let p,, ..., Pn be the solution of the 
linear system (3.4). For every positive integer r and form =1,2,...,.n—1, 
(2 t 
Cm (xp +o tz)" ->- Len Dj, (Biri t+ +> + Bi,Xr)” 
jel jn 


is a polynomial identity. 


Proof. The proof is an exercise in algebraic manipulation and the multinomial 
theorem. We have 


» De + pj, (Bix +++ + Bi Xr)” 


-)>-. Spy. °° Pj, > (6 ++ (B;.x,)" 


!. 
jal | a eS a) oa 
M2 
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i n ’ 


! x} My Xr Hu, 
my >--- > > “aA in) 5 ( ‘ p; ) 


fel et teem H 


ue, 20 
r 
=m > IE 5 (a%01) 
ss, oo jimi Jrwl ial 
r wi 
x; 

_ My 
mS TCG Sar) 
oo ja] L;- j=l 

Cyu,X) 
=m! ht 


t 
oe an ee TS | Li . 


a, 2d 


By Lemma 3.3, c, = 0 if m is odd. If m is odd and yz, +--- +", = m, then p; 
must be odd for some /, and so 


n n 
Do Pa : pj, (Bj, %1+-+° +B; Xr) = 0. 
jit j=l 


This proves the lemma for odd m. If m is even, then we need only consider parti- 


tions of m into even parts yz; = 2v;. Inserting the expressions for the numbers c,, 
from (3.3), we obtain 


y So py "Pj, (B;,x1 +: -++ Bj Xr)” 


jyel jr@) 
20; 
Jepe eleron fe] (2v;)! 
a mn! > I] (2) Xj 
Fotis LE 2% uy! (2v;)! 
v; 20 
r 20; 
-= oT 
.! 
qm pe ntem i Gay Vi! 
vj 20 
say wm /2)! 
! 
in FB rye eurems2 i=] 
(m /2)! 2\"1 2\"% 
= Cm > ——_—_—_——______ xt) see 1X ) 
bp eae aH? v,!---v,! ( ( f 
v, 20 
2 m/2 
= Cm (xi + ee - x?) 


This proves the polynomial identity. 
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Theorem 3.4 (Hilbert’s identity) For every k > 1 andr > | there exist an 
integer M and positive rational numbers a; and integers b; ,; fori = \,..., M and 
j=l,...,r-such that 


M 


(x2 +. -- +47) = > =a; (b pyXp te thy /X;)" (3.5) 


rel 


Proof. Choose n > 2k, and let BY,..., 8), py, .... P, be the rational numbers 
constructed in Lemma 3.7. Then 87,..., 87 are pairwise distinct and p;,..., 0; 
are positive. We use these numbers in Lemma 3.8 with m = 2k and obtain the 
polynomial identity 


2 2k 
ca (ad too tay SS oh 8h (Bian t+ BE) 
Ji@l j=) 
Let g be a common denominator of the n fractions B;,..., B*. Then qB; is an 


integer for all 7, and 


Pj . 
(xf +: ‘~y ee — b (abt x _ ++ gB% x)” 


jal Jroh 


is a polynomial identity of Hilbert type. This completes the proof. 


Lemma 3.9 Letk > 1. If there exist positive rational numbers a,,...,ax such 
that every sufficiently large integer n can be written in the form 

M 

k 
n= >= a, y; » (3.6) 

i=] 
where x\,...,Xy are nonnegative integers, then Waring’s problem is true for 
exponent k. 


Proof. Choose no such that every integer n > no can be represented in the 
form (3.6). Let q be the least common denominator of the fractions a), ..., Qay. 
Then qa; € Z fori = 1,...,M, and qn is a sum of ye qa; nonnegative kth 
powers for every n > no. Since every integer N > qno can be written in the form 
N =qn+r,wheren > no and0 <r <q — 1, it follows that N can be written as 
the sum of ee qa; +q — | nonnegative kth powers. Clearly, every nonnegative 
integer N < qno can be wnitten as the sum of a bounded number of kth powers, 
and so Waring’s problem holds for k. This completes the proof. 

The following notation is due to Stridsberg: Let a =, 4:X; be a fixed diagonal 
form of degree k with positive rational coefficients a,, ..., a4. We writen = }(k) 
if there exist nonnegative integers x,,..., x7 such that 


n= y= ajxt. (3.7) 
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We let > >(k) denote any integer of the form (3.7). Then }°(k) + >-(k) = >°(k) 
and )°(2k) = 5°(k). Lemma 3.9 can be restated as follows: If n = 5°(k) for every 
sufficiently large nonnegative integer n, then Waring’s problem is true for exponent 
k, 


Theorem 3.5 [If Waring’s problem holds for k, then Waring’s problem holds for 
2k. 


Proof. We use Hilbert’s identity (3.5) for k with r = 4: 


M 
2k 
(x? +.-- + x2) = yo ai (b;.1x: + +++ + bj 4x4) 


im! 
Let y be a nonnegative integer. By Lagrange’s theorem, there exist nonnegative 
integers x), X2, X3, X4 such that 


2 2 2 2 


and so 4 
y=) ajz7*. (3.8) 
iv] 
where 
Zj = Dixy t+ + Dj 4X4 


is a nonnegative integer. This means that 


yk =} (2k) 


for every nonnegative integer y. If Waring’s problem is true for k, then every 
nonnegative integer is the sum of a bounded number of kth powers, and so every 
nonnegative integer is the sum of a bounded number of numbers of the form }°(2k). 
By Lemma 3.9, Waring’s problem holds for exponent 2k. This completes the proof. 


3.3. A proof by induction 


We shall use Hilbert’s identity to obtain Waring’s problem for all exponents k > 2. 
The proof is by induction on k. The starting point is Lagrange’s theorem that every 
nonnegative integer is the sum of four squares. This is the case where k = 2. We 
shall prove that if k > 2 and Waring’s problem is true for every exponent less than 
k, then it is also true for k. 


Lemma 3.10 Letk > 2 and0 < € < k. There exist positive integers Bo, By.e. 
..., Be-1,¢ depending only on k and € such that 


f-1 
x*T KS Bi ex* Th! mY (2k) 
iwO 
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for all integers x and T satisfying 
x <T. 
Proof. We begin with Hilbert’s identity for exponent k + 2 with r = 5: 


M, 
2 2\kee 
(xy +--+ 4x5)" =) 04; (bi: +--+ +b, 5x5) 


i=) 


2k+2é 


where the integers M; and 6, ; and the positive rational numbers a; depend only 
on k and @. Let U be a nonnegative integer. By Lagrange’s theorem, we can write 


24 24 24 2 
U mxyptxypt+xzp +x, 


for nonnegative integers x), x2, X%3,%4. Let x5 = x. We obtain the polynomial 
identity 
Mi 
(x? + U)k*e > a; (b)x +.¢;)***** , (3.9) 
i=l 
where the numbers M,;, a;, and b; = b;.5 depend only on k and £, and the integers 
c, = b,x, +---+b;.4x4 depend on k, @, and U. Note that 22 < k + @ since 2 < k. 


Differentiating the polynomial on the left side of (3.9) 22 times, we obtain (see 
Exercise 6) 


dt > | - 
qx ((x? + uy‘) - Aj x2 (x? + U)k-', 
x i=) 


where the A;,.¢ are positive integers that depend only on k and @. Differentiating 
the polynomial on the right side of (3.9) 22 times, we obtain 


dz My 
dxze oa (b,x + c;)**! 


i=] 


Me 
= (2k + 1)(2k +2)--- (2k + 2€)b% a; (bx + ¢;)* 


i=] 


where y; = |bjx + c;| is a nonnegative integer and 
a’ = (2k + 1)(2k + 2)---(2k + 2€)b7*a; 
is a nonnegative rational number depending only on k and @. It follows that, if x 


and U are integers and U > 0, then there exist nonnegative integers y,,.... yay, 
such that 


t M, 
> Aj ex7(x? +U)S! = Yialy}, 
i=0 


i=| 
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Let x and T be nonnegative integers such that x? < T. Since Az, is a positive 
integer, it follows that x? < A; 7, and so 


U =AryT — x? 


is a nonnegative integer. With this choice of U, we have 
é . . . . 
SO Aix (x? + UE mS Aj (Ace T 
if i= 
é . . . 
. > Aj ARG x™ Th! 
Ai YA At -1 xt Tk 
. Ako > B xT, 
iO 


where Bee = | and 
B;. (= Aj AL l 


is a positive integer fori = 0,...,@—1.Let 


, 


qi = —! 


t k-l+1° 
Ar 
Then 


xt ko y By xT! = ye aly? = > (2k). 


This completes the proof. 


Theorem 3.6 (Hilbert-Waring) The set of nonnegative kth powers is a basis of 
finite order for every positive integer k. 


Proof. This is by induction on k. The case k = | is clear, and the case k = 2 
is Theorem 1.1 (Lagrange’s theorem). Let k > 3, and suppose that the set of £th 
powers is a basis of finite order for every @ < k. By Theorem 3.5, the set of (22)-th 
powers is a basis of finite order for 2 = 1,2,...,k — 1. Therefore, there exists an 
integer r such that, for every nonnegative integer n and for 2= 1,...,k — 1, the 
equation 

nw xr... 4 x2 
is solvable in nonnegative integers x; ¢,..., X,,¢. (For example, we could let r = 
max{g(2@): @=1,2,...,k — 1}.) 
Let T > 2. Choose integers C),..., C,—, such that 


O<C, <T foré=1,...,k-—1. 
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There exist nonnegative integers x; ¢ for j = 1,...,r and@=1,...,k — 1 such 


that 
2¢ 


xe Cy ig. (3.10) 
Then . 
eS De S Ce <T 
jel 
forje@#l,....7,@=e1,...,k —1, andi =1,...,&. By Lemma 3.10, there exist 
positive integers B; , depending only on k and @ such that 


€-} 
xT eS Bi exh! mY (2k) = DY (k). (3.11) 
t= 


Summing (3.11) for j = 1,...,7 and using (3.10), we obtain 


t-1 r 
C,-¢T*! + ) B.yT*" ) xy 
i=0 j=! 


t-] r 
= C,_eT*~§ + TK-&! > B, ~T! yo xt, 
i=O je 


_ C,_.T*~$ + Dy 04s TS! 


= >), 
€-1 r 
Dy-t+1 = > Bi eT''! yo x%, 
i=0 


j=l 


where 


for@=1,...,k —1. The integer D,_,¢.) is completely determined by k, 2, T, and 
C,-¢ and is independent of C,_; fori » @. Let 


B* = max{B,¢:€=1,...,k —landi=0,1,...,@—1). 
Then 
O< CypT* 8 + Dye TH 
e-] r 
= Cee Th + YO Bie THD x%, 
ioQ 


j=l 


e—1 
TK-&! veers) 


i=} 


e~1 
= B* rTk + Te) yr] 
( inf) 


. F Tkt! 
< B’irT’ + 
T-1 


< (r+2)B°T*, 


< B* 
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since 7/(T — 1) < 2 for 7T > 2. Let 


C, = D, =0. 
Then 
k-1} k 
So (Ce-eT 6 + Deer T"') = D> (Cr+ DOT! = YK) 
t=] l=] 
and 


k 
O< d(C +D,) To < (k—1)(r +2)B*T* = E*T*, 
(=! 
where the integer 
E* =(k —1)(r + 2)B" 


is determined by k and is independent of T. If we choose 
T > E*, 
then . 
O0< (Cet D)T! < EXT! < T™, 


l=] 


and so the expansion of yret (C, + De) T‘ to base T is of the form 


k 
So (Cet De) To = E\T +--+ + EgsT* | + ExT, (3.12) 
l=] 


where 
O<E, <T fori=1,...,k-1 


and 
O<E, < E*. 


In this way, every choice of a (k — 1)-tuple (C;,..., C,_1) of integers in {0, 
1, ..., T — 1} determines another (k — 1)-tuple (£),..., Ex-1) of integers in 
{O,1,..., 7 — 1}. We shall prove that this map of (k — 1)-tuples is bijective. 

It suffices to prove it is surjective. Let (E,,..., Ex) be a (k — 1)-tuple of 
integers in {0,1,..., 7 — 1}. There is a simple algorithm that generates inte- 
gers C,, C2,...,Cy_-) € (0, 1,..., 7 — 1} such that (3.12) is satisfied for some 
nonnegative integer Ex < E*. Let C) = E, and /2 = 0. Since D, = 0, we have 


(C,+D,)T = E\T + hT’. 


The integer C, determines the integer D2. Choose C2 € {0,1,..., 7 — 1} such 
that 
C2 + D2+ I, = E2 (mod T). 


3.3 A proof by induction 
Then 
C2+ D2+h = E2+hT 
for some integer /3, and 
2 2 . 

> (Ce+ DT! = 0 EcT! + BT”. 

f=] (=! 
The integer C2 determines D3. Choose C3 € {0,1,..., 7 — 1} such that 

C;+D3+1; = E3 (mod T). 


Then 
C3+D3+h= E3+ [4T 


for some integer /4, and 
3 3 
(Cet De)T! = 0 ET! + LaT*. 
f=] tal 
Let 2 < j <k — 1, and suppose that we have constructed integers J; and 
Ci,.-.,Cj-1 e€ {0,1,...,7 — 1} 
such that 
j-1 j-l | 
S(Ce+ DdT! = D0 EcT! + 1jT!. 
f=! (=1 
There exists a unique integer C; € {0,1,..., 7 — 1} such that 
Cj + D; +1; = E; (mod T). 
Then 
Cj + D; + [,= E; + LjaiT 


for some integer /;,,, and 


J j 
S(Ce + DT! = )) EeT! + Lint T!". 
f=) C=] 
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It follows by induction that this procedure generates a unique sequence of integers 


C;,C2,..., Cy_-; € {0, 1,..., T — 1} such that 


k-} k-) 
Cer +D,)T' = > E,.T! +1,T*. 
f=] C=] 


Since C, = 0 and C,_, determines D,, we have 


k k-]| k 
0<) (Cr+ DT‘ = dX E:T! +(Dy+h)T* = )) E:T! < E*T', 


(=) (=| 
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where D, + J; = E,. Since 

k~1 

0 < > E,T < T*, 

t=} 

it follows that 
0< E < E* 
and 
k-1 


> E:T’ + E*T* <(1+E*)T* < 2E'T". (3.13) 
t=] 


Recall that 


k k 
> E,T¢ = xXCor +D,)T! = > (). 
(=} 


(=| 


Since E* depends only on k and not on 7, it follows that 
(E* — Ex)T* = }(k), 
and so 


k-1 
> E,T¢+E°T' = iw (3.14) 
cy | 


for every (k — 1)-tuple (E,,..., Ex-1) of integers E, € {0,1,..., T — 1}. Choose 
the integer 7p > SE* so that 


4(T +1)‘ < ST‘ for all T > To. 


We shall prove that if T > 7p and if (Fo, Fi, ..., Fx-1) is any k-tuple of integers 
in{0,1,..., T — 1}, then 


Fo+ Fi T +--+ Fy_\T*' +4E'T = >). 


We use the following trick. Let Ej € {0,1,..., 7 ~ 1}. Applying (3.13) with T +1 
in place of 7, we obtain 


E\(T +1)+ E*(T +1)! < (7 +1) + E(T +1) 
<(1+E*)(T +1) 
< 2E*(T +1). (3.15) 


Applying (3.14) with T + 1 in place of 7, we obtain 
E,(T + 1)+ E*(T +1)‘ = ) (kh). (3.16) 
Adding equations (3.14) and (3.16), we see that for every choice of k integers 


Eo, Ei... +, Ex- Ee {0,1,...,7—- 1}, 
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we have 


F* = (E\T +--+ + Ey-1T*"! + E*T*) + (Eq(T +1) 4+ E°(T + 1)*) 
k-I 
k 
= (Eo + E*)+(E, + Eg +kE*)T + > («. + () E*) T° +2E*T* 


lea2 
= >. 


Moreover, it follows from (3.13) and (3.15) that 
O< F* < 4E*(T +1)' <SE*T* < T*' 
since 4(T + 1)* < 5T* and T > Toy > SE*. Given any k integers 
Fo, Fy,.... Fx-;) € (0, 1,..., 7 — 1}, 
we can again apply our algorithm (see Exercise 7) to obtain integers F, and 
Eo, FE, E2,..-, Ex-1 € {0,1,...,7 — 1} 
such that 


Fo+ FyT +-+++ Fy: T* | + FT* 
= E,\T +++-+ Ex_\T* | + E*T* + Eg(T +1) + E*(T + 1) 


- 0), 
where F; is an integer that satisfies 
0< F, < SE". 
After the addition of (5SE* — F,)T* = > -(k), we obtain 
Fo+ F\T +--+ + Fy_\T*"'+5E*T* = x03) 


for all T > 7p and for all choices of Fo, F;,..., Fy_-; € {0,1,..., 7 — 1}. This 
proves thatn = )°(k) if T > Tp and 


SE*T* <n < (SE*+1)T". 
There exists an integer 7; > 7p such that 
SE*(T +1) < (SE*+1)T* for all T > 7}. 
Then n = )°(k) if T > 7 and 
SE*T’ <n <5E*(T +1). (3.17) 


Since every integer n > SE *T, satisfies inequality (3.17) for some T > 7), we 
have 
n= x03) for alln > SE*T;. 


It follows from Lemma 3.9 that Waring’s problem holds for exponent k. This 
completes the proof of the Hilbert-Waring theorem. 
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3.4 Notes 


The polynomial identities in Theorems 3.1, 3.2, and 3.3 are due to Liouville (79, 
pages 112-115], Fleck [40], and Hurwitz [65], respectively. Hurwitz’s obserya- 
tions [65] on polynomial identities appeared in 1908. | 

Hilbert (56) published his proof of Waring’s problem in 1909 in a paper ded- 
icated to the memory of Minkowski. The original proof was quickly simplified 
by several authors. The proof of Hilbert’s identity given in this book is due to 
Hausdorff [52], and the inductive argument that allows us to go from exponent k 
to exponent k + 1 is due to Stridsberg [120]. Oppenheim [94] contains an excellent 
account of the Hausdorff—Stridsberg proof of Hilbert’s theorem. Schmidt [105] 
introduced a convexity argument to prove Hilbert's identity. This is the argument 
that Ellison [28] uses in his excellent survey paper on Waring’s problem. Dress (25] 
gives a different proof of the Hilbert-Waring theorem that involves a clever ap- 
plication of the easier Waring’s problem to avoid induction on the exponent &. 
Rieger {102] used Hilbert’s method to obtain explicit estimates for g(k). 


3.5 Exercises 


]. (Euler) Let [x] denote the integer part of x, and let 


Prove that 
g(k) > 2% +g -2. 


Hint: Consider the number N = g2* — 1. 


2. Verify the polynomial identity in Theorem 3.2, and obtain an explicit upper 
bound for 2(6). 


3. Verify the polynomial identity in Theorem 3.3, and obtain an explicit upper 
bound for 2(8). 


4. (Schur) Verify the polynomial identity 


22, 680(x? + x2 +x? + x2)9 
= 95 °(2x;)! + 180 } (x; + .x;)' + YQ tx; x)” 
+99 (x; x2 £3 x4)". 


5. Show that every integer of the form 22, 680a° is the sum of 2316 nonnegative 
integral 10th powers. 
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6. Let k, £, and U be integers such that 0 < € < k. Let 
f(x) = (x7 + UO 


Show that there exist positive integers Ao, A;,..., Ae depending only on k 
and @ such that 
d* f ; 272 k-i 
dx2t os » A;X (x + U) . 
iaQ 
7. Letk > 1,7 > 2, and D,, E; be integers fori = 0,1,...,k — 1. Prove that 
there exist unique integers Co, ..., C;,—, and J, such that 


0<C, <T fori=0,1,...,k—-1 


and 
k~) k~l 
(Cp + DT! = > E:T! +1,T*. 
t=O) (=O 


8. This is an exercise in notation: Prove that }°(2k) = }°(k) but }°(k) 9 5° (2k). 


4 
Weyl’s inequality 


The analytic method of Hardy and Littlewood (sometimes called the 
‘circle method’) was developed for the treatment of additive problems 
in the theory of numbers. These are problems which concern the rep- 
resentation of a large number as a sum of numbers of some specified 
type. The number of summands may be either fixed or unrestricted; in 
the latter case we speak of partition problems. The most famous ad- 
ditive problem is Waring’s Problem, where the specified numbers are 
kth powers .... The most important single tool for the investigation 
of Waring’s Problem, and indeed many other problems in the analytic 
theory of numbers, is Weyl’s inequality. 


H. Davenport [18} 


4.1 Tools 


The purpose of this chapter is to develop some analytical tools that will be needed 
to prove the Hardy—Littlewood asymptotic formula for Waring’s problem and other 
results in additive number theory. The most important of these tools are two in- 
equalities for exponential sums, Weyl’s inequality and Hua’s lemma. We shall also 
introduce partial summation, infinite products, and Euler products. 

We begin with the following simple result about approximating real numbers 
by rationals with small denominators. Recall that [x] denotes the integer part of 
the real number x and that {x} denotes the fractional part of x. 
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Theorem 4.1 (Dirichlet) Let a@ and Q be real numbers, Q > 1. There exist 
integers a and q such that 


l<qg<Q, (a,q)=1, 


Proof. Let N = [Q]. Suppose that {qa} € [0,1/(N + 1)) for some positive 
integer g < N.Ifa = [qa], then 


l 
O< = ga — =ga — ——., 
< {qa} = qa — (qa) =qa -—a< Nol 


and so 
a l l l 
—_ —_ < — —— 
° gq q(N + 1) ~ 70 ~ gz 
Similarly, if {ga} € [N/(N + 1), 1) for some positive integer g < WN and if 
a = [qa] + 1, then 


< {qa} =qa —a+1 <1 


N+17— 
implies that 
—_ < 
qa al ST 
and so 
| a l l l 
a@——| < ——— < — < —. 
~ Q(N +1) q0 ~ q? 
If 


(qa) € ] N 
a —_ , ———— 
q N+1 N+1 


for allg = 1,..., NM, then each of the N real numbers {qa} lies in one of the N — 1 


intervals 

I i+] 

—_ , ——_—_ fori=1,...N— 1. 
N+1 N+1 


By Dirichlet’s box principle, there exist integers i € [1, N—1] and q,, q2 € [1, N] 
such that 
l<q<qa<WN 


and 
I i+] 
ine) tael e | 5s). 
Let 
q=qa-Q €([1,N - 1] 
and 


a = [q2a] — [qa]. 
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Then 
] 
lqa —a| = |(q2a — [q2a]) — (gia — [qi@])| = lf{g2a} — {qia}| < We1l<o 


This completes the proof. 


4,2 Difference operators 


The forward difference operator Aq is the linear operator defined on functions f 
by the formula 


Aa(f (x) = f(x +d) — f(x). 


For @ > 2, we define the iterated difference operator Aq, a,_,....d, DY 


Day dey ..necd = Ag (o) Aa, d, = Aa, fe) Aa, O---0O Ag, . 


ore Y 


For example, 


Aaya, (f(x) = Aa, (Aa, (F)) (x) 
= (Ag, (S)) (x + d2) — (Aa, (f)) (x) 
= f(x +d,+d;)— f(x +d2) — f(x+d))+ f(x) 


and 
May.dz.d,(f (x) = f(x + d3 + dz +d\) — f(x + d3 + d2) 
—f(x+d3+d,) — f(x +d,+d)) 
+ f(x +d3)+ f(x +d2)+ f(x +d)) — f(x). 


We let A be the iterated difference operator A, withd; = 1 fori =1,..., 2. 


Then 


Veoce 


AF )(x) = f(x +2) — 2f (x +1) + fr) 
and 


ACF (x) = f(x +3) — 3f (+2) + 3f (x +1) — fe). 
Lemma 4.1 Let € > 1. Then 
A(f\(x) = S-D ( ) fo + j). 
j=0 J 
Proof. This is by induction on @. If the lemma holds for 2, then 


A“ f)(x) 
= A (A(S)) (x) 
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_ fe 
=A (23+ I? ({)) 0 + >) 
“Dene C Janes 
_ ‘ [et 
Sooo (YrerseneZevr (ress 
j=0 J ) J 


t+] 


= (en 1 fer r+ Ee yet (i) fees 


j=l 
= f(xt+l+1)+ Senet (( f ) + (*)) f(x+ f)+(-I Fo. 
jal 


This completes the proof. 
We shall compute the polynomial obtained by applying an iterated difference 
operator to the power function f(x) = x*. 


Lemma 4.2 Letk > land| < € < k. Let Ag, 
operator. Then 


d, be an iterated difference 


boece 


k! | -_ 
Nay (X*) = > a di! dj" x/ (4.1) 


= d,---de px_e(x), 


where p,—¢(x) is a polynomial of degree k — @ and leading coctficient K(k - 
l)---(kK —€+ 1). If dj,...,d; are integers, then py_¢(x) is a@ polynomial with 
integer coefficients. 


Proof. This is by induction on @. For @ = 1, we have 


Aa, (x*) = (x +d) — x4 


J 
t . 
= i Nes 
“Pre j 
dpesed J:Ji- 
29.9, 21 


Let 1 < 2 < k — 1, and assume that formula (4.1) holds for @. Then 


k 
Ad,.;.d,.....d,(%") 


k! | , 
= ttt a Aa") 
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DS ape Daw 


Jpro ese emed m! j,! ve je! Iteyeinm J Nie+1! 
Mippe sez 220.32,) 21 
kt jy aie pier j 
= a 1 ae t (oly 
» » tate. pty i dj diy X 
Nptorsseemad —pegyrysom JS ore Je: Je+ . 
MigpegeZl 920.5¢442! 
kt jh ade det vj 
] a ¢ fel LJ 
= di! ...dftdie!xi, 


jectenreyea Dd Jee! 


F2O. jy. Je Seay 2! 


Since the multinomial coefficients k!/j!j,!--- je! are integers, it follows that if 
d,,..., d¢ are integers, then the polynomial p;_¢(x) has integer coefficients. This 
completes the proof. 


Lemma 4.3. Let k > 2. Then 


Aa,_,.....d,(%") = dj nd -dy_\k! (« + ace) ° 


Proof. This follows immediately from Lemma 4.2. 


Lemma 4.4 Let @ > 1 and Ag,a,_,....d, be an iterated difference operator. Let 


f(x) = ax‘ +--- bea polynomial of degree k. Then 
Aa,...d (f(x) = di ++ de (k(k — 1)-- (Kk — 0+ Dax* +.) 


if1<&€<kand 
Mdy.dy-1....d,(f (x) = 0 
if @ > k. In particular, if € =k — 1 and d,---dy_, #0, then 


May -y....d) (FX) = dy ++ dp klax + B 
is a polynomial of degree one. 


Proof. Let f(x) = Dia a jx , where a, = a. Since the difference operator A 
is linear, it follows that 


kt k-€ 
=d,---d; kc o1%* oe 


This completes the proof. 
Lemma 4.5 Let 1 <€<k.lf 
—-P <dj,...,a&,x < P, 


then 
Ad,...d, (0°) & Pt, 


where the implied constant depends only on k. 
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Proof. It follows from Lemma 4.2 that 


k! | _ 
Aia.....d,(%°)| < pit thet 
| . Jthits++ je! 


seQ yo. jaz) 


f 
< _ ps 


aera Jtdttes Jet 


= (£+1) PK 
< (k + 1)' PA 
« PK. 


This completes the proof. 


4.3. Easier Waring’s problem 


Here is a simple application of difference operators. 

Waring’s problem states that every nonnegative integer can be written as the 
sum of a bounded number of nonnegative kth powers. We can ask the following 
similar question: Js it true that every integer can be written as the sum or difference 
of a bounded number of kth powers? If the answer is “yes.” then far every & there 
exists a Smallest integer v(k) such that the equation 


has a solution in integers for every integer n. This is called the casicr Wuring’s 
problem, and it is, indeed, much easier to prove the existence of (4) than to prove 
the existence of g(k). It is sull an unsolved problem, however, to determine the 
exact value of u(k) for any k > 3. 


Theorem 4.2 (Easier Waring’s problem) Let k > 2. Then vu(k) exists, and 
k! 
u(k) S20" + >. 


Proof. Applying the (k — 1)-st forward difference operator to the polynomial 
f(x) = x*, we obtain from Lemma 4.1 and Lemma 4.3 that 


k-} 
ADA) me kix tim = Dever 7 ‘Jo + ¢)* 
Ea e 


where m = (k — 1)!(5). In this way, every integer of the form k!x +m can be writien 
as the sum or difference of at most 


x (2° 


ful) 
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kth powers of integers. For any integer n, we can choose integers g and r such that 
n—me=Kk'q+r, 


where 


Since r is the sum or difference of exactly |r| kth powers 1*, it follows that can be 
written as the sum of at most 2*-! +k!/2 integers of the form +x*. This completes 
the proof. 


4.4 Fractional parts 
Let [a] denote the integer part of the real number @ and let {a} denote the fractional 
part of a. Then [a] € Z, {a} € [0, 1), and 
a = (a) + {a}. 
The distance from the real number a to the nearest integer is denoted 
lla |] = min(|n — a@|:n € Z) =inf({a}, 1 — {a}). 


Then ||@|} € (0, 1/2], and 
a=nt |la|| 


for some integer 7. It follows that 
{sin va| = sin 7 }a|| 
for all real numbers a. The triangle inequality 


lla + Bll < llall + 116 (4.3) 


holds for all real numbers @ and B (see Exercise 2). 

The following two very simple lemmas are at the core of Weyl’s inequality for 
exponential sums, and Weyl’s inequality, in turn, is at the core of our application 
of the circle method to Waring’s problem. Recall that exp(r) = e’ and e(t) = 
exp(27it) = e277", 


Lemma 4.6 /f0 <a < 1/2, then 
2a < sinwa < 7a. 


Proof. Let s(a~) = sinza@ — 2a. Then s(0) = s(1/2) = 0. If s(v) = 0 for some 
a € (0, 1/2), then s’(@) = 7 cos 7a — 2 would have at least two zeros in (0, 1/2), 
which is impossible because s’(@) decreases monotonically from m7 — 2 to —2 in 
this interval. Since s(1/4) = (/2 — 1)/2 > 0, it follows that s(a) > 0 for all 
a € (0, 7/2). This gives the lower bound. The proof of the upper bound is similar. 


104 4. Weyl’s inequality 


Lemma 4.7 For every real number a and all integers N, < N2, 


N2 
Y_ e(an) « min(N2 — Nj, |lo||7'). 


naN,+1 


Proof. Since |e(an)| = 1 for all integers n, we have 


N2 N2 
>> e(an)|< D> 1=M,—M. 
naN,+1 n=N,+) 


Ifa ¢ Z, then ||a|| > O and e(@) » 1. Since the sum is also a geometric progression, 
we have 


Ny N2—N,-1 
> e(an)| = je(a(N, + 1)) > e(a)" 
n=N, +] nal 
_ |eta(N2 — M1) — I | 
e(a) — 1 
2 
<< 
~ lea) — 1| 
a ee 
le(a/2) — e(—a/2)| 
_ 7 
\2i sin 7a@| 
l 
| sin 7a] 


1 
sin(zt ||@ ||) 
1 
< ——. 
2\lell 


This completes the proof. 


Lemma 4.8 Leta be a real number, and let q anda be integers such that q > | 
and (a,q) = 1. If 


a —-ff<e 4 
q\~ q? 
then 
> K q logq 
So, ler 


Proof. The lemma holds for q = 1, 
l 
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Therefore, we can assume that q > 2. For each integer r, there exist integers 
s(r) € [0, g/2] and m(r) such that 
ar 
= + (= — m(r)) . 
q 


s(r) 
q 

Since (a, q) = 1, it follows that s(r) = 0 if and only ifr = 0 (mod q), and so 

s(r) € (1, q/2] ifr e (1, q/2). Let 


ar 
q 


where —1 < @ < 1. Then 


where 
|a’| = |—| < |a| <1 
It follows from (4.3) that 
wrt = f+ 
2q 
B 2q 
TY tal 
q * 74 
T(z 
, 1 
q 24 
| 
>=. 
2q 
Let 1 <r) < r2 < q/2. We shall show that s(7,) = s(r2) if and only if r; = r2. If 
ar, ar 
q q | 
then 
ar) ar 
+ (= — mr) = (= _ mr) 
q q 
and so 


ar; =ctar, (mod q). 
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Since (a,q) = 1 and 1 <r, < rz < q/2, we have 
r,;=+r. (mod q) 


and so 
r) =712. 


<r <4}. -{2 isrsS}e{Frres<¥l. 
~ ~ 2 q ~ ~ 2 


It follows that 


ie 


Therefore, 


ar 
q 


i 
l<r<q/2 llar| I<r<q/2°q 2% 
l 
~ sot 
I<s<q/2 q 2q 
l 
= 2g _ 
1<szq/2 25 — | 
< 2q . 
I<s<q/2 s 
<q logg 


This completes the proof. 


Lemma 4.9 Leta bea real number. If 


a|_ l 
a--|s-)> 

q\— @ 
where q > 1 and (a,q) = 1, then for any nonnegative real number V and 


nonnegative integer h, we have 


l 
min ———_—— } < V+qlogq. 
y a(v iarasmn) eed 


r=] 


Proof. Let 
wa tg Z 
q qt 
where 
—-1<@< 1] 
Then 
h 0 
athg+r)nah+ 4 ong ~ 
q q q 
q q q 
ar + [0h] + d(r) 
= ah + ——_——__——__,, 


q 
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where 
Or 
—1 < d(r) = {0h} + — < 2. 
q 
For eachr = 1,..., gq there is a unique integer r’ such that 
+ [0h] +4 
{a(hq +r)} = ar + Oh} + olr) _ r’. 
q 
Let ' 
O<rt<1--. 
q 
If , 
t<{a(hq+r)}<t+t 7 
then 
gt <ar—qr +[6h]+d(r) < gt+1. 
This implies that 
ar —qr’ <qt — [6h] +1 —d(r) < qt — [0h] +2 
and 


ar —qr > qt — [0h] — S(r) > qt — [0h] —2. 
Thus, ar — qr’ lies in the half-open interval J of length 4, where 
J =(qt — [6h] — 2, qt — [6h] + 2]. 

This interval contains exactly four distinct integers. If 1 <r; < rz <q and 

ar; — qr, =ar2z — qr, 
then 

ar; =ar, (mod q). 
Since (a, qg) = 1, we have 

ry =r2 (mod q) 


and so 
rr; @72. 


It follows that for any ¢ € (0, (¢ — 1)/q], there are at most four integers r € {1, q] 
such that 
{a(hq +r)} € [t,t +(1/q)). 
We observe that 
lla(hq +r)\| € [t,¢+(1/q)] 
if and only if either 
{a(hq +r)} € [t,t +(1/q)] 
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or 
| — ta(hq +r)} € [t,t + (1/q)). 
The latter inclusion 1s equivalent to 


{a(hq +r)} € [t,t +(1/q)], 


where 1 
O<r=1---1r<1--. 
q 
It follows that for any ¢ € [0, (¢ — 1)/q], there are at most eight integers r € [1, q] 


for which 
la(hq +r)|| € {t,¢+(1/q)). 
In particular, if we let J(s) = ([s/q, (s + 1)/q) for s =0, 1,..., then 


la(hq +r)\| € J(s) 


for at most eight r € [l, q). 
We apply this fact to estimate the sum 


F min(v, —_), 
la(hq +r)| 


l<r<q 


If ||la(hg +r)|| € J(0) = (0, 1/q], then we use the inequality 


] 
min (v. a) <V 
lathg +r) 


If |la(hg +r)|| € J(s) for some s > 1, then we use the inequality 


min (v. saa) < ——__ <4. 
lla(hq +r)| la(hq+r)|| ~ s 
Since |la(hq +r)|| € J(s) for some s < q/2, it follows that 


l q 
» min (v. caer) < 8V+8 », ; 
« V+qlogg. 
This completes the proof. 
Lemma 4.10 Let a be a real number. If 
oa fle t 
q\~ 4? 


where q > | and (a,q) = 1, then for any real number U > | and positive integer 


n we have 
> min (; —) < (: +u+q) log 2qU 
Sey (NK tek) ~ \G : 
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Proof. We can write k in the form 


k=zhqtr, 

where 
l<r<q 
and y 
0<h< —. 
q 

Then 


n l 
S= min « a) 
», k |lak|l 


n l 
© DY mn( tt), 
O<h<U/q u hq+r |la(hq +r)}l 
Ifh =Q and 1 <r < q/2, then Lemma 48 gives 
n | l 
min (7. a) < —— <qlogq. 
wee Tart) = 22, Terk 
For the remaining terms, we have 


l - 2 
hq+r = (h+1)q' 
since either h > 1 and 


hg +r > hg > 4 


orh =0,q/2 <r <q, and 


q__ (h+1)q 
h = 1 iw 
qtr r>> 5 


Therefore, 


n l 
S <€qlogq+ min Caracoeen 
ot, » (h+1)q |la(hq +r) 
Note that y 

—+1<U+q <2max(q,U) < 2gU. 

q 


Estimating the inner sum by Lemma 4.9 with V = n/(h + 1)q, we obtain 


n ] 
S<qlo + min Cart ) 
q 10849 » » (h+1)q |la(hq +r)| 


O<h<U/q I<r<q 
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(4.4) 
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« qlogq + > (arp +289) 
o<hel jg \OA + 1G 


« q log +- > (2 +1)qog¢ 
q qr— Pemany —_ 
ochatjgit! \q 


U 
«K qglogg+ " log (< + ? + U logq +q loggq 
q q 
n 
< ( +U +4) log 2qU. 
q 
This completes the proof. 


Lemma 4.11 Leta be a real number. If 


where q > | and (a, q) = 1, then for any real numbers U and n we have 


l U 
> min (x. a) < (« +U+n+ —) max{1, log q}. 
|| || q 


1<k<U 


Proof. This is almost exactly the same as the proof of Lemma 4.10. We have 


] 
s= YS min (x au) 
2, \|ak || 


] 
2d, min (» la(hg + =i) 


O<h<U/q I<r<q 


qlogq+ )~ ("3 3 “| 


0<h<U/g l<s<q/2 s 


LA 


1A 


Kqlogg+ > (n+qlogq) 
0<h<U/g 


U 
< q loggq + (< + 1) (n+ q logq) 
Un 
«Kqlogqg+U logg+n+ — 
q 


Un 
< (« +U+n+ =) max{1, log q}. 
q 


This completes the proof. 
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4.5 Weyl’s inequality and Hua’s lemma 


In this section, we denote by [M, N] the interval of integers m such that M < m < 
N. For any real number r, the complex conjugate of e(t) = e?""' is e(t) = e(—2). 


Lemma 4.12 Let N,, N2, and N be integers such that N, < Nz andQ < N2 — 
N, < N. Let f(n) be a real-valued arithmetic function, and let 


N2 
S(f)= Yo ef). 
nan, +1 
Then 
ISA = D> SaCf). 
Id[|<N 
where 


Suf)= > eAa(fy(n)) 


nél(d) 


and I(d) is an interval of consecutive integers contained in [N, + 1, N2}. 
Proof. For any integer d, let 
I(d)=(N,+1—d,N2 —d|]N[N, +1, No]. 


Squaring the absolute value of the exponential sum, we get 


IS(f)? = SCF)S(F) 
N2 N» 
- > ef(m)) d— eft) 
maN i+] n=N,+!} 
N>2 N) 


- > dS ef - fin) 


n=N\+1 meN,+1 
N> No-n 
~) DO elf(n+d)- f(r) 
neN +) d=aN,+l—n 
No Ny-n 
=> do e(Aa(fr(n)) 
noN, +) daN,+1~—-n 
Ny—N,-1 


- YO dS caus) 


d=—(N)—N,—1)nel(d) 


=>) dS e(Aa( s(n) 


\dt< N nel(d) 


= >> Saf). 


\di<.N 


This completes the proof. 
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Lemma 4.13 Let N,, No, N, and @ be integers such that @ >). N. «Ns. and 
0< N,-—WN, < N.Let f(n) bea real-valued arithmetic function, and let 


N2 
S(f)= D> ef). 
n=aN, +) 
Then 
SCA < (2NP "SO eS Saas 
Id) |< Ild¢|<N 
where 
SarunS= Yo e(Ba... (fn) (4.51 
né€l(dy,....d;) 


and I(d;,...,d,) is an interval of consecutive integers contained in |.“. - |. ‘:|. 


Proof. This is by induction on @. The case @ = 1 1s Lemma 4.12. Now assume 
that the result is true for @ > 1. Using the Cauchy—Schwarz inequality, we obtain 


sn” = (iscnr’) 


2 
< (amr yo SS Sa... ma) 


ld\|<N lde|<N 


2 
- anya se DO Say... ra) 


Idi|j<N Ide |< N 


< (2M) 202N)E SO ee SO Sa. a PP. 


ld |<N Ids |<N 


where Sq,_..a,(f) iS an exponential sum of the form (4.5). By Lemma 4.12. tor 
each d),..., d¢, there is an interval 


I (desi, de, ..., dy) © M(de,.-.,d)) © (N+ 1, No] 


such that 
2 
Sa..a(P P=! Yo e(Ag...a (fn) 
né€l(d,,.... dy) 
= e (Nave des ond, (f)(n)) 
Ideas |< mEl(deyy.de.....d)) 
= Sarre Ss 
Ideay |< 
and so 


ISA (ANP SS Sa ate nds SF) 


|d;|<N Idi|<N Idea ln 


This completes the proof. 
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Lemma 4.14 Letk > 1, K = 2‘!  ande > 0. Let f(x) = ax‘ +--- bea 
polynomial of degree k with real coefficients. If 
N 


Sif) =) e(f(n)), 


n=] 


then 
kint>! 
ISCAS «NE + NE YS min (N, jimall!) 


nrw) 


where the implied constant depends on k and e. 


Proof. Applying Lemma 4.13 with € = k — 1, we obtain 


{di|<N jay 1<N 


where 


Strrnd(f= Yo e (Agi ...a (fn) 


nél(dy- deen d,) 
and /(d,_;,...,d)) is an interval of integers contained in [1, NJ. Since |e(r)| = 1 
for all real t, we have the upper bound 


Stra PlS Do le (Wasa (Sn) |< N. 


nel (dy -4.....d1) 
By Lemma 4.4, for any nonzero integers d,,....di—1, the difference operator 
Ag,-,....d, applied to the polynomial f(x) of degree k produces the linear polyno- 


Aa,.....d,_) (F(X) = dy_-1 ++ dyk!ax +B =Ax + B, 
where 
A= d,_| .. -dikia 


and B € R. Let I(d,_),..., d,) =(N, +1, N2). By Lemma 4.7, 


[Sa y..a (fl = 


Yo (Bd sats nts (00) 


nél(dy-;.....d;) 


3 e(An + A) 


noN, +] 


N? 


> e(An) 


naN,+) 
<< 
IAI 


l 
Wd -+-dyk'oe|| 
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It follows that 

Sac1....di(f)| < min(N, Ildy ---dy—rk orl"). 
Therefore, 


IS(AIK <(2N)K* SO ee SY Saya (PD 


|d\|<N \dj |< N 


<(2N)K“K DT. DY min, fIdy ---dy—iktorl|"). 


ldi|j<N Idk p< N 


Since there are fewer than (k — 1)(2N)*~2 choices of dj,..., d,_, such that 
d, ---d,—, = 0, and each such choice contributes N to the sum, it follows that 


IS()IK << (2N)K*(k — 1)(2N)‘77N 


H(2N)RK YT DE min, ld «= dy -rk toe") 
1<|d\|<N 1<|dk-11<N 
< k(2N)*7' 
+2k-1 yk -k > a 2 min(N, |ld, ---dy_yk!al|~') 
I<d,<N I< <N 
N N 
«NE NE-AKY"... S$” min(N, Il ---de-rktarll'), 
d,=) a_\=! 


where the implied constant depends only on k. Since 
l<dy---dy_yk! < kiN‘! 


and the divisor function t(m) satisfies t(m) «<, m* for every € > 0, it follows 
that the number of representations of an integer m in the form dj ---dy_,k! is 
<«< m* < N°. Therefore, 


N N 
IS(f)IK K NK 4+ NK-KY)... SY > min (N, Idea += -diktorll“') 
d,=\ d,-\=1 
K-1 K-kee . : —] 
«K NS +N 2 min (N, ||ma||~"), 


m=!) 
where the implied constant depends on k and €. This completes the proof. 


Theorem 4.3 (Weyl’s inequality) Let f(x) = ax* +--- bea polynomial of degree 
k > 2 with real coefficients, and suppose that a has the rational approximation 
a/q such that 
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where q > | and (a,q) = |. Let 


N 
S(f) = el f(n)). 
ne] 
Let K = 2*-' andeé > 0. Then 


S(f) < N'té (No +q_! +N~*g)* 


where the implied constant depends on k and €. 


Proof. Since |S(f)| < N, the result is immediate if g > N*. Thus, we can 
assume that 
l<q<QN*, 
and so 
logg <logN « N‘*. 
By Lemma 4.14, we have 
kines! 


IS(f)IK «NK + NE SY” min (N, Iimali-'). 


m=] 
By Lemma 4.11, we have 


mm kink 
> min (N, |mal|"') « (< +k!IN®'4N+4 


mel 


) max(1, log.) 


Nk 
« (« +Ne'4 *) log N 
q 
«KN (qN“+N7'4+q7') NE. 
Therefore, 
IS(f)IK « NK) 4 NK (GN +N! 4+q7') 
< NKtée (qn-* +N! +q7') 
This completes the proof. 


Theorem 4.4 Let k > 2, and let a/q be a rational number with q > 1 and 
(a,q)= 1. Then 


q 
S(q, a) - >| e(ax* /q) «K qi MRE 


x=] 
Proof. Apply Weyl’s inequality with f(x) = ax*/q and N = q. We obtain 
S(q.a) Kq'**(qui eq ety gi VK, 


This completes the proof. 
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Theorem 4.5 Letk > 2. There exists § > 0 with the following property: If N > 2 
and a/q is a rational number such that (a, q) = 1 and 


N}/2 <q < NEON 
then 


N 
>| e(an*/q) « N'~?. 
ne) 
Proof. Applying Weyl’s inequality with f(x) = ax‘ /q, we obtain 


S(f) < N!té (No +q! +N~*q)'/" 


< Nit (N7! + NON2 4 NO H2E 
< N'71/2K +e 
< Ni-8 
for any 5 < 1/2K. This completes the proof. 
Theorem 4.6 (Hua’s lemma) Fork > 2, let 
N 
T(a)= )_ e(an'). 
na} 
Then 
[ \T(a)|? da < N?-***, 
0 
Proof. We shall prove by induction on j that 
1 | . 
\T(a)|? da « N”~)* 
0 
for j= 1,...,k. The case j = 1 is clear since 
NN al 
[ IT (a)|? da = 2 >| e(a(m* —n*))da = N. 
0 mel na} 9 


Let 1 < j < k — 1, and assume that the result holds for j. Let f(x) = ax*. By 
Lemma 4.2, 


Aa,.....4,(f (x) = ad; --- di py-j(X), 


where p,_ ;(x) is a polynomial of degree k — j with integer coefficients. Applying 
Lemma 4.13 with N; = 0, N2 = N, and S(f) = T(q), we obtain 


IT(a)|” <(2NP I" YO YO Ye (Aa... (FM) 
Idi [<N Idj|<N neél(d,.....d)) 


= (2N)?~J7) 2 wae > 2 e (ad; ---d px_;(n)), 


Idi|<N |\djlxN nel(d, sees d,) 
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where /(d;,...,d ) iS an interval of consecutive integers contained in [1, N]. It 
follows that | 
IT(a)!” < N*-I" > r(d)e(ad), (4.6) 
d 


where r(d) is the number of factorizations of d in the form 
d = d;---di px_;(n) 

with |d;| < N andn € I(d;,...,d). Since d « N* by Lemma 4.5, we have 
r(d) « |d|’ < N* 


for d #0. Since p,_;(x) is a polynomial of degree k — j > 1, there are at most 
k — j integers x such that p,_; = 0, and so 


r(0) « N’. 
Similarly, since 
\T(a)|? = T(a)” T(-a)" 


N k-1 N k-) 
= (3 e(—ax* ) (>: a) 


xo] y=) 


oe ey -(o(S-Yo4)} 


cya x,-)al y,=1 yj-yal 


= > s(d)e(—ad), 
d 


where s(d) is the number of representations of d in the form 


j-l 


= 
d= sy — pox 


to] fal 


with 1 < x;, y, < N fori =1,...,j —1. Then 


> sd) = |T(0)” = N” 
d 
and, by the induction hypothesis, 
l . a 
s(0) = [ \T(a)|” da « N*-/*. 
0 
It follows from (4.6) that 


| ] 
| IT(a)?" da = [ IT(a)|” |T(a@)|” da 
0 0 


118 


4, Weyl's inequality 


lA 


_ I 
nein | > r(d')e(ad’) ) © s(d)e(-ad)der 
0 d 


d’ 


= N2-i7! Y= r(d)s(d) 
d 


N?’~1-'r(Q)s(0) + N” J" 9° r(d)s(d) 
df 
XK N2-J-! Nd 2 mite + N2’-J-' NE >| sd) 
df 
«K N22 Ute + N27J-1 NEN? 
K Nz Ut) te 


This completes the proof. 


4.6 Notes 


The material in this chapter is well-known. For the original proofs of Weyl’s 
inequality and Hua’s lemma, see Weyl [141] and Hua (62), respectively. Daven- 
port [18],Schmidt [106], and Vaughan [125] are standard and excellent introduc- 
tions to the circle method in additive number theory. 

The easier Waring’s problem was introduced by Wright [150]. 


4.7 Exercises 


Prove that 
lx] = || — x|l = In +x] 


for all x € R and n e€ Z. Let (x) denote the fractional part of x. Graph 
f(x) = (x) + |lx|| forO < x < 1. 


. Prove that 


lla + Bll < llal) + IIB 
for alla, BER. 


. Let 2 > 1, and let A, denote the iterated difference operator A, ;...;. Prove 
that 
é /e 
Ac( f(x) = en ie + j). 
j-0 J 
Let Ag,....a, be an iterated difference operator. Find a general formula to 


_ d, (f(x). 
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5. Let € > 2, let o be a permutation of {1,2,..., 2}, and let Ag, 
iterated difference operator. Prove that 


d, be an 


Ady woes doit) = Ad, oseee d, ° 


5 


The Hardy—Littlewood asymptotic 
formula 


. using essentially the same techniques as Hardy and Littlewood’s 
but in a different way and introducing certain additional considera- 
tions, we shall derive the same result with incomparable brevity and 
simplicity. 


J. M. Vinogradov [131] 


5.1 The circle method 


For any positive integers k and s, let 7,,,() denote the number of representations 
of N as the sum of s positive kth powers, that is, the number of s-tuples (x;,..., xs) 
of positive integers such that 


N=xi tee +xi. 


Waring’s problem is to prove that every nonnegative integer is the sum of a bounded 
number of kth powers. Since 1 = 1‘ is a kth power, this is equivalent to showing 
that 


re s(N) > 0 
for some s and for all sufficiently large integers N. Hilbert gave the first proof of 


Waring’s problem in 1909. Ten years later, Hardy and Littlewood succeeded in 
finding a beautiful asymptotic formula for r;,(). They proved that for s > so(k), 
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there exists 6 = 6(s, k) > O such that 
1\* -1 
ry.s(N) - G(N)T ( + z) Tr (5) N&s/k)-! + O(N{/ A138), (5.1) 


where I(x) is the Gamma function and G(N) is the “singular series,” an arith- 
metic function that is uniformly bounded above and below by positive constants 
depending only on k and s. We shall prove that the asymptotic formula (5.1) holds 
for so(k) = 2* +1. 

Hardy and Littlewood used the “circle method” to obtain their result. The idea 
at the heart of the circle method is simple. Let A be any set of nonnegative integers. 
The generating function for A is 


f(z)= oz. 


aca 


We can consider f(z) either as a formal power series in z or as the Taylor series 
of an analytic function that converges in the open unit disc |z| < 1. In both cases, 


of 


f(z) = Dora s(N)2%, 


NAO 


where r4.;(N) is the number of representations of N as the sum of s elements of 
A, that is, the number of solutions of the equation 


N =a, +a2+:--+@s 


with 
Q;,Q2,°°:-,@as (= A. 


By Cauchy’s theorem, we can recover r4_,(V) by integration: 


] 5 
ra.s(N) = — fw) 


: ——- dz 
2T1 Siz1mp 2M! 


for any p € (0, 1). 

This is the original form of the “circle method” introduced by Hardy, Littlewood, 
and Ramanujan in 1918-20. They evaluated the integral by dividing the circle of 
integration into two disjoint sets, the “major arcs” and the “minor arcs.” In the 
classical applications to Waring’s problem, the integral over the minor arcs is 
negligible, and the integral over the major arcs provides the main term in the 
estimate for r, ,(N). 

Vinogradov greatly simplified and improved the circle method. He observed 
that in order to study r, ,(N), it is possible to replace the power series f(z) with 


the polynomial 
p(z)= )_ 2”. 


aed 
a<n 
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Then 


sN 
pley =D orsecm)z”, 
mA) 


where rx 2m) is the number of representations of m as the sum of s elements of A 
not exceeding N. In particular, since the elements of A are nonnegative, we have 
rm) =r, .(m) form < N and rm) = 0 form > sN. If we let 


z= e(a) = ertia 


then we obtain the trigonometric polynomial 


F(a) = p(e(a@)) = >| e(aa) 


aca 
aiN 


and 


sN 


F(a)’ =) ori (n)e(ma). 


ma) 
From the basic orthogonality relation for the functions e(nq@), 


l1 ifme=n 


[ etmaye(—nade = | 0 ifmy¥n, 


we obtain 


rast) = | F(a)’ e(—Na)da. 
0 


In applications, of course, the hard part is to estimate the integral. 

To apply the circle method to Waring’s problem, let k > 2 and A be the set of 
positive kth powers. Let r;,_;(M) denote the number of representations of N as the 
sum of s positive kth powers. Let 


P= [N'/*]. 
Then 
P 
F(a) = > e(aa) = > e(an*) 
o€A new] 
and 


} 
rian) = [ F(a) e(—aN)da. 
0 
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5.2 Waring’s problem for k = 1 


For k = 1, there 1s an explicit formula for 7;,,(N). 
Theorem 5.1 Lets > 1. Then 


N— ) Ns~} 


= Gopi +O (N*~*) 


ry (N) = ( 


s—1 
for all positive integers N. 
Proof. Let N > s. We observe that 
N =a, +:-:-+4, 
is a decomposition of N into s positive parts if and only if 
N —s =(a, — 1)+---+(a; —1) 
is a decomposition of N into s nonnegative parts. Therefore, 
ris(N) = Ris(N — 5), 


where R, ,(N) denotes the number of representations of N as the sum of s non- 
negative integers. 

We shall give two proofs of the theorem. The first is combinatorial. We begin 
by computing R, ,(N) for every nonnegative integer NV. Let N = a, +--- +a; be 
a partition into nonnegative integers. Imagine a row of N +s — 1 boxes. We color 
the first a, boxes red, the next box blue, the next a2 boxes red, the next box blue, 
and so on. There will be exactly s — 1 blue boxes. Conversely, if we choose s — 1 
of the N +s — 1 boxes and color them blue, and if we color the remaining N boxes 
red, then we have a partition of N into s nonnegative parts as follows. Let a; be the 
number of red boxes before the first blue box, a2 the number of red boxes between 
the first and second blue boxes, and, in general, for j = 2,...,5 — 1, let a; be 
the number of red boxes that are between the (j — 1)-st and /th blue boxes. Let 
a, be the number of red boxes that come after the last blue box. This establishes a 
one-to-one correspondence between the subsets of size s — 1 of the VN +s — 1 boxes 
and the representations of N as the sum of s nonnegative integers. Therefore, the 
number of decompositions of N into s nonnegative parts is the binomial coefficient 


(“**7'). It follows that 


N-] 
ria) = RidN—s)=("~). 


This gives the first proof of the theorem. 
There is also a simple analytic proof. The series 


2 l 
f(z)= > 02% = ; 
Nad) —é 
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converges for |z| < 1, and 


f(z = D> Ri s(N)z%. 
Na 


We also have 
MY =H 
| on ( | ) 
(s — 1)! dzs-! \1—2z 
1 d’~! (5 ‘ 
"7 Wt goal z 
(s — 1)! dzs-! > 
SS. N(N —1)---(N —5 +2) N—sel 
= yy MN st), 
Nort (s — 1)! 
= 3 ( "ee 
Nes] s— 
3 (" +5 — ")e 
vars s—]1 
Therefore, 
N+s-—1 
R, .(N) = ( _ |] ) 
This completes the proof. 


5.3. The Hardy—Littlewood decomposition 


For k > 2 there is no easy way to compute-or even to estimate-r;, ,(N) for large 
N. It was a great achievement of Hardy and Littlewood to obtain an asymptotic 
formula for r;.,(N) for all k > 2 and s > so(k). In this chapter, we shall prove the 
Hardy-Littlewood asymptotic formula for s > 2* + 1. For N > 2*, let 


P=[N'*] (5.2) 
and 


P 
F(a) = > e(am*). (5.3) 


| 


The trigonometric polynomial F(a) is the generating function for representing N 
as the sum of kth powers. The basis of the circle method is the simple formula 


1 
rae) = f F(a)'e(—Na)da. (5.4) 
0 
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We cannot compute this integral explicitly in terms of elementary functions. By 
carefully estimating the integral, however, we shall derive the Hardy-Littlewood 
asymptotic formula. 

The first step is to decompose the unit interval [0, 1] into two disjoint sets, called 
the major arcs SM and the minor arcs m, and to cvaluate the integral separately 
over both sets. The major arcs will consist of all real numbers a € [0, 1] that can. 
in a certain sense, be “well approximated” by rational numbers, and the minor ares 
consist of the numbersa@ ¢€ [0, )] that cannot be well approximated. Although most 
of the mass of the unit interval lies in the minor arcs, it will follow from Weyl's 
inequality and Hua’s Jemma that the integral of f(a)’ e(— Na) over the minor ares 
is negligible. The integral over the major arcs will factor into the product of two 
terms: the “singular integral” /(’) and the “singular series” G(N). The singular 
integral will be evaluated in terms of the Gamma function, and the singular series 
will be estimated by elementary number theory. 

The major and minor arcs are constructed as follows. Let N > 2*. Then P = 
[N'/*] > 2. Choose 


O<v<I/S. 
For 

l<q<P’, 

0<a<q, 
and 

(a,q)=1, 
we let 

om a ] 
(q,a) = 4q@ € [0, 1): eG = pi-v 

and 


q 
m= (J LU mq@.a). 


v - 
MsqsPe el 


The interval 2N(q, a) is called a major arc, and St is the set of all major arcs. We 
see that 


O71, 0) = 0, a= 


1 
ma, = [1-551 


a l a l 


for g > 2. The major arcs consist of all real numbers a € [0, I] that are well 
approximated by rationals in the sense that they are close, within distance P'~*, 
to a rational number with denominator no greater than P’”. 
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If a € M(q,a) NM W(q’, a’) and a/q ¥a’/q’, then |aqg' — a’q| > 1 and 


] ] 
—_—_ << 
P2” ~ qq’ 
a a’ 
<|--— 
q q 
a a’ 
<l@a-- + (a —- — 
q q 
2 
< 
— pk-v' 


which is impossible for P > 2 andk > 2. Therefore, the major arcs IN(q, a) are 
pairwise disjoint. 

The measure of the set (1, 0) U M1, 1) is 2P"’~*, and, for every g > 2 and 
(a,q) = 1, the measure of the major arc ))t(q, a) is 2P’~*. For every g > 2 there 
are exactly y(q) positive integers a such that 1 < a < q and (qg, a) = 1. It follows 
that the measure of the set Jt of major arcs is 


(IN) = — >> 99) < — >> 4 


l<q<P* l<q<P’ 
2 P’(P’ +1) 2 
= piv C~S Pk-3v’ (5.5) 
which goes to zero as P goes to infinity. 
The set 
m = [0,1] \ 


is called the set of minor arcs. This set is a finite union of open intervals and 
consists of all a € [0, 1] that are not well approximated by rationals. The measure 
of the set of minor arcs is 


u(m) = 1— w(P) > | ~ pki" 
Even though the measure of the set m is large in the sense that it tends to 1 as P 


tends to infinity, we shall prove in the next section that the integral over the minor 
arcs contributes only a negligible amount to 7;.,(N). 


5.4 The minor arcs 


We shall now show that the integral over the minor arcs 1s small. 


Theorem 5.2 Let k > 2 ands > 2‘ +1. There exists 5; > O such that 
i F(a)'e(—Na)da = O (PSK?) | 
m 


where the implied constant depends only on k and s. 
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Proof. By Dirichlet’s theorem (Theorem 4.1) with Q = P*-”, to every real 
number a@ there corresponds a fraction a/qg such that 
l<qg<P",  (a,q)=1, 


and 


q 
Ifa em, thena ¢ 9t(1, 0) U M1, 1), so 


pia <a<l1-— pie 
and 1 <a<q-—1.Ifq < P’, then 
a ] 
a--i< 
q — pk-v 


implies that 
a € M(q,a) C M= (0, 1} \ m, 


which is absurd. Therefore, 
P¥<q<P*". 
Let 
K =2!. (5.6) 
It follows from Weyl’s inequality (Theorem 4.3) with f(x) = ax* that 


F(a) « P'*§ (P-'+q7' + P*q)* 


<K< pite (P7! + P-* + P-* pk-» 
K pite-v/K 


yn 


Applying Hua’s lemma (Theorem 4.6), we obtain 


[ F(a)’ e(—na)da 
m 


/ F(a)s~? F(a)? e(—na)da 
m 


lA 


i] IF(a)|*-2 | F(a) |? da 
m 


lA 


J 
max | F(a)|°~2 | |\F(a)|? da 
aemMm 0 


«K (Coe) ae p2 —k+e 


- psk-& ; 


where at 
g = ST (5 - 2k + Ne > 0 


if ¢ > 0 is chosen sufficiently small. This completes the proof. 
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5.5 The major arcs 


We introduce the auxiliary functions 


N 
vB) = > -m'!*e(Bm) 


m=} 
and 


q 
S(q.a) = ) e(ar‘/q). 


r=] 


We shall prove that if a lies in the major arc SJt(q, a), then F(a) is the product of 
S(q,a)/q and v(a — a/q), plus a small error term. We begin by estimating these 
functions. 

Clearly, |S(q,a)| < gq. By Weyl’s inequality (Theorem 4.4), we have 


S(q, a) < qi VK re 
and 5 
»@ - +E 
“ae «Kg RY, (5.7) 
where the implied constant depends only on «. 


Lemma §.1 /f|8| < 1/2, then 
v(B) < min(P, [67 '/*). 


Proof. The function 
f(x) - Task 
k 


is positive, continuous, and decreasing for x > 1. By Lemma A.2, it follows that 


N 
vB) < Doom 


m=! 


N 
< | ko" /*lay + fF) 


] 
< NIK 


<« P. 
If |B| < 1/N, then P < N'/* < |pj~"/* and v(B) « min(P, [B|~!”*). 
Suppose that 1/N < |B| < 1/2. Then |B|~'/* « P. Let M = [|B|~']. Then 


l 


M — 
<3 


<M+I1<N. 
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Let U(t) = >.<, e(Bm). By Lemma 4.7, we have U(t) < ||BII7' = |B|7!. By 
partial summation (Theorem A.4), 


N ] N 
>, zim ‘e(Bm) - FONU(N) — FMM) — | U(t)f'(t)dt 


M 


moM +) 
Miik-1 
< ——— 
|B| 
< |p 
< min(P, |B|~'/*). 
Therefore, 


N 
v(B) = >! tm"!*le( Bm) + >, em'!*le(Bm) 


may K m=aM +} 


< min(P, |B|~'/*). 
This completes the proof. 


Lemma 5.2 Let gq anda be integers such that 1 <q < P”’,O <a < q,and 
(a,q) =1.ifa € D(q,a), then 


F(a) = (=) v (« ~ <) + O(P’), 
q q 


Proof. Let 8B = a — a/q. Then |B| < P’~* and 


S(q, 
F(a) — 4 yp) 
q 
~ Seelam! )— S@.a) 51, W/k- | e(Bm) 
meal q mel k 
= Sve (= -) e(Bm ky _ Sq, 4) a) Son i/k- ! o(Bm) 
m=] q mal ke 
- 5 u(m)e(6m), 
me!) 
where 
(m) < e(am/q) — (S(q,a)/q)k7'm"/k-! if m is a kth power 
wm) = 1 — (S(q, a)/q) ktm otherwise. 


We shall estimate the last sum. Let y > 1. Since |S(q, a)| < g, we have 


q 
> e(am‘/q) = ear‘ /q) > ] 


l<m<y r=) Vegmcy 
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= S(q, a) (2 + o11)) 


S(q, 
=y ( 4 >) + O(q). 
q 
Lett > 1. Since v(B) « P, we have 
U(t)= )> u(m) 
l<m<t 
. S(q, a) ye 
- e(am* /q) — ——— —m 
2, q zi 
me ph/k (“2”) + O(q) - ("2") (1'/* + O(1)) 
q 


= O(4). 
By partial summation, 


N N 
>| u(m)e(Bm) = e(BN)U(N) - 2nip [ e(BryU(t)dt 


mea] 


N 
- 0(q) ~ 2nip [ e(Bt)O(q)dt 
} 


«qt \|BINg@ 

« (1+ |BIN)q 

« (1+ PY" P*)P’ 
« P?”, 


This completes the proof. 


Theorem 5.3 Let 


q KY s 
G(IN,Q)= > >> (2) e(—Na/q) 


l<g< al 
<45@ (a.ql 


and 


pr-4 


J*(N) -| v(B)’e(—NB)dB. 
—Ppr-é 
Let St denote the set of major arcs. Then 
fe F(a)'e(—Na)da = G(N, P’)J*(N) + O (Ps~*-%) , 


where 52 = (1 — 5v)/k > 0. 


13) 


132 5. The Hardy—Littlewood asymptotic formula 


Proof. Let a € IN(q, a) and 


a 
Br=a--. 


V =V(a,q,a)= 34,4), (« - *) ch 94-8) (By. 
q q q 


Since |S(q,a)| < q, we have |V| < |v(B)| < P by Lemma 5.1. Let F = f(a). 
Then |F| < P. Since F — V = O( P?”) by Lemma 5.2, it follows that 


Fi’ —Vs = (F _ V) (Fu! + F274. g vs) 


K p2" ps! 
= pra ieee. 


Since (IN) « P3*-* by (5.5), it follows that 
! |F* _ vs | da K p3v-K ps—t+2v = ps-K-82 
MN 
where 52 = | — 5v > O. Therefore, 
I F(a) e(—Na)da 
MN 


- V(a,g,a)'e(—Na)da + O (PS *-® 
Ion (a q.aye ( ) 


-> > on V(a, qg,a)'e(—Na)da + O (P*~*~*) ; 


l<q<P* wei 


For g > 2, we have 


f V(a,qg,a)'e(—Na)da 
IMg.2) 


ufq+P'* 
= / V(a,qg.a)'e(—Na)da 
a/qg—-P*-t 


P 4 
- | V(B +a/q,q,a)'e(—N(B +a/q))4B 
pri 
s pr-k 
= (22) e(-Na/q) f v(B)’e(—NB)dB 
_ pres 


- (“) e(—Na/q)J*(N). 


For g = 1 we have V(qa, 1,0) = u(@) and V(a, 1, 1) = v(@ — 1). Therefore, 


I V(a, q,a)'e(—Na)da +f V(a,q,a)'e(—Na)da 
M10) Mer.) 


5.6 The singular integral 


pik 
-| v(a)’e(—Na)da +/ v(a — 1)'e(—-Na)da 
0 1 


_ pont 
pr-s 0 
-[ vpr'e-npvap +f wby'e(-Npyae 
m= J*(N). 
Therefore, 


| F(a)’ e(—Na)da 
M 


q 


-) Dd (“*) e(—Na/q)J*(N) + 0 (PES) 


<q<P* ae 
IsqsP (a.gyel 


= G(N, P’)J*(N) + O (PS *~*), 


This completes the proof. 


5.6 The singular integral 


Next we consider the integral 


1/2 
JiNy= f u(B)'e(—BN)dB. 


This is called the singular integral for Waring’s problem. 
Theorem 5.4 There exists 5; > 0 such that 
J(N) « Ps 


and 
J*(N) = J(N) +O (PS*-*), 


Proof. By Lemma 5.1, 


1/2 
J(N) «| min(P, |B|~'/")'dB 
0 


1{/N 1/2 
| min(P, |B|~'/*)*dB +/ min(P, |B|~'/*)'dB 
0 1/N 


UN 1/2 
= | P*dB + | p-*'*dB 
0 l 


IN 
«K P-* 


133 


(5.8) 


134 5. The Hardy—Littlewood asymptotic formula 


and 


J(N)— J°(N) = | v(B)’ e(—NB)dB 


Pr-* <|Bi<1/2 


1/2 
« | |u(B)|' dB 
pr-s 


P* -a 
K plk-0Xs/k-) 
= ps—k-5s 


where 53 = v(s/k — 1) > O. This completes the proof. 


Lemma 5.3 Let a and B be real numbers such thatO < B < | anda - fi. Then 


5 m1 ~—m)"! = Nare-3 r(a)i(B) +O (N77!) 
l(a + B) 


me] 


where the implied constant depends only on B. 


Proof. The function 
g(x) = xP '(N — x)t7 


is positive and continuous on (0, NV), integrable on (0, NJ, and 


N N 
i g(x)dx - | xP1(0N — x)" dx 
0 0 


l 
- noes | rP-lg _ 1)" dt 
0 


= N°*-! Bia, B) 
= NOB! (a) P(B) 
Tr(a +B) 
where B(a, B) is the Beta function and (qa) is the Gamma function. 
If@ > 1, then 


, B-1l a-—l 0 
f(x) gx) (A —) < 


and so g(x) is decreasing on (0, NV) and 


N N-1 N-} 
| g(x)dx < D(x) < | g(x)dx. 
0 


] mal 


Therefore, 


N-} 


N 
0< | g(x)dx — ) > g(m) 
0 


m=) 
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! 
<| g(x)dx 
0 
! 
-| xP-l0N — x)! dx 
0 
< wet | xP-ldx 
0 
N27! 


If0 < B <a@ < 1, then0 <a+ < 2 and g(x) has a local minimum at 
a L=B)N 
2—a-— 8 


Since g(x) is strictly decreasing for x € (0, c), it follows that 


(c] c 
>> a(m) < | g(x)dx 


me) 


€ [N/2, N). 


and 
iG [c] 
>= g(m) > | 8(x)dx + g([c}) 


m=] 
> / g(x)dx 
l 


c Ne7! 
dx — . 
> | g(x)dx 3B 


Similarly, since g(x) 1s increasing for x € (c, N), it follows that 


N-1 N 
> a(m) < | g(x)dx 


ma(c}+] 
and 
N-1 N-1 
Yr ein) > | gtxddx + gtlel +1) 
me{c}+1 [c}+1 
N-1 
>| g(x)dx 
N Né&-! 
> | g(x)dx — ——. 
c a 
Therefore, 


N N-1 a-l B-1 a1 
N N 2N 
0< | g(x)dx — ) g(m) < + < ; 
0 m=) B a B 


This completes the proof. 
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Theorem 5.5 [fs > 2, then 
1\*_ss\-! 
= _ _ s/k—-] (s~1)/k-1 
J(N) r(1+2) r (=) NSE 4. O(N ). 
Proof. Let W 
Liw)= [  v(By'e(-NB\ap 
1/2 


for s > 1. We shall compute this integral by induction on s. Since 
“1 
v(B) = | pm'*le(Bm), 


it follows that 


N N 


v(B)’ =k~* > vee Yim -»+ms)'/*-le((m, + +++ +ms)B) 
and so 


1/2 
JN) =o Sm em tf e((ms ++ +m, — N)BMB 
—l/ 


m,=l1 m,=] 


In particular, for s = 2, we apply Lemma 5.3 witha = 6 = 1/k and obtain 


N-1 
J2(N) - k-? yom NN _ my'/k-1 


m=) 
(1/k)P2P(/ ky? 
~  P2/k) 
rd +1/k)? 
~~ P(2/k) 


N2/k-} + O(N'/k-!) 
N2/k-1 + O(N '/E-!), 


This proves the result in the case where s = 2. 
If s > 2 and the theorem holds for s, then 


1/2 
Jen (N) = / __uB""e(-NB MB 
-If 
1/2 
- | - v(B)v(B)’e(—NB)dB 


1/2 N 
-| Yo pm" le(Bm)v(By'e(—NBAB 


~1/2 meal 
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N 


1 1/2 
= mit | »(B)'e(—(N — m)B)dB 
k 1/2 


meal 


Ni 
= » gm IGN —m) 


m=) 
P(L+U/RY Lt sent 
rere) 2k 


mea} 


N-) 
l 
+0 ( zm NN _ mecons) 


m=] 


Applying Lemma 5.3 to the main term (with a = s/k and B = 1/k) and the error 
term (with a = (s — 1)/k and B = 1/k), we obtain 
y Tela _ m)/k-! - CURT CULEIGST A) rissnye—t +O (Ne/*-!) 
k C((s + 1)/k) 


ma) 


and 
N=} 


2 em VN _ my)&~D/k= =O (N*/*-!) 


me] 


This gives 


(1/kK)P(A/k)P(s/k) P14 1/k) 
P((s + 1)/k) I (s/k) 
r(l+1/k)* 


~ (s+1)/k—-1 s/k-1 
TG+b/b +D/b N +O (N ) . 


This completes the induction. 


Ja (N) = NO&*D/E-V (Ns/k-!) 


5.7 The singular series 


In Theorem 5.3, we introduced the function 


G(N,Q)= > An(q), 


l<q<Q 
where ; 
S(q, , —N 
an= © (=) (=F). 


(a,go=l 


We define the singular series for Waring’s problem as the arithmetic function 


G(N) = )> An(q). 


q=) 
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Let 


0 —. 
<€<— 


Since s > 2 +1 =2K +1, we have 


pa l-sezl+o—seml+bs, 


where 


| 
64™= — —se>QO0. 
K 


By (5.7), 


l 


q 
An(q) « qeik-# < git’ (5.9) 


and so the singular series pa Ayn(q) converges absolutely and uniformly with 
respect to N. In particular, there exists a constant c2 = c2(k, s) such that 


IG(N)| < c2 (5.10) 
for all positive integers NV. Moreover, 


G(N) — G(N, P’) = D> An(q) 


q>P* 


1 
< dX g's 
q> PY 
«K Pov, 


We shall show that G(/V) is a positive real number for all N and that there exists 
a positive constant c,; depending only on k and s such that 


0<c, < G(N) <Q 


for all positive integers N. The proof is a nice exercise in elementary number 
theory. We begin by showing that Ay(q) is a multiplicative function of q. 


Lemma 5.4 Let (q,r) = 1. Then 
S(qr, ar + bq) = S(q,a)S(r, b). 


Proof. Since (q,r) = 1, the sets {xr : 1 < x <q} and {yq:1< y <r)are 
complete residue systems modulo q and r, respectively. Because every congruence 
class modulo qr can be written uniquely in the form xr + yg, where 1 < x <q 
and 1 < y <,r, it follows that 


qr k 

(ar +bq)m 

S(qr, bq) = ) ——— 
(qr, ar + bq) e( qr ) 


m=) 
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(ar + ae + ars oper * ya) 


arto) )¥ (anton) 
(ors) (xr) + (yg)! )) 

-Syre sory ("2") 

x=] yea) 

ne (S)Le(*) 

va) q r 


y= 
= §(q, a)S(r, b). 


> r 


He 
x=] yea] 


q 


a 
re 
( 
( 


This completes the proof. 


Lemma 5.5 /[f(q.r) = 1, then 


An(qr) = An(Q)An(r), 


that is, the function Ay(q) is multiplicative. 


Proof. If c and qr are relatively prime, then c 1s congruent modulo qr to a 
number of the form ar + bq, where (a, q) = (b, r) = 1. It follows from Lemma 5.4 


that 


An(qr) = 


» (M2) (-F) 

c= qr 
_ . 3 (etn) (S228) 

ae} be | qr “ qr 
SEC) YC) 
oe SN | r J°\@}° ~) 

4. (S(q,a)\° aN\ ww (S(r,b)\° bN 
(FE) (-F) (FS) (-F) 


= Ayv(q)An(r). 


This completes the proof. 
For any positive integer q, we let My (q) denote the number of solutions of the 


congruence 


in integers x; such that 1 < x; <q fori=1,... 


xt +---+x*=N (mod q) 


q. 
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Lemma 5.6 Lets > 2‘ + 1. For every prime p, the series 


x 
xn(p) = 1+ > An(p") (5.11) 
hel 
converges, and 
_ Mn(p") | 
xn(P) = jim. pre=D (5.12) 


Proof. The convergence of the series (5.11) follows immediately from inequal- 
ity (5.9). If (a, q) = d, then 


4 ax' 4 (a/d)x* 
a) = (+) Ye q/d 


xa] xa] 
q/d d 
-d)-e (So px ) = dS(q/d,a/d). 
x=] 
Since 
+ ye(@ ifm =O (mod q) 
— : ifm #0 (mod q), 
it follows that for any integers x;,..., Xs 


1G fact: -+x3-N)\_ [1 ifxy + +a, SN (mod ¢) 
° q O ifx;t+---+x4N (mod q) 


yre (Seite) 
q 

AW UY sat) 
Py eS” 


alsyy “)...) (“) (=*) 
slurs os q)\q 
- 29° s@.a¥e(= ) 
q onl 
q _ 
- 2D Sa.are( *) 
dig a! 


= - > 3 d°S(q/d,a/d)e (= —/") 


q “aig oa 
(2.4 
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yy « (Sigldiala)), (—eldw) 
q TA Gid a/d 


Therefore, 


>, An(q/d) = q'*Mn(q) 


d\q 


for all g > 1. In particular, for g = p” we have 
h ° 
1+ >> Ay(p/) = >> Aw(p"/d) =p" My(p") 
jel d|p* 
and so 
A ° 
= |} J 
Xw(p) = lim (i +L An(p ) 
= lim p""~) My(p"). 
h—oo 
This completes the proof. 


Lemma 5.7 Ifs > 2* +1, then 


G(N) =| | xw(p). (5.13) 
P 


Moreover, there exists a constant c2 depending only on k and s such that 
0 < G(N) < c2 
for all N, and there exists a prime po depending only onk and s such that 


1/2< |] xw(p) < 3/2 (5.14) 
P> Po 


for all N > 1. 
Proof. We proved that if s > 2* + 1, then 


l 
An(q) « qi’ 


where 54 depends only onk ands, and so the series }— g An(q) converges absolutely. 
Since the function A ,(q) is multiplicative, Theorem A.28 immediately implies the 
convergence of the Euler product (5.13). In particular, xv(p) » O for all N and 
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p. Since xn(p) is nonnegative by (5.12), it follows that xy(p) 1s a positive real 
number for all NV and p, and so the singular series G(N) is positive. Again, by (5.9), 


OO 
l 
0< GN) < ) a 72 < 00 
g=l 


and 


~ ae 1 
Ixw(p)— NS D Aw PL & | aay K Sia 
h=) h=] 


Therefore, there exists a constant c depending only on k and s such that 
Cc Cc 
I Sisss S nlp) SV + or 


for all N and p. Inequality (5.14) follows from the convergence of the infinite 
products [] ,(1 + cp~'~*+). This completes the proof. 

We want to show that G(N) is bounded away from 0 uniformly for all NV. By 
inequality (5.14), it suffices to show, for every prime p, that x,(p) is uniformly 
bounded away from 0. 

Let p be a prime, and let 

k = p'ko, 
where t > 0 and (p, ko) = 1. We define 


. t+l1 ifp>2 
Y") 42 ifp=2. 


Lemma 5.8 Let m be an integer not divisible by p. If the congruence x‘ = m 


(mod p”) is solvable, then the congruence y* = m (mod p") is solvable for 
everyh> y. 


Proof. There are two cases. In the first case, p is an odd prime. Forh > y = t+l, 
we have 


(k, p(p")) = (kop", (p — 1)p""') = (ko, p — 1)p" = (k, o(p”)). 


The congruence classes modulo p" that are relatively prime to p form a cyclic 
group of order g(p”) = (p — 1)p"~'. Let g be a generator of this cyclic group, 
that is, a primitive root modulo p". Then g is also a primitive root modulo p”. Let 
x‘ =m _ (mod p”). Then (x, p) = 1, and we can choose integers r and u such 
that 

x =g" (mod p") 
and 

m=g' (mod p"). 


Then 
ku=r (mod (p”)), 
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and so 
r=0O (mod (k, 9(p”))) 


and 


r=0 (mod (k, y(p"))). 


Therefore, there exists an integer v such that 
kv=r_ (mod ¢(p")). 


Let y = g'. Then y*‘ =m (mod p”). 

In the second case, p = 2 and so m and x are odd. If rt = 0, then & 1s odd. 
As y runs through the set of odd congruence classes modulo 2", so does y*, and 
the congruence y‘ = m (mod 2") is solvable for all h > 1. If tr > 1, then k 
is even and m = x‘ = 1 (mod 4). Also, x* = (—x)*, and so we can assume 
that x = 1 (mod 4). The congruence classes modulo 2" that are congruent to 
1 modulo 4 form a cyclic subgroup of order 2"~*, and 5 is a generator of this 
subgroup. Choose integers r and u such that 


m=5" (mod 2") 
and 
x = 5" (mod 2"). 


Then x‘ =m _ (mod 2°) is equivalent to 
ku =r (mod 2”~%), 


and so r is divisible by (k, 2") = 2° = (k,2"~?). It follows that there exists an 
integer v such that 
kv=r_ (mod Qh-2y, 


Let y = 5". Then y‘ =m _ (mod 2"). This completes the proof. 


Lemma 5.9 Let p be prime. If there exist integers a,,...,a;, not all divisible by 
p, such that 
a, +---+a*=N (mod p”), 
then ; 
Xn(pP) = prima > 0. 


Proof. Suppose thata,; #0 (mod p). Leth > y. Foreachi =2,...,5 there 
exist p"~” pairwise incongruent integers x; such that 


xX; =a; (mod p"). 
Since the congruence 
(mod p”) 


a _ yk _... _. yk 
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is solvable with x; = a; # 0 (mod p), it follows from Lemma 5.8 that the 
congruence 
ko k A h 
Xj =N-x,—-+--—x; (mod p’). 


This implies that 
My(p") > pr yXs-D) 
and so 


_ My(p") I 
Xv(p) = lim Gian = Grech > 
This completes the proof. 


Lemma 5.10 /fs > 2k fork odd ors > 4k for k even, then 
xn(p) = p*"-? > 0. 
Proof. By Lemma 5.9, it suffices to prove that the congruence 
ai +---+a, =N (mod p’) (5.15) 


is solvable in integers a; not all divisible by p. If NV is not divisible by p and the 
congruence is solvable, then at least one of the integers a; is prime to p. If N is 
divisible by p, then it suffices to show that the congruence 


ai +---+a*_,+1'=N (mod p”) 
has a solution in integers. This is equivalent to solving the congruence 
k k 
a, +---+a,_,; =N-—1 (mod p”). 


In this case, (N — 1, p) = |. Therefore, it suffices to prove that, for (NV, p) = 1, 
the congruence (5.15) 1s solvable in integers for s > 2k — 1 if p is odd and for 
s > 4k — 1 if p is even. 

Let p be an odd prime and g be a primitive root modulo p”. The order of g is 
y(p”) =(p — 1)p’—! =(p— 1)p*. Let (m, p) = 1. The integer m is a kth power 
residue modulo p” if and only if there exists an integer x such that 


x“ =m (mod p’). 


Letm =g’ (mod p”). Then m is a kth power residue if and only if there exists 
an integer v such that x = g'" (mod p”) and 


kv=r_ (mod (p-—1)p‘). 
Since k = kgp‘ with (ko, p) = 1, 1t follows that this congruence 1s solvable if and 


only if 
r=0 (mod (ky. p — 1)p"), 
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and so there are 
g(p’)  _— p=! 
(ko, p—1)p™ (ko, p— 1) 


distinct kth power residues modulo p”. Let s(N) denote the smallest integer s 
for which the congruence (5.15) is solvable, and let C(j) denote the set of all 
congruence classes N modulo p” such that (N, p) = | ands(N) = /. In particular, 
C(1) consists precisely of the kth power residues modulo p”. If (m, p) = | and 
N’ = m*N, then s(N’) = s(N). It follows that the sets C(j) are closed under 
multiplication by kth power residues, and so, if C(j) is nonempty, then |C(j)| = 
(p—1)/(Ko, p — 1). Letn be the largest integer such that the set C(m) is nonempty. 
Let j < n and let N be the smallest integer such that (NV, p) = 1 and s(N) > j. 
Since p is an odd prime, it follows that VN — i is prime to p fori = 1 or 2, and 
s(N ~—i) < j. Since N =(N — 1)+ 1‘ and N =(N — 2) + 1‘ + 154, it follows that 


j+1<s(N) <s(N —i)+2 < j+2 


and so s(N — i) = j or j — 1. This implies that no two consecutive sets C(/) are 
nonempty for j = 1,...,m, and so the number of nonempty sets C(/) is at least 
(n + 1)/2. Since the sets C(/) are pairwise disjoint, it follows that 


_ n+l p-1 
(p — 1)p' = 9(p") = ICW)| = ——- ——.. 
p—1)p" =9(p DX j > & pod 
CU 
and so 
n < 2(ko, p— 1)p' ~1<2k—-1. 
Therefore, s(N) < 2k — 1 if p is an odd prime and N is prime to p. 
Let p = 2. If k is odd, then every odd integer is a kth power residue modulo 2”, 


so s(N) = 1 for all odd integers N. lf k is even, then k = 2'ky with t > 1, and 
y =t +2. Wecan assume that 1 < N <2” — 1. If 


s=2” —]1=@24.2' —-1< 4k-1, 
then congruence (5.15) can always be solved by choosing a; = 1 fori =1,...,N 
anda; = 0 fori = N +1,....s. Therefore, s(N) < 4k — 1 for all odd N. This 


completes the proof. 


Theorem 5.6 There exist positive constants c, = c\(k, S) and cz = C2(k, 5) such 
that 


c} < G(N) < cp. 


Moreover, for all sufficiently large integers N, 


G(N, P’)=G(N)+O0(P-™). 


146 5. The Hardy—Littlewood asymptotic formula 


Proof. The only part of the theorem that we have not yet proved is the lower 
bound for G(N). However, we showed that there exists a prime po = po(k, 5) such 
that 

1/2 < |] xv(r) < 3/2 


P> Po 
for all N > 1. Since 
xv(p) =p’) > 0 


for all primes p and all N, it follows that 
l l -s 
G(N) =] ] xw(p) > 5 [] xm 2 5 [] er? =a > 0. 
P PSPo PEPo 


This completes the proof. 


5.8 Conclusion 


We are now ready to prove the Hardy-Littlewood asymptotic formula. 


Theorem 5.7 (Hardy-Littlewood) Letk > 2ands > 2* +1. Let ry.5(N) denote 
the number of representations of N as the sum of s kth powers of positive integers. 
There exists 5 = 5(k, s) > O such that 


1\* _ss\-! 
= _ = (s/k)-1 (s/k)-1-5 
rk.s(N) = G(N)P (1 + z) r (5) N + O(N ), 


where the implied constant depends only on k and s, and G(N) is an arithmetic 
function such that 
Cc, < G(N) <c2 


for all N, where c, and c2 are positive constants that depend only on k and s. 


Proof. Let 59 = min(1, 5), 52, 53, vd4). By Theorems 5.2-5.6, we have 


nN) f F(a)’ e(—aN)da 
0 


-[ Flay'e(-aNyda+ | F(a)‘ e(—aN)da 
MN m 


= G(N, P’)J*(N) + O (P**~*) + O (P**~*) 

= (G(N) + O (P~"*)) (J(N) + O (P5*~9)) + O (P*-*-*) 
+0 (P*-*-*') 

= G(N)J(N) + O (P*-*~*) 


= DV" (8) 7! sieat (s—1)/k~1 
ewwyr (1+ 7) r(;) NEVE O(N ) 
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l\? s\7} 
= _ _ s/k—-] s{/k—-1—4 
G(N)T (+5) r(>) NET 4 O(N ), 


where 6 = d9/k. This completes the proof. 


5.9 Notes 


The circle method was invented by Hardy and Ramanujan [50] to obtain the asymp- 
totic formula for the partition function p(N), which counts the number of unordered 
representations of a positive integer NV as the sum of any number of positive inte- 
gers. The circle method was also applied to study the number of representations of 
an integer as a sum of squares. See, for example, Hardy [45], and the particularly 
important work of Kloosterman [71, 72, 73]. 

In a classic series of papers, “Some problems of ‘Partitio Numerorum’,” Hardy 
and Littlewood [47, 48] applied the circle method to Waring’s problem. Vino- 
gradov [131, 134, 135] subsequently simplified and strengthened their method. 
This chapter gives the classical proof of the Hardy—Littlewood formula for s > 
so(k) = 2* +1. There is a vast literature on applications of the circle method to War- 
ing’s problem as well as to other problems in additive number theory. The books 
of Davenport [18], Hua [64], Vaughan [125], and Vinogradov [135] are excellent 
references. 

There have been great technological improvements in the circle method in re- 
cent years, particularly by the Anglo-Michigan school (for example, Vaughan and 
Wooley (126, 127, 128, 129, 130, 147, 148)). In particular, Wooley [146] proved 
that 


G(k) < k(logk + log log k + O(1)). 
Another interesting recent result concerns the range of validity of the Hardy- 
Littlewood asymptotic formula. Let G(k) denote the smallest integer so such that 


the Hardy-Littlewood asymptotic formula (5.1) holds for all s > so. Ford (41) 
proved that 


G(k) < k’(logk + log logk + O(1)). 


For other recent developments in the circle method, see Heath-Brown (54, 55], 
Hooley (59, 60, 61), and Schmidt [107]. 


5.10 Exercises 


1. Show that for k = | the Hardy—Littlewood asymptotic formula 1s consistent 
with Theorem 5.1. 
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2. Let k > 2. Show that the number of positive integers not exceeding x that 


can be written as the sum of k nonnegative kth powers is x/k!+O (x@~1/*), 
Show that 
G(k) >k +1. 


Hint: If m < x is asum of k kth powers, then 


Nn=a\ +as +--+ +a, 


where 


O<a,) <a <---<a, <x!" 


and the number of such expressions 1s given by a binomial coefficient. 


. Let f(x) be a polynomial of degree k > 2 with integral coefficients, and let 


q 


S;(q,a) = ) e(af(r)/q). 


r=] 


Prove that if (¢, 7) = 1, then 


S (qr, ar + bq) = S¢(q, a)S¢(r, 5). 


. Let Ry.;(N) denote the number of representations of an integer N as the 


sum of s nonnegative kth powers. State and prove an asymptotic formula 
for R, ;(N). 


Part Il 


The Goldbach conjecture 


6 


Elementary estimates for primes 


Brun’s method is perhaps our most powerful elementary tool in num- 
ber theory. 


P. Erdos (34] 


6.1 Euclid’s theorem 


Before beginning to study sums of primes, we need some elementary results about 
the distribution of prime numbers. 
Let s = o + it be acomplex number with real part o and imaginary part t. To 
every sequence of complex numbers a), a2, ... 1S associated the Dirichlet series 
An 
F(s) = —. 
n=] 
If the series F(s) converges absolutely for some complex number so = do + fo, 
then F(s) converges absolutely for all complex numbers s = o + it with R(s) = 


Oo > do = R(5o), since 
An| _ lanl — lanl _ 
n° n% 


Qn 


ns nso ° 


If we let a, = 1 for all nm > 1, we obtain the Riemann zeta-function 


r(s) = =. 


n=] 
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This Dirichlet series converges absolutely for all s with R(s) > 1. 


Theorem 6.1 Let f(n) be a multiplicative function. If the Dirichlet series 


F(s) = y f(n) 


ne) 


converges absolutely for all complex numbers s with R(s) > oo, then F(s) can be 
represented as the infinite product 


2 
r(s)=[] (1+ 42 + 22>...) 
> p p 


If f(n) is completely multiplicative, then 


F(s) « NT (1- Lp)" 


This is called the Euler product for F(s). 


Proof. If f(n) is multiplicative, then so is f(n)/n°.If f(7) is completely multi- 
plicative, then so is f(n)/n*. The result follows immediately from Theorem A.28. 

Because the Riemann zeta-function converges absolutely for R(s) > 1, it 
follows from Theorem 6.1 that ¢(s) has the Euler product 


for all s with R(s) > 1, and so {(s) ¥0 for R(s) > 1. From the Euler product, we 
obtain the following analytic proof that there are infinitely many primes. 


Theorem 6.2 (Euclid) There are infinitely many primes. 


Proof. For 0 < x < 1 we have the Taylor series 


— log(1 -ye y= 


n=) 


If o > 0, then ((1 +o) > 1 and 


~| 
logf(l+oa)= log| | (1 — <=) 
p p 


2 | 
a 
-~— “LL pow apr 


l+o 
p P 
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Since 
>) > ee 
—_- —— _—_—_— < ’ . 
Pp ne2 np!+o) Pp n=2 p" p P(p ~ 1) 
it follows that 
l 
log ¢(1 to)= De + OU), (6.2) 
Pp 
LetO <o < 1. Then 


l od on l 
I<o7] io dx < Sto) < I+ ff ye X= at! 


o 
and so 
l 
0 < log— < log¢(l +a) 
o 
l l 
< log (- + 7 = log — + log(1 +a) 
o o 
l l 
< log—+o < log— +1. 
o o 
Therefore, 


l 
log [(1 +0) = log — + O(1). (6.3) 
Combining (6.2) and (6.3), we obtain 


| ] 
log —- = )’ ——- +011 


for0 <o < 1. If there were only finitely many prime numbers, then the sum on 
the right side of this equation remains bounded as o tends to 0, but the logarithm 
on the left side of the equation goes to infinity as o tends to 0. This is impossible, 
so there must be infinitely many primes. 


6.2 Chebyshev’s theorem 


The simplest prime-counting functions are 


(x)= 01, 


psx 
D(x) = ) log p, 
PSx 


and 


Y(x) = > log p. 


psx 
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B(x) and w(x) are called the Chebyshev functions. Chebyschev proved that the 
functions #(x) and w(x) have order of magnitude x and that 2(x) has order of 


magnitude x/ log x. Before proving this theorem, we need the following lemma 
about the unimodality of the sequence of binomial coefficients. 


Lemma 6.1 Letn > 1 and1<k <n. Then 


n n ; n+ 
(, _ ) < (;) if and only ifk < mel 


n n n 
(,” } > (;) if and only ifk > => 


( " )- (2) if and only if n is odd and k = **. 


L 


k—-1 


Proof. This follows immediately from observing the ratio 


() meme _ kD —k +! nk 
Kn — k 


(7) gonecen 
Lemma 6.2 Letn > 1landN = (”). Then 
N < 2” < 2nN. 


Proof. Since (*") is the middle, and hence the largest, binomial coefficient in 


n 
the expansion of (1 + 1)”, it follows that 


N = (*") < (1+ 1)" =2% 
an 2n—1 
-Yo(f)-te (i)« 
kw) k=] 


<2+(2n— »(7") < 2n(?") 


= 2nN. 


This completes the proof. 
For any positive integer n, let v,(m) denote the highest power of p that divides 
n. Thus, v,(n) = k if and only if p*||n. In this case, p* < n and so v,(n) < 


log n/ log p. 


Lemma 6.3 For every positive integer n, 


oT», (log n/ log pl n 
veint)= | - > Fal (6.4) 


k=] ka] 
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Proof. Since v,(mn) = vp(m)v,(n) for all positive integers m and n, we have 


v0 = Yoo PEPYS 


mel mel pha ke] ml kel 
k>} 


This proves the formula. 


Theorem 6.3 (Chebyshev) There exist positive constants c, and cz such that 


Cx < V(x) < W(X) S W(x) logx < cox 
for all x > 2. Moreover, 


v 
lim inf D(x) «= lim inf v(x) = lim inf 
x00 xX x00 xX X00 


(x) log x > log? 
—_{, = 


and 


B(x) w(x) m (x) log x 


lim sup —— = lim sup —— = lim sup ———— < 4log2. 
x x 


x—->0O x xX-00 1700 
Proof. Let x > 2. If p* < x, thenk < [log x/ log p], and so 


B(x)= ) logp <¥x)= >> lg |e se J 8? 


psx pi <x PSX 
< >| log x = 1(x) log x. 


psx 
Therefore, 
] 

tim inf 2 < jimi nf vO < timi af wt) 08x 

X00 x «00 Xx im inf x 
and v ] 

lim sup v@) < lim sup ¥@) < limsu (x) lB x 

i000 x X—>00 x x00 x 

Let 
0<6 <1. 

Then 


B(x)> > logp 


wi-Sep<x 


>> (= d)logx 


ulSep<x 
= (1 — 5) (r(x) — m(x'~*)) log x 
> (1 — 5)m(x) log x — x!-8 log x, 


(6.5) 
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and so 
B(x) (1—58)x(x)logx logx 


—— > 
x x x 


It follows that 


v ] 
tim inf 2 > (1 — 8) him int T2282. 
x00 x xX —> 00 x 
This holds for all 6 > 0, and so 
tim inf 2 > tim int 222 108*. 
x00 xX X—>0O x 
Similarly, 
v ] 
lim sup PW) > lim sup (x) 10g x 
x00 x x—00 xX 
Therefore, 
v ] 
tim info = timing MO @ tim int 28% (6.6) 
x00 xX X00 xX xX—> 00 x 
and B(x) (x) 
lim sup oS) = lim sup v(x) = lim sup (x) 108 x (6.7) 
x—>0C x x00 x x00 x 


Let n > 1, and let 
N (*") 2n(2n — 1)(2n — 2)---(n +1) 


n n! 
Then N is an integer, since it is a binomial coefficient, and 


qen 
— <N <2” 
2n 


by Lemma 6.2. If p is a prime number such that 
n< p<2n, 


then p divides the numerator but not the denominator of N. Therefore, N is 
divisible by the product of all these primes, and so 


I] p<N <2”. 
n<ps2n 


In particular, if r > 1 andn = 2’~', then 


I] p<N<2’. 


2 -l<p<2’ 


It follows that, for any R > 1, 


MT p-T] I] p<]]2" <2". 


ps2k rel 2-'<p<2 ra} 
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For any number x > 2, there is an integer R > | such that 


QR-l = < 2k. 


Then 

[|< [] e<2 < 2% 

psx p<2% 
and so 

B(x) = > log p = log (1 ? < (4log 2)x. 

psx psx 

Thus, 
(x 
lim sup sai < 4log 2. 


x70 


To obtain the lower limit, we use Lemma 6.3 to express N explicitly as a power 


of primes: 
N= (*") _ ony = T] pir(2n)—2up(n) 
n n! pean 
where 
vp(2n) — 2u,(n) = » (eB —2 =|) ; 
<tc p p 
Since (2t] — 2[{t] = 0 or 1 for all real numbers f, it follows that 
log 2n 
vp(2n) — 2u,(n) < logp” 
By Lemma 6.2, 
2 


log 2n 
—_ < N = I] prren- 2u,(n) < I] pw < I] an = (2n)"™) 
ps2n ps<2n ps<2n 


or, equivalently, 
mw (2n) log 2n < 2n log 2 — log 2n. 
Let n = [x/2]. Then 
2n <x <2n+2 


and 


n(x) logx > 2(2n)log2n > 2n log 2 — log 2n 
> (x — 2)log2 — logx = x log2 — logx — 2 log2. 


It follows that 


(x) log x log x + 2 log 2 


xX 


> log2 — 
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and so 
lim inf (x) log x 
x—> M&O 


> log 2. 


Since 3(2) > 0, we have #(x) > c,x for some c; > O and all x > 2. This 
completes the proof. 


Theorem 6.4 Let p,, denote the nth prime number. There exist positive constants 
c3 and c4 Such that 
c3n logn < pp, < can logn 


forall n > 2. 
Proof. By Chebyshev’s inequality (6.5), 

Ci Pn < (Dn) =n< C2Pn 

log Pn ~ 10g Pn 
and so 

cz'n log Pn < Pn < Cc] log pn. 
Since 
logn < log Pn; 

we have 


Pn = cy'n logn = c3n logn. 
For n sufficiently large, 
log Pn < logn + log log pn + logc;’ 
< logn + 2 log log p,, 
< logn + (1/2) log pn, 
SO 
log Pn < 2logn 


and 
Pn <C, nlog pn < 2c; 'nlogn. 


Therefore, there exists a constant c4 such that p, < can logn for all n > 2. This 
completes the proof. 


6.3. Mertens’s theorems 


In this section, we derive some important results about the distribution of prime 
numbers that were originally proved by Mertens. 


Lemma 6.4 For any real number x > | we have 


0 < } log (—) < xX. 
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Proof. Since the function A(t) = log(x/t) is decreasing on the interval [1, x], it 
follows that 


> log (=) <logx + [ log ( Jar 


l<n<x 


= x logx — [ log tdt 
= xlogx — (x logx —x +1) 
< Xx. 


This completes the proof. 
The function A(n), called von Mangoldt’s function, is defined by 


logp ifn =p” is aprime power 
A(n) | 0 otherwise. 


Then 
wix)= D> A(m). 


I<m<x 
Theorem 6.5 (Mertens) For any real number x > 1, we have 
— ) 
d —— =logx + O()). 


Proof. Let N = [x]. Then 


0< > los = = N logx — 5 logn = xlogx — log N! + O(logx) < x 


n<x n=] 


by Lemma 6.4, and so 
log N! = x log x + O(x). 


It follows from Lemma 6.3 and Theorem 6.3 that 


log N! = > v,(N) log p 


p<N 

(log N/ log p] N 
-> Dd | & | 08 p 
peN kel P 

N 
- > —~ | log p 
pi<N P 

x 
- |] 8 
pi sx P 
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- Xo + 0(1)) A(n) 


pie. ool x) 
> ee AM, OW) 


A(n 
=x) M5 oe 


Therefore, 


x)> “ + O(x) =x logx + O(x) 


nse 


and 


> = logx + O(1). 


n<x 


This completes the proof. 


Theorem 6.6 (Mertens) For any real number x > 1, we have 


l 
Jy. WEP = log x + OCI). 


PSX 


Proof. Since 


Q< <y *@ - 5 8P 


nsx psx P 


< > log p 


pax P(p — 1) 


= O(1), 


it follows from Theorem 6.5 that 


Es ew — + O(1) = logx + O(1). 


psx Pp n<x 
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This completes the proof. 


Theorem 6.7 There exists a constant b, > O such that 


] | 
Yo = = loglogs + by + 0 (—— ) 
oer P log x 


for x > 2. 


Proof. We can write 


»- -> =" we? re aA 


pax P  pex n<x 
where ge itn 
u(n) = | ° otherwise 
and 
f(t) = ai 


We define the functions U(t) and g(t) by 


U(t) =) u(n) = wee = logs + g(t). 


n<t psi 


Then U(t) = 0 fort < 2 and g(t) = O(1) by Theorem 6.6. Therefore, the integral 
ff g(t)/(t(log t)”)dt converges absolutely, and 


|  g(t)dt O ( | ) 
x t(logr)? logx ]— 
Since f(t) is continuous and U(t) is increasing, we can express the sum },., 1/p 


as a Riemann-Stieltjes integral. Note that U(t) = 0 fort < 2. By partial summa- 
tion, we obtain 


y- — =) u(n)f(n) 


pex P n<x 


-+f f(qdU(t) 
2 J2 


- su - | U(t)df(t) 


_ logx + g(x) — [ U(t) f'(t)dt 
log x 2 


-1+0(—— )+/ log! + s(t) |, 
log x 2 #t(logt)? 
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a. * Blt) Blt) 
= dt ——— dt — dt+1 —— 
I tlogt +| t(log r)? i] t(log r)? it +o(—~} 


OO 
g(t) | 
= log log x — log log 2 + dt+1+0O{— 
§ log x — 10g 10g ] (logit)? ( ) 


l 
= loglog x +b + 0 (—— a) 
log x 


where 
g(t) 
t 
t(log t)? 


oO 
b, = 1 - logiog2+ [ 
2 


This completes the proof. 
From the Taylor series for log(1 — x), we see that 


0 <log(1-+) 2 =) = <yoe 


np" «3 p" ~ p(p — 1)" 


(6.8) 


It follows from the comparison test that the series 


n= D(We(1-2)- -2)-Dye (6.9) 


p P Dp ke2 
converges. 


Lemma 6.5 Let b; and b2 be the positive numbers defined by (6.8) and (6.9). 
Then 
b, + bz =Yy, 


where y is Euler's constant. 


Proof. Let 0 < o < |. We define the function F(a) by 
| 
F(a) = logg(1+a)- ) —— 
P 


P 


By (6.1) and the Weierstrass M-test, the last series converges uniformly foro > 0 
and so represents a continuous function foro > 0. Therefore, 


lim F(o) = be. (6.10) 


We shall find alternative representations for the functions log¢(1 + o) and 
~, P|’. Since 
o2 7 o2 
l-o+> <e° <1 ~ a+ 


6.3 Mertens’s theorems 


for0 <o < 1, it follows that 


oO l—e’? Oo 
]l-—< <|l-— 
2 2e 
and 
1l+— < 1+ < 1+ <Il+oa. 
2e—-—o ]1—e? —oO 
Therefore, 
0<loga+log(l1—e°) <a, 
and so 


] 
log — log(1 — e~°)7'! + O(e). 
By (6.3), we have 


log (1 +0) = log - + O(c) 
= log(l —e-°) | + O(c) 


OO —-on 


By Theorem A.5, 


L(x)= Yo = = logs +y +0 (=) 


Asx 


for x > 1. Let f(x) = e~°*. By partial summation, we have 


log¢(l+o0) = > m + O(c) 


n=l 


= | f(x)dL(x) + O(2) 
0 
~ -| L(x)df(x) + O(c) 
0 
=O [ e °*L(x)dx + O(0). 
0 


By Theorem 6.7, 


1 
S(x)= > 5 =loglogx +b, + O (==) 


psx 


for x > 2. Let g(x) = x~°. Again, by partial summation we have 


I g(p) °° 00 
» pee” X a -| g(x)dS(x) = -| S(x)dg(x) 


P 
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[ S(x)dx 
= O —_— 
] 


xlto 
-o [ e °* S(e*)dx. 
0 


Since 
S(e") = logx +b, + O (<) 
x 
and 
L(x) =logx+y +O (=). 
x 


it follows that 


L(x) - Ste')=y ~b)+0(~)=y-0+0(—) 


x x+ 
for x > 1. We also have 


l 
L(x) - S(e’)=y —b, +O (—) 
x+1] 
forO0 < x < |. Therefore, 


F(o) = loge(1 +0) — 


]+o 
Pp 


= o | e~°*(L(x) — S(e*))dx + O(c) 
0 


of l 
-o | e”* (v —b,+0O (—5))a: + O(0) 
0 x+1] 
oS o @) ox d 
~(y-b)o | evtdx+0(a [ =) +00) 
0 0 x+/] 
Oo ~OXd 
-y = +0(0f *) +000) 
0 x+] 


[ e dy [° ee?" dx [ e "dx 
< + 
0 x+1] 0 x+1 1/o x 
l/o 2 4-Y 
e dx +| e ‘dy 
0 x+1 ] y 
l 
= log (- + 1) + O(1) 
Oo 


l 
< log (< +1). 


Since 
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F(o)=y —- 6 +0 (a og (- +1)). 


By (6.10), we have 
bo = lim. F(a) =y — by. 


it follows that 


This completes the proof. 
Theorem 6.8 (Mertens’s formula) For x > 2, 
1 —] 
I] (1 — - | =e” logx + O(1), 
psx P 
where y is Euler’s constant. 
Proof. We begin with two observations. First, 


i. <Liprd 


p>x ke2 kp* 


Second, since exp(t) = 1 + O(t) for ¢ in any bounded interval and O (1/ log x) is 
bounded for x > 2, it follows that 


-o(0(ats))-"»9 (at) 


pss psx 
a 
D> sr- 


Love 


psx P psx can * 
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l ae | 
= loglogx +b, +0 (——) +b, - ea 


l 
= logiogx + + 0 ( ). 


since b, + b2 = y by Lemma 6.5, and so 


11-3) ~emseo(0(e) 
( l 


=e” logx (1 +O 


=e” logx + O(1). 


This is Mertens’s formula. 
The following result will be used in Chapter 10 in the proof of Chen’s theorem. 


Theorem 6.9 For any « > 0, there exists a number u, = u,(€) such that 
1\7! 
T] (1- =) < (l+e)—e— 
u<pez p log u 
foranyu, <u <Z. 


Proof. Let y be Euler’s constant, and choose 5 > O such that 


y+ 
Yor 


< 1+ée. 


By Theorem 6.8, we have 


1\7! 
I] (1 — ~) ~ y logx, 
p<x p 
and so there exists a number u, such that 
1\7! 
(y — 5)logx < I] ( — -} < (y +5) logx 
p<x 


for all x > u,. Therefore, if u,; <u < z, we have 


- TL, -1)" 
T-) eop 


(y + 5)logz 
(y — 5)logu 


This completes the proof. 
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6.4 Brun’s method and twin primes 


There is a structural similarity between the twin prime conjecture and the Goldbach 
conjecture. The twin prime conjecture states that there exist infinitely many prime 
numbers p such that p + 2 is also a prime number or, equivalently, there exist 
infinitely many integers k such that k(k + 2) has exactly two prime factors. The 
Goldbach conjecture states that every even integer 2 > 4 can be written as the sum 
of two primes or, equivalently, there exists an integer k such that] <k <n- 1 
and k(n — k) has exactly two prime factors. We begin the study of sieve methods 
with a simple proof of the theorem that the twin primes are sparse in the sense that 
the sum of the reciprocals of the twin primes converges. This contrasts with the 
result (Theorem 6.7) that the sum of the reciprocals of all of the primes diverges 
like log log x. 


Lemma 6.6 /f€ > 1and0<>m < @, then 


Soro) 


Proof. This is by induction on m. It is easy to check that the equation is true for 
m=(Q,1,2.I1f 1 < m < 2 and the equation holds for m — 1, then 


n't) Lew‘) eeor(2) 
pri) +o") 
“0 (A) -(n-)) 


é-— 1 
= (- 1)" ( ) . 
m 
This completes the proof. 
The following combinatorial inequality, a version of the principle of inclusion— 
exclusion, is the simplest form of the Brun sieve. 


Theorem 6.10 (The Brun sieve) Let X be a nonempty, finite set of N objects, 
and let P\,..., P, ber different properties that elements of the set X might have. 
Let No denote the number of elements of X that have none of these properties. 
For any subset I = {i,,..., iz} of {1,2,...,.r}, let NU) = N(ii,..., i,) denote 
the number of elements of X that have each of the properties P;,, P,,,..., P;,. Let 
N(®) = |X| = N. [fm is a nonnegative even integer, then 


No < xen) 2 N(1). (6.11) 


[/|=k 
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If m is a nonnegative odd integer, then 


No > d(-1) > N(1). (6.12) 
k=) 


{EJok 


Proof. Inequalities (6.11) and (6.12) count the elements of X according to the 
various properties that each element possesses. We shall calculate how much each 
element of X contributes to the left and right sides of these inequalities. 

Let x be an element of the set X, and suppose that x has exactly @ properties 
P,. If € = O, then x is counted once in No and once in N(Q), but is not counted 
in N(/) if J is nonempty. If @ > 1, then x is not counted in No. By renumbering 
the properties, we can assume that x has the properties P;, P2,..., Py. Let I 
{1,2,...,@,...,r}. If i € 7 for some i > 2@, then x is not counted in N(/). If 
IC {l,2,..., 2}, then x contributes 1 to N(/). Foreachk = 0,1,..., @, there are 
exactly () such subsets with |/| = k. If m > @, then the element x contributes 


: e 
(-( ) =(0 
Dy 


to the right sides of the inequalities. If m < 2, then x contributes 


3a 1) (1) 
k=) 


to the right sides of inequalities (6.11) and (6.12). By Lemma 6.6, this contribution 
is positive if € is even and negative if & is odd. This completes the proof. 


Lemma 6.7 For x > 1 and for any congruence classa (mod m), the number 
of positive integers not exceeding x that are congruent toa modulo m is x/m+6, 
where |@| < 1. 


Proof. If x/m =q € Z, then the set {1, ..., gm} contains exactly x /m elements 
in every congruence class modulo m. 

Suppose that x/m ¢ Z. Let [x] and {x} denote the integer and fractional parts 
of x, respectively, and let [x] = gm +r, where 0 < r < m. Then 


qm <x=qm+r+{x} <qm+(m — 1)+0 < (q+1)m, 


and so 
x 
q<—<qtl. (6.13) 
m 


The positive integers up to x can be partitioned into g + | pairwise disjoint sets such 
that q of these sets are complete systems of residues modulo m, and the remaining 
set 1s a subset of a complete system of residues modulo m. It follows that there are 
either g or q + | integers in the congruence classa@_ (mod m). The lemma follows 
from inequality (6.13). 
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Lemma 6.8 Letx > 1, and let p;,,..., pi, be distinct odd primes. Let N(i,,..., 
i.) denote the number of positive integers n < x such that 


n(n + 2) = 0 (mod | rn Di, )- (6.14) 


Then 
k 


, 2*x k 
Pi, °° * Pi 


where |@| < 1. 


Proof. If p is an odd prime and n(n +2) =O (mod p), then either 


n=O (mod p) 
or 
=-—2 (mod p). 
Moreover, 0 # —2 (mod p) since p > 3. If the integer n satisfies the congru- 
ence (6.14), then there exist unique integers u,,..., ux € {0, —2} 
n= U&y (mod P31) 
n = uz (mod pz) 
(6.15) 
n = ux (mod px). 
By the Chinese remainder theorem, for each of the 2* choices of uj,..., ug there 


exists a unique congruence class a (mod p, --- p,) such that n is a solution of 
the system of congruences (6.15) if and only if 


n=a (mod p)p2--- Px). 


By Lemma 6.7, this congruence has 


__* 4. 6(a) 
P\P2°-°> Pk 


solutions in positive integers not exceeding x, where |O9(a)| < 1. Therefore, 


2k | 
N(ij, .--s ig) = ——— +20, 


iy eee Pi, 
where |@| < 1. This completes the proof. 


Theorem 6.11 (Brun) Let 72(x) denote the number of primes p not exceeding x 
such that p + 2 is also prime. Then 


x(log log x)? 


12(x) « (log x) 
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Proof. Let 5 < y < x. Letr = 2(y) — 1 denote the number of odd primes 
not exceeding y. We denote these primes by p;,.... p,. Let 72(y, x) denote the 
number of primes p such that y < p < x and p +215 also prime. If y<n <x 
and both n and n + 2 are prime numbers, thenn > p; fori = 1,...,7, and 


n(n+2)#0 (mod p,;) 

for all i. Let No(y, x) denote the number of positive integers m < x such that 
n(n+2)#0 (mod p;) 

for alli = 1,...,7. Then 


12(x) < y+ M2(y, x) < y+ Noly. x). 


We shall use the Brun sieve to find an upper bound for No(y, x). 

Let X be the set of positive integers not exceeding x. For each odd prime 
pi < y, we let P; be the property that n(1 +2) is divisible by p;. For any subset / = 
{i;,..., 4%} contained in {1,..., 7}, we let N(/) be the number of integers n € X 
such that n(n + 2) is divisible by each of the primes p;,,..., pj, Or, equivalently, 
such that n(n + 2) is divisible by p;, --- pi,- By Lemma 6.8, we have 

k 
N(I) = N(i,...5 i) = —~_ + 2°90. 


ioc? is 


Let m be an even integer such that 1 < m <r. By inequality (6.11), we have 


No(y, x) < 5 (-1) > MW) 


' k 2x ro 
<)- bp, * OP) 
k=O CPT SL 0 ea | iy is 


= (—2)* = Kf" k 
sx Oe et; oe 


r (—2)* m r ‘ 
~y YO oly (")2). 
komo) {iysonig}e(l..ar} Pir °° Pit k=) k 


We shall estimate these three terms separately. By Theorem 6.8, 


r 


xy > Ox TT (1-2) 


k=O {i;,.... fe} CQ),....7) Pi; 2<p<y Pp 
| 2 
<x a (1 — - | 
2<py P 
x 


K ——. 
(log y)? 
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Let s,(x1,...,X,) be the elementary symmetric polynomial of degree k in r 
variables. For any nonnegative real numbers x), ..., x, we have 


Sk(X1,---5X7) = > Xi, Xi, 


lis cccsig}EUI ee.) 
(tte te 
~ k! 
_ (s\(x1,...,%,))* 
kt 


e\k k 
< (5) $\(X), ee , Xr) 
since (k/e)* < k!. Therefore, 


- (—2)* 
x —_ 


kemel (ij cccig)e(L.ry Pir 0°" Pls 


r 9k 
<x 


kem+l {iyi Je{he er} Pa >? * Pi 


- 2 2 
< ~ yf 
=* » he (;. (;- 


where c is an absolute positive constant. If we choose the even integer mm so that 
m > 2c log log y, 


then 


“. (cloglog y \* —~ | x 
—— < — —. 
x > ( m ) =* >» 2k < 2m 
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Since r is the number of odd primes less than or equal to y, it follows that 2r < y, 


and we get the following estimate for the third term: 


my 


dX (;)2 < dery & (2r)™ < y™. 


Combining these three estimates, we obtain 


m x x mt 


m0) K+ TS + Get) < (logy * am 7) ; 
where the implied constant is absolute, y is any real number satisfying 
S5<y<x, 
and m is any even integer such that 
m > 2c log log y. 


Let c’ = max{2c, (log 2)~'}, and let 
log x 1 
ye enP (5 log | * 


and 
m = 2[c’ log log x]. 


(6.16) 


(6.17) 


(6.18) 


The number y satisfies conditions (6.17) and (6.18) for x sufficiently large. We 


estimate the three terms in (6.16) with these values of y and m. Since 


log y = log x . 
3c’ log log x 
we obtain the main term 
x x(log log x)? 
(log y)? (logx)? 


Next, since c’ > (log 2)~' and 
m = 2[c’ log log x] > 2c’ log log x — 2, 
we obtain 
x 4x 4x - 4x 
am < 22” log log x ~ (log x)2e' log 2 _ (log x)? 
Finally, 


mt 


yl < yX"OBI08« 2 exp (= log log x “e* ) 2 2d, 


3c’ log log x 
Combining these three estimates, we obtain 
x(log log x)* 
(x) K (ogxy? 


This completes the proof. 
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Theorem 6.12 (Brun) Let p;, p2,... be the sequence of prime numbers p such 
that p + 2 is also prime. Then 


a) 
> (—+ 
“1 \Pn Pn +2 


MV (LV (aly (4a 
3°75) °\5 77 ll 13 7 19)* 


< OO. 


Proof. Theorem 6.11 implies that 
x 
12(x) < (logx)372 
for all x > 2. Therefore, 


Pn Pn 


= n — 
n= m2(Pn) K (log p,)?/2 ~ (logn)3/2 


for n > 2, and so 
] ] 


—_— < ———.: 
Pn n(logn)?”” 
It follows that the series 


yt ctype eliy | 
nel Pr 3 n=2 Pn 3 “J n(logn))*”? 


converges. This completes the proof. 


6.5 Notes 


Dickson [22, vol. I, pp. 421-424] contains a brief account of early results con- 
cerning the Goldbach conjecture. Sinisalo [117] has verified the Goldbach con- 
jecture by computer for all even integers up to 4 - 10''. Wang's book Goldbach 
Conjecture [137] is an anthology of classic papers on this subject. 

Brun [7] obtained the first significant result concerning the Goldbach conjecture 
in 1920. By means of the combinatorial method known today as the Brun sieve, he 
proved that every sufficiently large even integer can be written as the sum of two 
integers, each of which is the product of at most nine primes. Brun also obtained 
the first nontrivial results concerning the twin prime conjecture. In addition to 
Theorem 6.11 and Theorem 6.12, he also proved that there are infinitely many 
integers n such that both n and n + 2 are the products of at most 9 primes. The 
application of the Brun sieve to the twin prime conjecture follows Landau [78]. 

By Theorem 6.12, the sum over the reciprocals of the twin primes converges. 
The sum of this infinite series is called Brun’s constant, its value is estimated to be 
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1.9021604 + 5 x 107’ (see Shanks-Wrench [112] and Brent [5]). It is a difficult 
computational problem to determine Brun’s constant to high precision. In the 
process of trying to improve the estimates for Brun’s constant, Nicely discovered 
a defect in Intel’s Pentium computer chip (see [15]). 

A popular game among computational number theorists is to find explicit ex- 
amples of twin primes. On October 18, 1995, Harvey Dubner announced over the 
Internet that p and p + 2 are prime numbers for 


p = 570, 918, 348 - 10°! — 1 = 27. 3°-7- 11-13-5281 - 10°!?? — 1. 


The prime p has 5129 digits. This established a new record for the largest twin 
prime. 

For other elementary results about the distribution of prime numbers, see Ellison 
and Ellison [29], Hardy and Wright [51], Ingham [66], and Tenenbaum [121]. 
Rosen [104] has generalized Mertens’s Theorem 6.8 to algebraic number fields. 


6.6 Exercises 


1. Let n be a positive integer. Prove that 


logn= ) A(d) 


din 


and 
A(n) = — ) > u(d) log d. 


dln 


2. Let w(n) denote the number of distinct prime divisors of 7. Let n > 2 and 


r > 0. Prove that 
>> wd) <0 D> ud). 


din dla 
aod )<2rot Ad )<2r 


3. With the notation of Theorem 6.10, prove that 
f 
No = > (-1) 0 NI). 
k= [=k 
This formula is often called the inclusion—exclusion principle. 
4. Use the inclusion—exclusion principle to prove that 
l y(d) 
(n)=n ( - ~ | any te 


where g(n) is the Euler g-function. 
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. Let ®(x, y) denote the number of positive integers n < x that are not 
divisible by any prime p < y. Prove that 


l . . 
O(x, y)=x I] ( — ~ | + 2Q™™) A 4.70, 


psv p log y 
. Prove that 
I] ( - - K<— 
r<psx Pp (log x)" 
. Prove that 
x\' k 
(log - | =k!x + O ((logx)*). 
<u n 
. Prove that 


7 
The Shnirel’man—Goldbach theorem 


Das allgemeine Problem der additiven Zahlentheorie ist die Darstell- 
barkeit aller natiirlichen Zahlen durch eine beschrankte Anzahl von 
Summanden einer gegebenen Folge von natirlichen Zahlen, z. B. der 
Primzahlfolge oder der Folge der p-ten Potenzen.' 


L. G. Shnirel’man [114] 


7.1. The Goldbach conjecture 


In a letter to Euler in 1742, Goldbach conjectured that every positive even integer 
n > 2 1s the sum of two primes. Euler replied that he believed the conjecture 
but could not prove it. It is still unproven, but it has been confirmed by computer 
calculations for even integers up to 4- 10!). 

In 1930, Shnirel’man proved that every integer greater than one is the sum of 
a bounded number of primes. This is a great theorem, the first significant result 
on the Goldbach conjecture. Shnirel’man used purely combinatorial methods: the 
Brun sieve and a theorem about the density of the sum of two sets of integers. 
We shall prove Shnirel’man’s theorem in this chapter. Instead of the Brun sieve, 
however, we shall use a sieve method due to Selberg, which is also completely 


'The general problem in additive number theory is the representation of the natural 
numbers as the sum of a bounded number of terms from a given sequence of natural numbers, 
e.g. the sequence of prime numbers or the sequence of p-th powers. 
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elementary but more elegant and in many cases more powerful than Brun’s original 
Sieve argument. 


7.2 The Selberg sieve 


Lemma 7.1 (Cauchy—Schwarz inequality) Let a), ..., @,, by, ..., b, be real 


numbers. Then 
(> a) < (3 ale: a), 
ial] io} i=] 


Ifa; #0 for some j, then 


Eo) (YE 


if and only if there is a real number t such that b; = ta; foralli =1,...,n. 


Proof. Since 
O< > (ab; — a;bi? 
l<i<j<n 
= > © (a}b? — 2a;a;b;b; + 7b?) 
I<icj<n 
~ oa? 6} —(Yoaibiy? 
im) jal i=] 
we have 
n 2 n n 
i=! ie! i=] 
Moreover, 
i=] i=] ie] 
if and only if 


ajb; = ajb; 


for all i » j. In this case, if a; ¥ 0 for some j, lett = b;/a;. Then 


b, 
bj = (+) a; = ta; 
aj 


fori = 1,...,. This completes the proof. 


Lemma 7.2 Leta,.. 
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., Qa, be positive real numbers and by, .. 


numbers. The minimum value of the quadratic form 


Oly,... 


subject to the linear constraint 


2 2 
’ Yn) =a\y, t--'+Qany, 


by, +--->+byyn = | 


n b2 -! 
m-(2) 


and this value is attained if and only if 


foralli =1,...,n. 


Proof. Let y),.. 
Schwartz inequality, we have 


and so 


Moreover, 


or, equivalently, 


., b, be any real 


(7.1) 


.. ¥n be real numbers that satisfy (7.1). By the Cauchy- 
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This implies that 


and so 
t=m 
and 
mb; 
yi = —_-: 
a; 


Conversely, if y; = mb;/a; for all i, then }"_, bjy; = 1 and Q(y1,..-. Yn) =m. 
This completes the proof. 


Theorem 7.1 (Selberg sieve) Let A be a finite sequence of integers, and let |A| 
denote the number of terms of the sequence. Let P be a set of primes. For any real 


number z > 2, let 
P(z)= I] Pp. 
pep 


The “sieving function” 
S(A, P, 2) 


denotes the number of terms of the sequence A that are not divisible by any prime 
p € P such that p < z. For every square-free positive integer d, let |Aq| denote 
the number of terms of the sequence A that are divisible by d. Let g(k) be a 
multiplicative function such that 


0 < g(p) <1 forall pe P, 


and let g,;(m) be a completely multiplicative function such that g\(p) = g(p) for 
all p € P. Define the “remainder term” r(d) and the function G(z) by 


r(d) = |Aa| — g(@)IAl 


and 
G(z)= >> aim). 
Then A 
S(A, P,z) < IAL + 3%) |r (d)J, (7.2) 
G(z) 


d«z? 
d|P(s) 
where w(d) is the number of distinct prime divisors of d. 


Proof. Since g is a multiplicative function, we have, by Theorem A.7, 


8([d,, d2})g((d), d2)) = g(d)g(d2) 


for all positive integers d, and d). 
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Let z > 2. For every divisor d of P(z), we shall choose a real number A(d) 
subject only to the conditions that 


A(1) = 1 
and 
A(d)=Q0 forall d>z. 
Since 
2 
( > xa) > 0 
d|(a. P(z)) 
for all nonnegative integers a and 


2 
( » xa) =1 — if(a, Pz) =1, 


d\(a, P(z)) 


it follows that 
S(A,P,z)= >> 1 


ata 
(4a. P(s))=) 


2 
< »( 3 xa) 
a€A \d\(a.P(z)) 


=>) >> dE Ad)a(a2) 


aE€A dia aya 
fy iP(s) dl Pte) 


= D> A(d))A(d2) » 


d,.d2| P(z) a sata 


= > A(d, )A(d2)l Aja, .d,}| 


d,.d2|P(z) 


> Adi )A(d2) (g (di, d2])|Al + r([d1, @2])) 


d, .dz1P(z) 


=|Al >> gldi,d2}a(d)A(d2)+ > A(dy)A(d2)r (Edi, a]) 


d,.d2|P(z) d; .d2|P(z) 


l 
w lA ——_———§—- 9(d,)A(d d>)X(d 
| >» addy 1)A(ds)9(d2)A(d2) 


d,.d21P(2) 


+ > A(d) )A(d2)r([d), d2]) 
-|AlQ+R, 


where 


l 
= —_—_—— g(d;)A(d,)g(d2)XA(d 
QO >» ad, dp § A Mai D8 (da)M(a) 


dy .dy{P(z) 
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and 
>| Adi )AGd2)r (di, d2)). 
a\ayPs 

Let D be the set of all positive divisors of P(z) that are strictly less than z, that 

is, 
D = {k|P(z): 1 <k < z}. 

Then D is a divisor-closed set of square-free integers. If k € D, then0 < g(k) < 1 
since 0 < g(p) < 1 forall primes p € P. Fork € D, we define the function f(k) 
by 


f= yy HO am 2M )g(d) = 


 g(k/d) - > —~[Ja-si). 3) 


l 
Ck) i 


Then f(k) > O and f(kik2) = f(ki) f(k2) if ki,k2 € D and (kj, k2) = 1. By 
Mobius inversion (Theorem A.19), we have 


7.4 
w ~ 2 fed ). (7.4) 
Then 
] 
- —_—_—_—— 2(d))A(d d>)X(d 
Q os (diy) > 1)A(d1)8(d2)A(d2) 
= > DY Flkg(di)A(di)g(da)A(a2) 
d,.d,E€D ‘iat 
= >> fk) D> g(di)ACdi)g(a2)A(d2) 
keD theta, 
- >> fe) (y cao) 
kEeD deD 
=>) FY; 
keD 
where 


ye = > g(d)A(d). 


deD 
kid 


Thus, Q is a quadratic form in the variables y,. 
The set D is finite and divisor-closed. By Mobius inversion (Theorem A.22), 
we have 


g(d)A(d)= Dou (5 ) Ye = w(d) >) wk) ye. (7.5) 


teD teD 
dk d\k 
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In particular, for d = | we obtain 


> ek )yK = I. (7.6) 


keD 

We define 
F(z) = —., 
(2)=)> 7b 


kED 


By Lemma 7.2, the minimum value of the quadratic form 


O=) > fy 


keD 


subject to the linear constraint (7.6) is 


(s Heh _ (x: is) tL 
“= fk) <= f(k) F(z)’ 


and this minimum is attained when 


yy = 
* F(z) (kD 


We insert these values of yy, into (7.5) to compute A(d) as follows: 


(da) 
A(d) = —— k)y 
(d) ad) oo )y 


d 
= 5 d= w(de)yae 


dOPCS) 


u(d) ( u(de) ) 
= de) | —— 
8(d) uae) F(z) f (dé) 


dO Pt) 


-— HO yr 
f(d)g@)F(2) <3 fe) 


_ Bd) Fal) 
f (d)g(d) F(z) 


where 


| 
Fy(z) = ——. 
tesfd f(€) 
In the preceding calculation, we used the fact that if d@ divides P(z), then d and @ 
are relatively prime since P(z) is square-free. We shall use this fact again to prove 
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that |A(d)| < 1. Let d be any positive divisor of P(z). Then 


] 
F(z) = dL Fm 


keD 


(lm. d)al 


l 
-L76 Lf (m) 


] ] 


m! PCs) 
(m,dj~l 


] 
=D 7 Tm 


ad J mez/t 
dm|P(:) 


Ll 76 =F Fim 


ld 
dm|P(:) 


= F(z) )) —— aa 


eld 
Fq(z) 
= d/e 
Fd) dS /€) 
Fq(Z) 


~ F(d)g(d) 


by (7.4), and so 
Fq(Z) 


——_—<————_————.  < 

f(d)g(d) F(z) ~ 

By Exercise 1, for any square-free integer d there are exactly 3% ordered pairs of 
positive integers d;, d2 such that [d,, d2] = d. If d), dz < z,thend = [d), dz] < z?. 
If d; and d2 divide P(z), then d = [d, d2] is a square-free number that also divides 
P(z). Therefore, 


|A(d)| = 


IRI =| S> Adi)A(d2)r (Ld, d2]) 
Y= Ir(ldi. d2)) 


[.42<< 
d, 21 PCs) 
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< )5 3 ir(d)I, 


d«<s 
d\P(z) 


and so 
|A| i 
F(z) d 


dP(s) 


To obtain the upper bound (7.2) for the sieving function S(A, ?, z), itis enough 
to prove that F(z) > G(z). Let g,(k) be a completely multiplicative function such 
that 


gi(p)=g(p) forall primes p € P. 
By (7.3), 


F(Z)=) sh 
keD f(k) 


- >> atk) | Ja - a(p))' 


keD pik 


=> ak] [a - ay! 


keD pik 


= >> ak) ] ] >> (ny 


keD pik r= 


- > ailk) I] >> ai(p") 


keD plik r=O 
oe) 


=~ alk) >> ale) 


kED tol 


=) ogiim} >>! 


\ret 
plims kos pik 


> Do siem)} Do | 


<2 
pimzs peP kin 
plar/k=>plk 
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m<e 
plums peP 


= G(2), 


since, in the last inner sum, we can always choose k to be the “‘square-free kernel” 
of m, that is, the product of the distinct primes dividing m. This completes the 
proof of the theorem. 


7.3 Applications of the sieve 


In this section, we shall obtain an upper bound for the number of representations 
of an even integer as the sum of two primes. We also derive an upper bound for the 
number of representations of an even integer N as the difference of two primes, 
that is, an upper bound for the number of primes p < x such that p + N is also 
prime. 


Theorem 7.2 Let N be an even integer, and let r(N) denote the number of 
representations of N as the sum of two primes. Then 


N l 
™) « emp] ('* 5): 


where the implied constant is absolute. 


Proof. The representation function r(N) counts the number of primes p < N 
such that NV — pis also prime. Let 


a, =n(N —n). 


Then 
A = {a, , 


is a finite sequence of integers with |A| = N terms. Let P be the set of all prime 


numbers. Let 
2<z< JN. 


The sieving function S(A, P, z) denotes the number of terms of the sequence A 
that are divisible by no prime p < z. If 


JN<n<N_-AJN, 


andifa, =0 (mod p)forsome prime p < z, theneithern or N —n is composite. 
This implies that 
r(N) < 2VN + S(A, P, 2). (7.7) 


We shall use the Selberg sieve to obtain an upper bound for S(A, P, z). We continue 
to use the notation of Theorem 7.1. 
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Let g(m) be the completely multiplicative function defined by 


2/p if p does not divide N 


£0) =| \/p if p divides N. (7.8) 


Then g;(m) = g(m) for all m. Since N is even, 2 divides N and 


0 < g(p) < 1 


for all primes p. Also, 
a, =n(N —n)=0 (mod p) 


if and only if 
n=0 (mod p) or n=N _ (mod p). 


If p does not divide NV, then N # 0 (mod p) and these two congruences are 
distinct. If p divides N, then N =Q (mod p) and these two congruences are the 
same. Let 

d= pi-> + PQ °° Qe 


be a square-free integer, where the primes p; divide N and the primes q; do not 


divide N. Then ; 


2 
g(d) = 7 


Sincea, =0 (mod d)ifandonlyifa, =O (mod p)forevery prime p dividing 
d, it follows from the Chinese remainder theorem that there are exactly 2° pairwise 
distinct congruence classes modulo d such thata, =0 (mod d) if and only ifn 
belongs to one of these 2° classes. Therefore, 


|Aal = |Alg(d) + r(d), 


where 
Ir(d)| < 2° <2. (7.9) 
By the Selberg sieve, 
S(A,P,z) < 14l S53“ Ir@)l, 
~ GQ) 4 
dP) 

where 

G(z) = ) > g(m) 


and w(d) is the number of distinct prime divisors of d. Let 


k e 
m= TT Taf 


i=] j=l 


188 7. The Shnirel’man—Goldbach theorem 


where the primes p; divide N and the primes q; do not divide N. Then 


k r, @ 5; SyHereHS¢ 
TYG) 2S 


jay \ Pi jel qj 


Let dy (m) denote the number of positive divisors of m that are relatively prime to 
N. Then 


t t 
dy(m) =d (1] ‘') - [ [es +1)< 12" we DSH HS 


jel jel j=l 
Therefore, F 
g(m) > Seem) 
m 
and so dy(m) 
m 
G(z)= ) g(m)> ee, 
Since 
i 
(-3)'- £4 
Pp mC 


it follows that 


p\tx>oplh 
ie ¢) 
= Didw(m) DF — 
m<e t= 
pit=>piN 
oo 
-)odvim) > 
mez = 
Pila/m)ao pin 
| 
=> — Dd ann) 
wel mez 


miu 
pi(a/m)as pin’ 


> > dvem, 


min 
Plt sm )ae pi N 


Let ' ; 
w= | [pi []9;’ 
im] jel 
and 
k t 
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where the primes p; divide N and the primes q; do not divide N. Since m divides 
w, it follows that 0 < 7; < u; for alli, <s; < v; forall j, and 


k é 
Ww My; Vj-S; 
— = P; qj 
m 


i=! jel 


Since every prime divisor of w/m divides N, it follows that no prime q,; divides 
w/m, and so s; = v; for all 7. Therefore, 


k 4 
mT T] 7 


i=) j=l 
and 


4 
dy(m) = | [(vj +1). 


j=l 


For each integer w, the number of such divisors mm is 


e 
| [wi +1). 


i=] 


It follows that for every positive integer w < z, we have 


m e m 
> dvim= YO [Joj+D=[]@i+ bd] [e+ =a), 


iw jul i=l j=l 
P\(e/ ar jes piN pl(w/ mae piN 


where the divisor function d(w) counts the number of all positive divisors of w. 
Let 
z= NTS 


From Theorem A.13 we obtain 


-] 
I] (1 — - | G(z) = > ow > (log z)? > (log N)’. 


p\iN w<2 


Equivalently, 


|A| N 1\7! 
G@ ~ icone lI (: ;) 
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since the infinite product |], (1 — p~*) converges. 
To find an upper bound for the remainder, we use (7.9) to obtain 


R= » 344) Ir (d)| < d amid geld) < \> ged) 


d<z? 
aa ) gee } 
Since 
qd) < d 
and 
64) (204d) !98 9/108? < q'86/log2 — 72 10g6/ log 2 


it follows that 


R< > 22 108 6/ log 2 < z2t2 log 6/ log 2 < 22 = N27/10 


d«<z? 


since z = N'/8. Then 


N ] 
I] 9/10 S 
S(A, P, 2) < (log Nye aw (1+ - +N € (log NY I] (1 + ~ , 


and so 


N | 
r(N) < 2VN + S(A, P, z) < ween 1] (!* 5): 


This completes the proof. 


Theorem 7.3 Let N be a positive even integer, and let my (x) denote the number 
of primes p up to x such that p + N is also prime. Then 


mw) dogay | I I(t >) 


where the implied constant is absolute. 
Proof. The proof is similar to the proof of Theorem 7.2. It starts as follows. Let 
A={a,:l<n<x} 
be the finite sequence of integers 
a, =n(n+N). 
Then |A| = [x]. Let P be the set of all prime numbers. For any z satisfying 
2<z< Vx, 


we let S(A, P, z) denote the number of terms of the sequence A that are divisible 
by no prime p < z. If 
n> J/x 
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anda, =0 (mod p) for some prime p < z, then either n or n+ N is composite. 
This implies that 
tn (x) < Sx + S(A, P, 2). 


We again use the Selberg sieve to obtain an upper bound for S(A, P, z). Let 


d= pro Pea Fe 


be a square-free integer, where the primes p, divide N and the primes q; do not 
divide N. Let |Ay| denote the number of terms of the sequence A that are divisible 
by d. For every square-free integer d, 


|Aq| = ry +r(d), 
where g(d) is the completely multiplicative function defined by (7.8), and 
Ir(d)| < 2° < 2”. 
Then 
S(A,P, 2) < a + > 3% Ir(d)I, 
4ipi:) 


where 


] 
G(z)= ) ——. 
g(m) 
The proof continues exactly as above. 


In the case where N = 2, we obtain the following improvement of Brun’s 
Theorem 6.11. 


Theorem 7.4 Let (x) denote the number of twin primes up to x. Then 


x 
M(x) « (logx)? 


7.4 Shnirel’man density 


Let A be a set of integers. For any rea] number x, let A(x) denote the number of 
positive elements of A not exceeding x, that is, 


A(x) = > 1. 


actA 
b<a<z 


The function A(x) 1s called the counting function of the set A. For x > 0 we have 


0< A(x) < [xX] <x 
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and so 


The Shnirel’ man density of the set A, denoted a (A), is defined by 


A(n) 
o(A)= inf ; 
na1,2.3,... Mm 
Clearly, 
0 <o(A) <1 
for every set A of integers. If o(A) = a, then 
A(n) > an 


for alln = 1,2,3,....If 1 ¢ A, then A(1) = 0 and so a(A) =0. 
If A contains every positive integer, then A(n) = 7 foralln > 1 andsoo(A) = 1. 
If m ¢ A for some m > 1, then A(m) < m — | and 


A 
o(A) < 2M 2 be 1. 
m m 


Thus, o(A) = | if and only if A contains every positive integer. 

If A and B are sets of integers, the sumset A + B is the set consisting of all 
integers of the form a + b, where a € A andbe B.If Aj,..., A, are h sets of 
integers, then 

A; t+ Az+---+Ay 


denotes the set of all integers of the form a, + az +--- +a,, where a; € A; for 
i=1,2,...,h.I1f A; = A fori =1,2,...,h, we let 


hAsAt---+A. 
enone! 


h times 


The set A is called a basis of order h if hA contains every nonnegative integer, that 
is, if every nonnegative integer can be represented as the sum of h not necessarily 
distinct elements of A. The set A is called a basis of finite order if A is a basis of 
order h for some h > 1. 

Shnirel’man density is an important additive measure of the size of a set of 
integers. In particular, the set A is a basis of order / if and only if o(hA) = 1, and 
the set A is a basis of finite order if and only if o(hA) = 1 forsomeh > 1. 

Shnirel’man made the simple but extraordinarily powerful discovery that if A 
is a set of integers that contains 0 and has positive Shnirel’man density, then A is 
a basis of finite order. 


Lemma 7.3 Let A and B be sets of integers such that0 € A,O € B.Ifn > Oand 
A(n)+ B(n) > n, thenne A+B. 
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Proof. If n € A, thenn =n +0€ A+B. Similarly, ifn € B, thenn =O+ne€ 
A+B. 
Suppose that n ¢ A U B. Define sets A’ and B’ by 


A ={n-a:aceA,l<a<n-—l]} 


and 
B’={b:be Bil <b<n-]}. 


Then |A’| = A(n) since n ¢ A, and |B’| = B(n) since n ¢ B. Moreover, 
AUB’ C[l,n — 1). 


Since 
|A’| + |B’| = A(n) + B(n) > n, 


it follows that 
A’ B’ #G. 
Therefore, n —a =bforsomea € Aandbeé B,andson=a+beEA+B. 


Lemma 7.4 Let A and B be sets of integers such thatOQ € AandO € B.If 
a(A)+o0(B) > 1, thenn € A+B for every nonnegative integer n. 


Proof. Let 0(A) =a@ and o(B) = B. If n > 0, then 
A(n) + B(n) = (@ + B)n = n, 
and Lemma 7.3 implies thatn € A + B. 


Lemma 7.5 Let A be a set of integers such that0 € A andoa(A) > 1/2. Then A 
is a basis of order 2. 


Proof. This follows immediately from Lemma 7.4 with A = B. 


Theorem 7.5 (Shnirel’man) Let A and B be sets of integers such thatO € A and 
0 € B. Leta(A) =a and o(B) = B. Then 


o(A+B)>a+B — aB. (7.10) 
Proof. Let n > 1. Let ag = 0 and let 
l<a;<---<a, <n 


be the k = A(n) positive elements of A that do not exceed n. Since 0 € B, it 
follows that a; =a; +9¢€A+8B fori =1,...,k.Fori =0,...,k —1, let 


1<b <---> <b, <j, —a; — 1 
be the 7; = B(a;4, — a; — 1) positive elements of B less than a;,,; — a;. Then 


Qi <ajt+by <---<a,t+b, < ais; 
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and 

ajt+b; € A+B 
for j=1,...,7;. Let 

1<b <::-<b,<n-Q 
be the 7, = B(n — ax) positive elements of B not exceeding n — a,. Then 
aA<atb<---<a+b, <n 

and 

a+b;EA+B 
for j=1,..., 7%. It follows that 


k-1 
(A + B)(n) > A(n) + D> Blais — aj — 1) + B(n — ax) 
i= 


k-1 
> A(n) + BY (aja — a; — 1) + Bn — ay) 
i= 


k-] 
= A(n) +BY (ais1 — a) + B(n — ay) — Bk 
i=Q 


= A(n)+ Bn — Bk 
= A(n) + Bn — BA(n) 
= (1 — B)A(n) + Bn 
> (1 — B)an+ Bn 
= (a+ B—aB)n 

and so 


(A + Byn) _ >a+B —af. 


Therefore, 


ee > a +B - of. 


This completes the proof. 
Inequality (7.10) can be expressed as follows: 


1—o(A+B) < (1 —a(A))(1 — o(B)). (7.11) 


The following theorem generalizes this inequality to the sum of any finite number 
of sets of integers. 


Theorem 7.6 Leth > 1, and let A\,..., Aj be sets of integers such that0 € A; 
fori =1,...,h. Then 


h 
l—o(A,+---+An) s | [1 - (Ai). 


f=] 
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Proof. This is by induction on h. Let 0(A;) = a; fori=1,...,h. Fork = 1, 
there is nothing to prove, and for h = 2 it is inequality (7.11). 

Let h > 3, and assume that the theorem holds for h — 1. Let A;,..., A, beh 
sets of integers such that 0 € A; for alli. Let B = Az +---+ Ag. It follows from 
the induction hypothesis that 


h 
1 ~o(B)=1-0(A2+---+ An) < | [U1 - 0(A))), 
ia2 


and so 
]1—o(A; +-::+ Ap) = | — a(A; + B) 
< (1 - 0(A,))(1 - o(B)) 
h 
< (1 ~0(A,)) |] [G1 - o(Ai)) 


je? 
h 
~ [Ja - (A). 
im] 
This completes the proof. 


Theorem 7.7 (Shnirel’man) Let A be a set of integers such thatQ € A and 
a(A) > 0. Then A is a basis of finite order. 


Proof. Let 0(A) =a > 0. Then 0 < 1 —a < 1, and so 
O<(l—a) <1/2 
for some integer £ > 1. By Theorem 7.6, 
1 —o(€A) < (1 —o(A))' = (1 —@)° < 1/2, 
and so 
ao(€A) > 1/2. 


Leth = 22. It follows from Lemma 7.5 that the set 2A is a basis of order 2, and so 
A is a basis of order 22 = h. This completes the proof. 


7.5 The Shnirel’man—Goldbach theorem 


We shall apply Shnirel’man’s criterion for a set of integers to be a basis of finite 
order to prove that every integer greater than one is a sum of a bounded number of 
primes. We begin by proving that the set consisting of 0, 1, and the numbers that 
can be represented as the sum of two primes has positive Shnirel’man density. To 
do this, we need estimates for the average number of representations of an integer 
as the sum of two primes. 
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Lemma 7.6 Let r(N) denote the number of representations of the integer N as 
the sum of two primes. Then 
2 


>> r() > (logs (osx)? 


N SX 


Proof. If p and g are primes such that p,q < x/2, then p+q < x. Therefore, 


ry G/F 
DTN) = m(x/29 > Toy > Togn 


N <x 
by Chebyshev’s theorem (Theorem 6.3). 


Lemma 7.7 Let r(N) denote the number of representations of N as the sum of 
two primes. Then 


x? 
2 
yir(wy « Torn 


N<x 
Proof. By Theorem 7.2, if N is even, then 
N l 
———_—____ 1+— _— 
(log N)? I ( 5) S ~ (log oem a 


This inequality also holds for odd integers, since an odd integer N can be written 
as the sum of two primes if and only if NM — 2 is prime, in which case r(N) = 2 
In the following calculation, we use the fact that 


ee > (dyd2)!”. 
(dd) =‘ 1d2) 


[d,.d)]= 


Then 


2 
| 
Trt« yr (> ;) 


N <x N<x d\N 
2 
«rv (r! 
(log x)* Nae \OIN d 
x? l 


in aa 


(log x)" f= aN ain 


Lae LD! 


7 (log x)* dy dyex d\d2 Pr 


x? | 
(log x) dy dees d,d2 Ne 
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x? ] x 

<= —— ————____ 

~ (log x)4 oe, dd [d), a2] 
3 1 


x 
< —— ——__. 


dy) <x 


2 
x ] 

<= —_— 

~ (log x)4 (> | 
) 


S (ogay 
This completes the proof. 


Theorem 7.8 The set 
A={0,1}U{p+q: p,q _ primes} 
has positive Shnirel’man density. 


Proof. Let r(N) denote the number of representations of N as the sum of two 
primes. By the Cauchy—Schwarz inequality, we have 


2 
(> «) < 01> ry < A(x) DO ry’. 


N <x NV&a N<x N <x 
riN)>] 7 


By Lemma 7.6 and Lemma 7.7, 


A(x) > 1 (Lar r(N))° 
x x Don<x T(N)? 


x4 
l (log x 4 


aa 
(log x 3 


> |. 


This means that there exists anumber c; > 0 such that A(x) > c;x forall x > xo. 
Since | belongs to the set A, it follows that there exists a number c7 > O such that 
A(x) > c2x for 1 < x < xo. Therefore, A(x) > min(c;, c2)x for all x > 1, and so 
the Shnirel’man density of A is positive. This completes the proof. 


Theorem 7.9 (Goldbach-Shnirel’man) Every integer greater than one is the sum 
of a bounded number of primes. 


Proof. We have shown that the set 


A={0,1}U{p+q: p,q _ primes} 
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has positive Shnirel’man density. By Theorem 7.7, there exists an integer /: such 
that every nonnegative integer is the sum of exactly A elements of A. Let N > 2. 
Then N — 2 > 0, so for some integers k and 2 with k + £ < A there exist & pairs 
of primes p;, q; such that 


N-2=lte-+1 Hpi taqit-+(petgo: 
k 


Let k = 2m +r, where r «Qor 1. If 7 = 0, then 


N =2+---+24+(pit+qi)+-->+(per+qQe). 


m+! 


If r = 1, then 


N =2+---+243+(pi +qi)+---+ (pete). 


In both cases, NV is asum of 
2£+m+1< 3h 


primes. This completes the proof. 


Theorem 7.10 Let Q be a set of primes that contains a pusitive proportion of the 
primes, that is, 


O(x) > On(x) 


for some 9 > O and all sufficiently large x. Then every sufficiently lurge integer is 
the sum of a bounded number of primes belonging to Q. | 


Proof. We shall first show that the set 
A(Q) = {0, |}U{p+q: p,q € QO} 


has positive Shnirel’man density. Let r(N) denote the number of representations 
of N as the sum of two primes, and let ry.( NV) denote the number of representations 
of N as the sum of two primes belonging to Q. Then | 


x2 


Do rolN) = (Q(x /2)7? = Ox(x)? > To. 


N<x 


By Lemma 7.7, 
3 
x 
Dd ro(NY s Dory « —] 


Nex Nex (log x)* 


It follows exactly as in the proof of Theorem 7.8 that the set A(()) has positive 
Shnirel’man density. Therefore, A(Q) is a basis of finite order. ft follows that there 
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exists a number /, such that every nonnegative integer is the sum of h, elements 
of OU {0, 1}. 

Choose two primes p), p2 € Q. By Exercise 3, there exists an integer no = 
No(P), P2) such that every integer n > no can be written in the form 


n= €\(n)p, + €2(n) pr, 
where €,(n) and @2(n) are nonnegative integers. Let 
hz = max{é,(n) + €2(n) : n =1no,...,no thy}, 
and let 
h = hy, +h. 


If N > no, then N — no can be written as the sum of at most h, elements of QU{1}, 
that is, 
N—no=w1l+---+14+p;, +--- Di, 
k 
where 
k+@<hy. 
Then 
no+k = €;(n)p, + €2(n) pr, 


where €;(n) + €2(n) < h2, and so 


N =not+k+ pj, +--+ Di 


£ 


= €\(n)p, + €2(n) p2 + Pi, +--+ Di, 


is a sum of 
€ + &,(n) + €2(n) < h, +h» = h 


primes belonging to the set Q. This completes the proof. 


7.6 Romanov’s theorem 


Let a be an integer, a = 2. We investigate how many numbers N up to x can be 
written in the form 


N = p+a', (7.12) 


where p is a prime and k is a positive integer. Let r(N) be the number of repre- 
sentations of N in this form. Since the number of positive powers of a up to x is 
< log x and the number of primes up to x is 7(x) « x/ log x, it follows that 


> r(N) = I{p+a* <x}| < logx (=) =x 
log x 


N<x 
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Let 
A ={p+a*: p prime andk > 1}, 
and let A(x) be the counting function of the set A. In this section, we shall prove 


a remarkable theorem of Romanov that the lower asymptotic density of the set A 
is positive, that is, there exists a constant c > O such that 


A(x) > cx 


for all sufficiently large x. This means that a positive proportion of the natural 
numbers can be represented 1n the form (7.12). 


Lemma 7.8 Leta be an integer, a > 2. For every integer d > 1 such that 
(a, d) = |, let e(d) denote the exponent of a modulo d, that is, the smallest integer 
such that 

a‘) =1 (mod d). 


Then the series 


converges. 


Proof. If (a2, d) = 1 and e(d) = k, then 


a‘ =1 (mod a), 


and so d divides a* — 1. Since a‘ — 1 has only finitely many divisors, it follows 
that there are only finitely many numbers d such that e(d) = k. For x > 2, let 


D = D(x) =] | (a - 1), 
k<x 
and let n = w(D) be the number of distinct prime divisors of D. Let 
l 
E(x) = -. 
(x) > > 7 


k<xy lds 
~ (ad yo} 


prtdyel 


The number d appears in this double sum at most once, and if d appears, then d 
divides a* — 1 for some k < x, sod divides D. It follows that 


l l 1 
eos © an MM (t+5) =H (+5): 


t(dped 


where p}, P2,-..-, Pn are the first n prime numbers. Since 


on = 2XAD) < D=|[](a‘ _ 1) < | Ja" < qi erb/2 < a’, 


k<x k<x 
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] 
< (PE ) x? < x?. 
log 2 


By Chebyshev (Theorem 6.4), 
log pn K logn < logx, 


it follows that 


and so, by Mertens’s formula (Theorem 6.8), 


E(x) « |] (+=) 


PSPn 


« I] ( _ -) ° 


< log Pn 
<« log x. 


By partial summation, 


I E(x) EW) 1, 
el Dale tl ae 


k<x e(d jek x 
(a.d)=1 
prdyl 
« 8 +f <5 logt | 
<K 7 
and so the series 
yty yr tev a 
k=] k e(d jak d de] de(d) 
(a.d ot ta.dp=1 
ered w(dyel 


converges. This completes the proof. 
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Lemma 7.9 Leta be an integer,a > 2, and let r(N) denote the number of 


solutions of the equation 
N=p+ a‘, 


where p is a prime and k is a positive integer. Then 


> r(N)* <x. 


N <x 


Proof. Since r(N)* is equal to the number of quadruples (p), p2, ki, kz) such 


that 
Pi +a" = p2+a® = N, 
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it follows that }°y., r(N)? is equal to the number of quadruples (p1, p2. k1, k2) 
such that 
pita’ = pota™ <x. 


This does not exceed the number of solutions of the equation 


P2 — py =a’! — a" 


with p;, p2 < x and ky, kz < logx/loga. 
Choose positive integers k, » k2, and let 


h=a‘' —a", 
Then A is a nonzero, even integer. The number of solutions of the equation 


p2 - py =a" —a" wh 


with p;, p2 < x iS at most the number of primes p, < x such that p; +h is also 
prime. By Theorem 7.3, this 1s 


x ] 
me) < geplT (1+ 5) 


If kz > k,, then 
hea" (a? — 1) 


(5) = 0+), TLC) 


and 


where the implied constant depends on a. Similarly, if k,; > k2, then 


h = —q" (aki-®? —1) 


M( +*) < I] (1+<) “at ( +). 


p|(a*i-42 ~1) 


and 


Finally, if k2 = k,, the number of solutions of the equation 


p2 — p, ea® — a" =0 
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with p;, p2 < x and 1 < k2 < logx/loga is 
(x) log x 
loga 
It follows that 


yorwy KxX+2 > I] (1+=) 


N<x isk) <k)< p\(at2-"1 -1) 


«K x+logx > I] (1+ =) 


I<k< pe “ P 


«Kx+logx 2 3 
Isk< ai(ot - 4 


widy= =I 


To estimate the last term, we observe that 


d| (a ~ 1) 
if and only if 
a‘ =1 (mod d) 
if and only if 
e(d)|k. 
Then 


Yir(N) « x +logx > ys 


Nex Isk< di(at - 4 
pridyeol 
adpl 

= x+logx 5 dX ] 
item 4 tT 
Ji(at - ') 
l l 
- stoex DS 
i d 
un(d pol i< 


__logx | 
<x+tlogx 
& Zea@loga de(d) loga 
(a.djol 


<«K x + (log xy > 


pridyel 
(a.d =] 


aa 
KX 


since the infinite series converges by Lemma 7.8. 
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Lemma 7.10 Leta be an integer, a > 2, and let r(N) denote the number of 
solutions of the equation 
N = p+a', 


where p is a prime and k is a positive integer. Then 


> rN) > x. 


N<x 
Proof. If p < x/2 anda‘ < x/2, then p +a‘ <x,s0 


>= r(N) >> m(x/2) log(x/2) > x. 


N <x 
This completes the proof. 


Theorem 7.11 (Romanov) Leta be an integer, a > 2. Let 
A={p+a*: pprime andk > 1}, 


and let A(x) be the counting function of the set A. There exists a constant c > O 
such that 
A(x) > cx 


for all sufficiently large x. 


Proof. We use the Cauchy—Schwarz inequality. By Lemma 7.10 and Lemma 7.9, 
there exist positive numbers c, and c2 such that, for x sufficiently large, 


2 
(ix? < (><) 


N <x 
< A(x) }> (NY? < cox A(x) 


N <x 


and so 
A(x) > cx. 


7.7 Covering congruences 


Choosing a = 2 in Romanov’s theorem, we see that a positive proportion of the 
natural numbers can be written in the form p + 2*. The only even numbers of this 
form are 2 + 2‘, and they constitute a very sparse subset of the even integers, a 
subset of density zero, so almost all of the integers of the form p + 2* are odd. 
We shall prove that there exists an infinite arithmetic progression of odd natural 
numbers, none of which can be written in the form p+ 2*. To do this, we introduce 
the concept of covering congruences for the integers. 
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Let 
1<m, <m2<.---< my 


be a strictly increasing finite sequence of integers, and let a), ..., a, be any in- 
tegers. Then the £ congruence classes a; (mod m;) form a system of covering 
congruences if, for every integer k, there exists at least one i such that 


k=a; (mod ™m)). (7.13) 


This means that the congruence classes a; (mod m;) cover the integers in the 
sense that 


t 
Z=|\ikeZ:k=a; (mod m,)}. 
jel 
It is an essential part of the definition of covering congruences that the moduli 


m, are pairwise distinct integers greater than one. Here is a simple example of a 
system of covering congruences. 


Lemma 7.11 The six congruences 


0 (mod 2) 

0 (mod 3) 
1 (mod 4) 

3 (mod 8) 

7 (mod 12) 

23 (mod 24) 

form a set of covering congruences. 
Proof. First, we show that each of the 24 integers 0, 1, ..., 23 satisfies at least 


one of these six congruences. Every even integer k satisfies k = 0 (mod 2). For 
odd integers, we have 


i 


(mod 4) 
(mod 3) 
(mod 4) 
(mod 12) 
(mod 3) 
(mod 8) 
(mod 4) 
(mod 3) 
(mod 4) 
(mod 12) 
(mod 3) 
23 (mod 24). 


| eed oe 
YW We ONY WwW & 
il oth MM 
oN  - Oo KF WON | Oo — 


No —_—_ —_ — 
\O 
lll Hi 


we] 
WwW bom 
Hl 
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For every integer k, there is a unique integer r € {0, 1, ..., 23} such that 
k=r (mod 24). 


Choose i so that 
r=aQ@; (mod m;), 


where a; (mod m;) is one of our six congruences. Each of the six moduli 2, 3, 
4, 6, 12, and 24 divides 24, so m; divides 24 and 


k=r (mod m;). 


Therefore, 


This completes the proof. 


Theorem 7.12 (Erdos) There exists an infinite arithmetic progression of odd 
positive integers, none of which is of the form p + 2‘. 


Proof. We shall use the system of covering congruences a; (mod m,) con- 
structed in Lemma 7.11. For each of the six moduli m; in this system, we choose 
distinct primes p; such that 


2™ =1 (mod pi), 


as follows: 
2*=1 (mod 3) 
2?>=1 (mod 7) 
2*=1 (mod 5) 
2®=1 (mod 17) 
2'2=1 (mod 13) 
274=1 (mod 241). 
Let 
€ = max{ p;} = 241 
and 


m=2°.3-7-5-17- 13-241. 


By the Chinese remainder theorem, there exists a unique congruence class r 
(mod m) such thatr = 1 (mod 2‘) andr = 2% (mod p;) fori = 1,...,6. 
This means that 


r=1 (mod 2°) 


r=2° (mod 3) 
r=2° (mod 7) 
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r=2!' (mod 5) 
r=2> (mod 17) 
r=2’ (mod 13) 
r=2” (mod 241), 


where the exponents in the powers of 2 are the least nonnegative residues a; in 
the six congruence classes in the system of covering congruences. Since r is odd 
and the modulus 7m is even, it follows that every integer in the congruence class r 
(mod m) is odd. 

Let N be an integer in the congruence classr (mod m) such that 


N>2° +8. 


Let k be a positive integer such that 2 < N. There is a congruence class aq; 
(mod m;) in the system of covering congruences such that 


k= Q; (mod m;) 
so k = a; + m;u; for some integer u;. Since 


2™ =1 (mod pi), 


we have 
ak = 241 Di = 2% (mod Pi)- 
Since 
N=r_ (mod p;) 
and 
r=2% (mod pi), 
it follows that 
Ner=2=2' (mod pj), 
and so 


N =2* + piv 
for some positive integer v. If k < @, then 
piv=N —2 > N—-2° > €=max{p;} > pi 
fori =1,...,6,andsou > 1. Ifk > @, then 
N-2=N#=1 (mod 2°) 


and so 
piu=N—2 =1+2'w>2' > l> p; 


and v > 1. In both cases, N — 2* is composite. This completes the proof. 
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7.8 Notes 


Shnirel’man’s fundamental paper was published first in Russian [113] and then 
expanded and published in German [114]. By Shnirel’ man’s constant we mean the 
smallest number A such that every integer greater than one is the sum of at most 
h primes. Using the Brun sieve, Shnirel’man proved that this constant is finite. 
The best estimate for Shnirel’man’s constant is due to Ramaré [100], who has 
proved that every even integer is the sum of at most six primes. It follows that 
Shnirel’man’s constant is at most seven. The Goldbach conjecture implies that 
Shirel’man’s constant is three. 

In this chapter, I use the Selberg sieve instead of the Brun sieve to prove the 
Goldbach-Shnirel’man theorem. See Hua [63] for a nice account of this approach. 
Landau [76, 77] gives Shnirel’man’s original method. Theorem 7.10, the general- 
ization of the Goldbach-Shnirel’man theorem to dense subsets of the primes, 1s 
due to Nathanson [90]. 

Selberg introduced his sieve in a beautiful short paper [109]. I use Selberg’s 
original proof of the sieve inequality (7.2). See Selberg’s Collected Papers(110, 
111] for his papers on sieve theory. Prachar [97] contains a nice exposition of the 
Selberg sieve, with many applications. The standard references on sieve methods 
are the monographs of Halberstam and Richert [44] and Motohashi [87]. 

Romanov’s theorem appears in the paper [103]. Romanov also proved that, for 
a fixed exponent k, the set of integers of the form p +n‘ has positive density. 
The proof of Theorem 7.8 of Romanov’s theorem was simplified by Erdos and 
Turan [30] and Erdos [33]. 

Erdos [32] invented covering congruences and used them to construct the infinite 
arithmetic progression of odd positive integers not of the form p+ 2*, as described 
in Theorem 7.12. Crocker [16] proved that there exists an infinite set of odd positive 
integers that cannot be represented as the sum of a prime and two positive powers 
of 2. Crocker’s set is sparse. It is an open problem to determine if there exists an 
infinite arithmetic progression of odd positive integers not of the form p +2"! +2*, 

There are many unsolved problems concerning covering congruences. It is not 
known, for example, whether there exists a system of covering congruences all of 
whose moduli are odd. Nor is it known whether, for any number M, there exists 
a system of covering congruences all of whose moduli are greater than M. The 
best result is due to Choi [12], who proved that there exists a system of covering 
congruences with smallest modulus 20. 


7.9 Exercises 


1. Prove that for any square-free integer d there are exactly 3°” pairs of 
positive integers d,, d2 such that [d,, dz] = d. 
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. Let w(n) denote the number of distinct prime divisors of n. Let n > 2 and 


r > 0. Prove that 
> wa) <0< Do ud). 


dn 


atdiclrel wl s Ir 


. Leta, and a2 be relatively prime positive integers. Prove that there exists an 
integer rg = No(a;, a2) such that every integer n > no can be written in the 
form 

n= €,(n)a; + €2(n)az 


for some nonnegative integers €,(7), 22(7). 


. Construct a system of covering congruences whose moduli are 2, 3, 4, 6, 
and 12. 


. Letus call an integer n exceptional if n — 2‘ is prime for all positive integers 
k < logn/ log 2. Find all exceptional numbers up to 105. Erdos [32] has 
written that “‘it seems likely that 105 is the largest exceptional integer.” 


. Let {a; (mod m;):i = 1,...,k} be a system of covering congruences. 


Prove that 
k 


l 
tm 2h 


i=] 
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Sums of three primes 


The method which I discovered in 1937 for estimating sums over 
primes permits, in the first instance, the evaluation of an estimate for 
the simplest of such sums, i.e. a sum of the type: 


» } ettiap 


psN 


This estimate in combination with the previously known theorems 
concerning the distribution of primes in arithmetic progressions ... 
paved the way for establishing unconditionally the asymptotic for- 
mula of Hardy and Littlewood in the Goldbach ternary representation 
problem. 


I. M. Vinogradov [135, page 365} 


8.1 Vinogradov’s theorem 


Vinogradov proved that every sufficiently large odd integer is the sum of three 
primes. In addition, he obtained an asymptotic formula for the number of rep- 
resentations of an odd integer as the sum of three prime numbers. Vinogradov’s 
theorem is one of the great results in additive prime number theory. The princi- 
pal ingredients of the proof are the circle method and an estimate of a certain 
exponential sum over prime numbers. 
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The counting function for the number of representations of an odd integer N as 
the sum of three primes is 
r(Ny= doo. 


Pitp2r+p3seN 


The following 1s Vinogradov’s asymptotic formula for r(N). 


Theorem 8.1 (Vinogradov) There exists an arithmetic function G(N) and positive 
constants c, and cz such that 


cy < G(N) <c 
for all sufficiently large odd integers N, and 


N? log log N 
rN) = 6M) ( +0 (“een )) | 


The arithmetic function G(N) is called the singular series for the ternary 
Goldbach problem. 


8.2 The singular series 
We begin by studying the arithmetic function 
— H(q)cq(N) 
O(N) =) —— (8.1) 
2, e(q)° 
where 


q 
cy(N)= >> e(aN/q) 


a=! 
(¢g.a)=) 


is Ramanujan's sum (A.2). The function G(N) is called the singular series for the 
ternary Goldbach problem. 


Theorem 8.2 The singular series G(N) converges absolutely and uniformly in 
N and has the Euler product 


l ] 
m= T1(1+ Sap) I(t apes): 


There exist positive constants c; and cz such that 


Cc) < G(N) < c2 


for all positive integers N. Moreover, for any € > Q, 


G(N, Q) _ > 1(q)cg(N) 


oq 6(N)+0(Q7™"-?), (8.2) 
q<Q 


where the implied constant depends only on €. 
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Proof. Clearly, c,(N) « ¢(q). By Theorem A.16, 


y(q)>qi" 
for ¢ > O and all sufficiently large integers g, and so 


U(q)cg(N) l ! 
y(q)> y(qy > gq?" 


Thus, the singular series converges absolutely and sniformly in N. Moreover, 


6(N) —- G(N.Q)<« < = «€ ; 
(NON. @) 2, y(q)? d, qr — Qivs 


By Theorem A.24, cg(N) is a multiplicative function of q and 


p-— 1. if pdivides N 
coN) | —1 if p does not divide N. 
Since the arithmetic function 
U(q)cq(N) 
9(q)° 


is multiplicative in g and (p’) = 0 for j > 2, it follows from Theorem A.28 that 
the singular series has the Euler product 


Sy) =|] 1( + > nee) 


op!) 
-T1(+- 2) 
“(+5 o—)IT('- gap) 
-TT(1« (p - ow) I( apa) 


and so there exist positive constants c, and c2 such that 


Cc) < G(N) < c2 


for all positive integers V.. This completes the proof. 


8.3 Decomposition into major and minor arcs 


As in the proof of the Hardy—Littlewood asymptotic formula for Waring’s problem, 
we decompose the unit interval (0, 1] into two disjoint sets: the major arcs IN and 
the minor arcs m. 
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Let B > O and 
Q =(logN)°. (8.3) 
For 
l<q<Q, 
O<a<q, 
and 
(a,q)=1, 


the major arc IN(q, a) is the interval consisting of all real numbers a@ € [0, 1] such 
that 


If w € M(q,a)N Mt(q', a’) anda/q #a’/q’, then |aq’ — a’q| > | and 


; 


fn’ 
Ved. lag’ - agi laa 
Q qq qq’ q @q 
‘| 2 
<|\o -alela—% < 22 
q’ N 


or, equivalently, 
N <2Q° =2(log N)°?. 


This is impossible for N sufficiently large. Therefore, the major arcs SJt(q, a) are 
pairwise disjoint for large N. The set of major arcs is 


Q 4 
m=) LU 9,4) ¢ (0, 1] 


qo! re 
and the set of minor arcs 1s 
m = (0, 1] \ Dt. 


We consider a weighted sum over the representations of N as a sum of three 
primes: 
R(N) = > log p; log p2 log p3. 


PitprtpraN 


Vinogradov obtained an asymptotic formula for R(N), from which Theorem 8.1 
will follow by an elementary argument. We can use the circle method to express 
the representation function R(N) as the integral of a trigonometric polynomial 
over the major and minor arcs. Let 


F(a) = (log p)e(pa). (8.4) 


ps 
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This exponential sum over primes is the generating function for R(N), and 


R(N) = > log p; log p2 log p3 = [ F(a)’e(—Na)da 
pitprtps=N 0 


-[ F(a)’e(—Na)da + | F(a)e(—Na)da. 
mM m 


The main term in Vinogradov’s theorem will come from the integral over the major 
arcs, and the integral over the minor arcs will be negligible. 


8.4 The integral over the major arcs 


Just as in the Hardy—Littlewood asymptotic formula, the integral over the major 
arcs in Vinogradov’s theorem is (except for a small error term) the product of the 
singular series G(N) and an integral J(). In this case, the integral J(N) is very 
easy to evaluate. 


Lemma 8.1 Let 


N 
u(B) =) e(mB). 


m=] 


1/2 N2 
J(N) = | u(B)*e(—NB)dp = — + O(N). 
—1/2 


Proof. By Theorem 5.1, the number of representations of N as the sum of three 
positive integers is 


1/2 
J(N) = | “_u(B)°e(—NB)dp 
-I/ 


N 


1/2 N N 
-| Y> > DY elem + mg + my — N)B)AB 


1/2 m,=] myz=l m=) 


N2 
m—+ O(N). 
7 * (N) 


This completes the proof. 

In the next lemma we shall apply the Siegel-Walfisz theorem on the distri- 
bution of prime numbers in arithmetic progressions. A proof can be found in 
Davenport [19]. 
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Theorem 8.3 (Siegel-Walfisz) Ifq > 1 and (q,a) = 1, then, foranyC > 0. 


x 
3(x;q,a)= > log p = cw +o(—*-) 


for all x > 2, where the implied constant depends only on C. 


Lemma 8.2. Let 
F(a) =) (log p)e(pa). 
pr 
Let B and C be positive real numbers. If 1 <q < QO = (log N)” and (q.a) = J, 
then y 
H(q) +0 ( Q 


F,(a/q) = 94)" (log NYE 


for 1 <x < N, where the implied constant depends only on B and C. 


Proof. Let p=r (mod q). Then p divides g if and only if (r.g) > 1, and so 


» d (log p)e(pa/q) = > (log p)e(pa/q) « dX log p = logg. 


pss 


war) pear ” (mod q) pla 
Therefore, 
a 4 a 
F, (=) =~) >> (og pie (2) 
q ral per q 
per (mod q) 


- » dX (log pre (7 *) O(log) 


q 
-Sre (“) Y~ (log p) + O(log Q) 


psa 
(7.qrel par (mod q) 


q 
- ie (=) 9 (xq, r) + O(log Q) 


q ra x 
- Le (=) (+ +0 (aux) * O(log @) 


_ ¢q(a) qx ) 
9(q) x40 (ax * O(log @) 


“u(q) ON 
“9q@*? (ace wr) : 


since, by Theorem A.24, cg(a) = (a) if (q, a) = 1. 
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Lemma 8.3 Let B and C be positive real numbers with C > 2B. Ifa € IN(q, a) 
and B =a —a/q, then 


2 
F(a) = nD (p) + 0 ( Q'N ) 
9(q) 


(log N)° 

and orn? 
3 “u(q) 3 } 
= oq +0 (aoa 


where the implied constants depend only on B and C. 
Proof. If a € IN(q, a), then a = a/q + B, where |B| < Q/N. Let 
log p ifm = pis prime 
Am) = | 0 otherwise. 
If 1 <x < N, then 


“u(q) u(q) “ 
F(a) - —— B)=) > 1 -—y 
( ) (q) ) og pe(pa) (q) A e (mB) 


N N 
- > A(m)e(ma) — a > e (mB) 


m=} ( ) m=] 


N N 
= > Ande (7 + mB ) — > we em) 


me} mea) 


N 
Sine (28) Be) 


a q ¢(q) 
By Lemma 8.2, we have 


sor Z (ome(%)- 


l<m <x q 


= > A(m)e (™*) — HQ) O (—) 
I<m<x q ¢(q) 9(q) 


~ F. (2) - 22 x+0m 


q ¢(q) 
QN 
“0 (aoe x) ) 
By partial summation, we obtain 
r 1(q)  {* 
(@) — oq)" (B) = A(N)e(NB) — 27iB | A(x)e(xB)dx 
J 
« |A(N)| + |BIN max{A(x): 1 <x < N} 
Q’N 
«K 


(log NC" 
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Clearly, |u(B)| < N. Since C > 2B, we have 
2N N 
Q < WN, 


(log N)© (log N)°-28 
and the estimate for F(a)° follows immediately. This completes the proof 


Theorem 8.4 For any positive numbers B,C, and € with C > 2B, the integral 


over the major arcs is 
: ( _ 


N? 
3 _ - /‘o 
| F(a)"e(—Na)da = G(N) 7 + O (= N)G-78 (log N)C-58 


where the implied constants depend only on B,C, and € 
Proof. We note that the length of the major arc IN(g,a) is Q/N if g = | and 


2Q/N if g = 2. By Lemma 8.3, 
Hw) a\? 
F(a) — u (a ~ “| e(—Na)da 
mM oq) q 
3 
Hq) u (a — “| )e(-wede 


ype 
x oo » ling (Fo o(q)3 


Q? Ny 
<K > | 
2% ane Mig. a) (log nye" 


Q°N? 
~ (log NYE 
N2 
< Os ene 
Ifa =a/q +B € D(q, a), then |B| < Q/N and 
3 
mc u (« — “| e(—Na)da 
9x0 od PQ)” JING.a) q 
a/q+Q/N 3 
= wa) u (« — “| e(—Na)da 
q<Q ae! 9(q) a/q-Q/N q 
(a.gpl 


ve S> e(—-Na/q) [.. u(B)*e(—NB)dp 
qg<Q aol 


(a.q pol 
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U(q)cq(—N) 


- 3e(—NB)d 
2.7 gay own ” ul) e(—NB)dB 


Q/N 
~ GN, Q) | u(B)3e(—NB)dB. 
-Q/N 


By Lemma 4.7, if |B| < 1/2, then 


u(B) < |p| 
and 
1/2 1/2 
] u(B)'e(—NB)dB | 1u(B) PB 
Q/N Q/N 
1/2 
« B->dB 
Q/N 
N2 
< oem 
Similarly, 
[~ 3 _NeBvd 
ap u(B)e(—NB)dB K —, a 
By Lemma 8.1, 
Q/N 1/2 
| yy tA e(-NBM = iP u(B)3e(—NB)dB + O(N2Q~2) 
—-Q/ 
N2 N2 
= Zz + O(N) +0 () 
N?2 N?2 
“zt? (3): 
By Theorem 8.2, 
| 
G(N, Q) =G(N)+0O (=) 
Therefore, 


f F(a)e(—Na)da 


Q/N N2 
= G(N, Jon u(B)°e(—NB)dB + O (ames | 
(log 


N)C-58 


N2 N2 
Sw) +0 (am :) +0 (a ad) 


N?2 N?2 
ein) +0 ( cog it aaa) +0 (comes | | 


This completes the proof. 
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8.5 An exponential sum over primes 


To estimate the integral over the minor arcs, we shall apply Vinogradov’s estimate 
for the exponential sum F(a). The proof is based on a combinatorial identity of 
Vaughan. 


Theorem 8.5 (Vinogradov) [f 


where a and q are integers such that 1 < q < N and (a, q) = 1, then 
~ 4/5 2g \/2 
F(a) « +N°° +N (log N)*. 
qi? 


The proof is divided into a series of lemmas. The first is an identity involving 
arithmetic functions of two variables and truncated sums of the Mobius function. 


Lemma 8.4 (Vaughan’s identity) Foru > |, let 


M,,(k) = > u(d). 


lh 
d<u 


Let O(k, 2) be an arithmetic function of two variables. Then 


> (1, 2) + > > M,, (k)®(k, @) = > > > u(d)(dm, £). 


Uu<l<N u<kKSN yct<% d<u u<f<* msi 


Proof. We shall evaluate the sum 


N 
S=)) Dd) MK)PE, €) 


kel u<é<* 


in two different ways. Since 


l ifn=1 
dH a) = | 0 otherwise, 


it follows that 
l ifk=1 
mt) ={ 4 ifl<k <u. 


Therefore, 


Ss > (1, 2) + > > M,,(k)®(k, @). 


u<l<N u<kKEN yc(<* 
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On the other hand, interchanging summations and letting k = dm, we obtain 


N 
S=>> >> Dou), 2) 


kel yct<® dit 


d<ws 


>>> dD, udyo(k, &) 


d<u ak u<t<* 


= dX dL 4@odm, 6) 


d<um<% <N 
4 ms5u<l<s 


->- > > (d)®(dm, 2). 


dsu y<t< + m< x 
Lemma 8.5 Let A(£) be the von Mangoldt function. For every real number a, 


F(a) = S; — Sz — 83+ O(N'”), 


where 
Si= Do DS Dd u@)Ae(adem), 
d<N#5 e<4 msi 
= Do Dd) Dd) u@ACe(adem), 
d<N2/5 e<N*5 meX 
and 


S3 = > > Myrs(k)A(£)e(ake). 
k>N4U5 NUS <C<N/fk 


Proof. We apply Vaughan’s identity with 
u= N* 


and 
O(k, 2) = A(L)e(ak@). 


The first term in Vaughan’s identity is 


> (1, 2) = > A(£L)e(a2) 


u<l<N N25 <€<N 


N 
=) A(e)e(we) — > A(é)e(ae) 


(=) v<N2/5 
= 5° (log p)e(ap*) + O(N log N) 
prs 


- > “(log p)e(ap) + » (log p)e(ap*) + O (N7/ > log N) 
psn phen 
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= F(a) +O > log p | + O(N?” log N) 


phen 
k>2 


log N 2/5 
= F(a) +O Xu ree Joep + O (N5 log N) 
= F(a) + O ((N'*) log N) + O (N7” log N) 

= F(a)+O(N'”), 


since 
1/2 


N 
Ni?) « —— 
m(N'') & log N 


by Chebyshev (Theorem 6.3). 
The second term in Vaughan’s identity is simply 


D> Myus(k)A(E)e(wke) = Ss. 
NUS <k<N NUS <E<% 


The third term in Vaughan’s identity is 


dX u(d)A(l)e(ad&m) 


d<N2S NUS <€<4 ns 


= > >> do u@MACe(adem) 


dsN29 (eX meX 
> » u(d)A()e(adem) 
d<N25 0<N25 nc & 


= §; — 82. 


This completes the proof. 
In the next three lemmas, we find upper bounds for the sums S), 52, and $3. 


Lemma 8.6 /f 


a 
ae--= 
q 


a 


q? 


where 1 <q < N and (a,q) = 1, then 
N 2/5 2 
ISi]<« 7 tN +q } (log N)°*. 


Proof. Let u = N*/>. Since )°,,, A(€) = logr, we have 


S, = d 2. 2 u(d)A(l)e(ad em) 
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- - > (d)A(€)e(adém) 


d<u tm<N/d 


- >> >> u@eadr) >> A(e) 


d<ur<N/d er 


= >= u(d) >> e(adr)logr 


d<u r<N/d 


«>> 


d<u 


>> e(adr)logr|. 


r<N/d 


We compute the inner sum by writing the logarithm as an integral and interchanging 
summations: 


" dx 
> e(adr)logr > e(adr) | > 


r<N/d <N/d 
(N/d} 
-Yreaany fo 
ra2 sa? 5-1 x 
(N/d\{N/d} ps dx 
-LL | eaanS 
su2 reas s—] x 


[N/d] ps /(N/d] 
d 
= > il ( > oD) ot 
saz YS] res x 
By Lemma 4.7, the geometric progression inside the integral sign is bounded above 
by 


{N/d} 
>> e(adr) < min {3 lad||~' r 


res 


and so 


N 
> e(adr)logr < min (Z. jadi log N. 
r<N/d d 


By Lemma 4.10, we have 


> min (4. jadi) x (x. N*8 +q) log N. 


d<u 


Therefore, 


S1< >= min (5. lad ||~ ') tog N 


d<u 
N 2/5 2 
< 7°” +q}(logN)’. 


This completes the proof. 
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Lemma 8.7 [f 


a 
Ae- - 
q 


<>: 
q 


where 1 < q < N and (a,q) = 1, then 
N 4/5 2 
IS21<« 7th +q | (log N)°. 


Proof. If d < N2/5 and 2 < N2/>, then dé < N*/>. Making the substitution 
k = dé, we obtain 


S= Yo YO Yo w@ACe(adem) 


d<N25 (<NUS ms 


-> (> cakm)) Y> u(d)A(e) 


Vc NAS \m<N/k 
kSN <N/ tenis 


Since 


> uld)A(t) « » A(t) < }\ A(é) = logk < log N, 


hade elk 
d.t<n7/5 dtenls | 


it follows again from Lemma 4.10 that 


S,«logN S> > e(akm) 


k<N“VS msN/k 


<K > min & lark || ~ ') tog N 


k<NMS 
N 4/5 2 
<K 7 *N +q](logN)°*. 


This completes the proof. 


Lemma 8.8 [f 


a 
Ae- 
q 


IA 
| 


where 1 <q < N and (a, q) = 1, then 


N 
1531 <« (<a + NA° 4 N12 a’) (log N)*. 


log N 
= + | 
5 log 2 


Proof. Let u = N2/> and 
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Then N35 < 2" < 2N'/5 andh < log N. If i < A, then 2'u < 2N3° «N. If 
N2/ < € < N/k, then 


k<N/€< N°O @ Ny < 2"u, 


and so 
S= Do So Mk) A(Ce(ake) 
k> NUS NUS <E<N/k 
h 
=> YL mw YO a@ecake) 
fel 2-luck<2'u u<€<N/k 
h 
= > 53.55 
im] 
where 


S53; = > M,,(k) » A(£)e(ake). 


tuck <2 u<l<Nik 


By the Cauchy—Schwarz inequality, 


Isis So IMP. > 


2 lu<ck<2u lack <u 


2 


> A(€)e(ake) 


u<l<N/k 


(8.5) 


We shall estimate these sums separately. 
To estimate the first sum in (8.5), we observe that 


Dd, H(d)| < D1 <d(h), 


roar | 
d <a few 


[M.(k)| = 


where d(k) is the divisor function. It follows from Theorem A.14 that 
Y IMP < do atkyY 
2 yuck <2'u i-Vwck<2'u 
& 2'u (log iu)’ 
« 2'u (log N)°. 
Next, we estimate the second sum in (8.5). We have 


2 


> A(€)e(aké) 


u<l<N/k 


Bodyck<2u 


= - - A(€)A(m)e(ak(£ — m)) 


luck <2'uu<leN/kucm<N/k 


- Y YO A@acny Y e(ak(e- my), 


u<l< > wcnt< >a kel(t.m) 
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where /(€, m) is the interval of consecutive integers k such that 
. _ NN 
2'- ly <k < min (2 —, =| 
€ om 
Clearly, 


[1(€, m)| < 2'~'u, 


and so 


> e(ak(é — m)) « min (2'~'u, |loe(é — mi"). 
kel(€.m) 


Since 0 < A(£), A(m) < log N for all integers 2, m € [1, N}, we have 


» 


2 


> A(€)e(ake) 


2 luck<2'u lu<l<N/k 

«& > Y> AEC) min (2'~"u, |oe(é — m)i\~') 
u<leN/(2'-'u)u<m<N/(2!-)u) 

«(logN)> > Y> min (2''y, fla(é — m)I\-'). 


u<l<N/(2—uu<m<N/(2'~'u) 


Let j = €—mwithu < €,m < N/(2'~'u). Then |j| < N/2'~'u, and the number 
of representations of an integer j in this form is at most N/2'~'u. By Lemma 4.10, 
we have 


2 


> A()e(ake) 


-luck<2'u lu<€<N/k 
N . _ a 
K (logN)’S=— min (2°~'u, flat") 
u l<j<N/2'-'y 
N _[{N ne 
< (log NY > min (=. llovy Ih ) 
u 1<j<N/2'-'u J 
N N N 
—— | — + —— +q] (log N)’. 
« Qi-ly (* 2i-ly a) 8 ) 


Inserting this into inequality (8.5), we obtain 


N N 
[$3 iI K ( u(log NV) ) sr (: Ji-ly 


1 | 4 
N7(log N)®{—4+-+—). 
« N*(log (4545) 


Therefore, 


3{ 1 1 qi? 


8.6 Proof of the asymptotic formula 227 


Since h < log N, we have 


h 


N 
S3= ) $3; « (log N)* (<3 pt NMB egi2vi”), 


ta} 


This completes the proof. 

Finally, we obtain Vinogradov’s estimate for the exponential sum F(a) by in- 
serting our estimates for the sums S$), S2, and S3 into Lemma 8.5. This completes 
the proof of Theorem 8.5. 


8.6 Proof of the asymptotic formula 


We can now estimate the integral over the minor arcs. 
Theorem 8.6 For any B > 0, we have 


N2 


3 
[ F(a) e(—-aN)da « (log N)@/D-5" 


where the implied constant depends only on B. 


Proof. Leta € m = [0,1] \ St. By Dirichlet’s theorem (Theorem 4.1), for 
any real number q@ there exists a fraction a/q € [0,1] with | < g < N/Q and 
(a,q) = 1 such that 


Ifg < Q,thena € tig. a) C M, which is false. Therefore, 
O<qs~. 
— @Q 
By Theorem 8.5, 


N 
F(a) « (+ + N44 NI a‘) (log N)4 
q' 


«K Ny yas y yz (_ _ . (log N)* 
(log N)8/? (log N)8 


N 
« (log N)(#:2)-4° 


Since 3(N) = )/ ,<y log p « N by Theorem 6.3, we have 


|F(a)|*da = (log py < log N log p < NlogN, 
| y Y 


psn psn 
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and so 


|F(a)|>da < sup{|F(a)|: a € mf |F(a)|?da 
m 


<ignOS [ |F (a)|"da 


N2 
« (log N)(8/2)-5 ° 
This completes the proof. 


Theorem 8.7 (Vinogradov) Let G(N) be the singular series for the ternary 
Goldbach problem. For all suffciently large odd integers N and for every A > 0, 


N? N? 


where the implied constant depends only on A. 


Proof. It follows from Theorem 8.4 and Theorem 8.6 that, for any positive 
numbers B,C. and e withC > 2B, 


l 
R(N) = i F(a)’e(—Na)da 
0 


-f Fla)*e(-Nada + [ F(a)’e(—Na)da 
M m 

N? N? 
85 + (Gogo) 


O Nt O N* 
a + ee ’ 
(log N)©-58 (log N)(8/2)-5 


where the implied constants depend only on B,C, and €. For any A > 0, let 
B=2A+10andC =A+5B.Lete = 1/2. Then 


min((] — €)B, C —5B,(B/2)—5)=A 


N? N? 


and so 


This completes the proof. 
We can now derive Vinogradov’s asymptotic formula for r(NV). 
Proof of Theorem 8.1. We get an upper bound for R(N) as follows: 


R(N) = > log Pp; log p2 log p3 
pitpr+p3=N 


<(logNy b> | 
Pitp2tpseN 
= (log N)?r(N). 
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For 0 < 6 < 1/2, let rs(N) denote the number of representations of N in the form 
N = p, + p2 + p3 such that p; < N'~° for some i. Then 
r(N)<3 > 1 


PyeP2*Pyen 
penis 


« ( > } 
pPi<N'-5 \prtpseN -py 
© (x) 
pm<N'-3 \pr<N 

m(N'~*)x(N) 

N2-8 

<K Tog Ny 


lA 


lA 


We can now get a lower bound for R(N): 


RIN) => dog py log pp log ps 
PL tPyePyoN 
P1.P2.p3y>Ni-3 


>(1-8)(logNyP So 1 


Py +prepyeN 
P)-Pr-py2N'4 


> (1 — 6) (log N)(r(N) — rs(N)) 


2-5 
> (1 — 6)7(log N) (row cot) 


Therefore, 
(log N)’r(N) < (1 — 8)? R(N) + (log N)N2~°. 


If0 <6 < 1/2, then 1/2 < 1—6 < 1 and 


1- (1-6) 


a3 < 8(1—(1 —6)°) < 246. 


0<(1-58)°?-1 


By Theorem 8.7, R(N) < N? and so 


0 < (log Nr(N) — R(N) < ((1 — 8)73 — 1) RIN) + (log N)N2~8 
« 5R(N) + (log N)N2° 
« 5N* + (log N)N?° 


= N? (3+ =) 


Né 


This inequality holds for all 5 € (0, 1/2), and the implied constant does not depend 


on 6. Let 
5 2 log log N 


log N 
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Then 
54 logN  2loglog N log N log log N 
Né log N (log N)? log N 
and so , 
N° log log N 
0 < (log N)°r(N) — R(N) « EE" 
log N 
Let A > 1. By Theorem 8.7, 
N? log log N 
(log N)?r(N) = R(N) + O eee) 
log N 
N? N? N? log log N 
= 6(N)— + O | ———— ] + O | ——————_ 
w+ (Gog) *° (“on ) 


N? log log N 
= 6(N)— 11 ——_—_—_—_—_—_ . 
ems (1+0 (Sy) 


Dividing by (log N)°, we obtain 


N? log log N 
r= 8) ogni (1+? (een) 


This completes the proof. 


8.7 Notes 


For Vinogradov’s original papers, see [132, 133]. Vaughan [124] greatly simplified 
Vinogradov’s estimate for the exponential sum F(a) (Theorem 8.5), and it is 
Vaughan’s proof that is given in this book. There are many good expositions of 
Vinogradov’s theorem. See, forexample, the books of Davenport [19], Ellison [29], 
Estermann [38], Hua [64], Vaughan [125], and Vinogradov [135]. 

Vinogradov’s theorem implies that almost all positive even integers can be writ- 
ten as the sum of two primes. This was observed independently by Chudakov [14], 
van der Corput [123], and Estermann [37]. Let E denote the set of even integers 
greater than two that cannot be written as the sum of two primes. The set E is called 
the exceptional set for the Goldbach conjecture. Let E(x) denote the number of 
integers in E not exceeding x. The theorem of Chudakov, van der Corput, and 
Estermann states that E(x) <,4 x/(logx)* for every A > 0. Montgomery and 
Vaughan [84] proved that there exists 6 < 1 such that E(x) < x°. Of course, if 
the Goldbach conjecture 1s true, then E(x) = 0 for all x. 


8.8 Exercise 


1. Leth > 3. Find an asymptotic formula for the number of representations of 
a positive integer N =h (mod 2) as asum of h prime numbers. 


9 


The linear sieve 


9.1 


In the next chapter, we shall prove Chen’s theorem that every sufficiently large 
even integer can be written as the sum of a prime and a number that 1s the product 
of at most two primes. The proof will require more sophisticated sieve estimates 


We often apply, consciously or not, some kind of sieve procedure 
whenever the subject of investigation is not directly recognizable. We 
begin by making a long list of suspects, and then we sort it out gradu- 
ally by excluding obvious cases with respect to available information. 
The process of exclusion itself may yield new data which influences 
our decision about what to exclude or include in the next run. When no 
clue is provided to drive us further, the process terminates and we are 
left with objects which can be examined by other means to determine 
their exact identity. These universal ideas were formalized in the con- 
text of arithmetic back in the second century B.C. by Eratosthenes, 
and are still used today. 


H. Iwaniec [68] 


A general sieve 


than those obtained from the Selberg sieve in Chapter 7. 


We begin by generalizing our concept of a sieve. Let A = {a(n)}P° 


n=} 


arithmetic function such that 


a(n) >0 for all n 
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and 
co 
|A| = } a(n) < 00. (9.2) 
n=l 
Let P be a set of prime numbers and let z be a real number, z > 2. The set P is 
called the sieving range, and the number Z is called the steving level. Let 


P(z)=[|p. 


peP 
pct 


The sieving function is 


S(A,P,z)= > a(n). 
(n. P(z))=1 


The goal of sieve theory is to obtain “good” upper and Jower bounds tor this 
function. 

Forexample. let A be the characteristic function ofa finite set of positive integers, 
that is, a(n) = 1 if n is in the set and a(n) = O if # is not in the set. Then |A! is 
the cardinality of the set. The sieving function S(A, ?, =) counts the number of 
integers in the set that are not divisible by any prime p € F. p < z. This special 
case is exactly the sieving function for which we obtained. in Chapter 7, an upper 
bound by means of the Selberg sieve. 

Using the fundamental property of the Mobius function, that 


1 ifm=1 
0 ifm> Il, 


(1 * 2)(m) = > u(d) = 


d|m 


where | denotes the arithmetic function such that 1(n) = 1 forall n > 1, we obtain 
Legendre’s formula 


S(A,P.2)= D> a(n) 
(n, P(z))=1 


=doan) DD v@) 


d\(n. P(z)) 


= > u@) >> a(n) 


d|P(z) d\n 


= >> u(d)iAal, 


da|P(z) 


|Aal = ) a(n) 


d|n 


where the series 


converges because of (9.1) and (9.2). 
We shall assume that, for every n > 1, we have a muluplicative function g,(d) 
such that 
0 < g,(p) < 1 
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for every prime p € P. Then 
0 < g,(d) < | 


for every integer d that is the product of distinct primes p € P. For such integers 
d, the series 


> a(n)gn(d) 
converges, and we can define the remainder r(d) by 


|Aal = > a(n)gn(d) + r(d). 


Inserting this into Legendre’s formula, we obtain 


S(A,P,z)= >> u(d)iAal 


d\P(z) 
= >» u@) (ramen + “é) 
d|P(z) n 
=) a(n) D> w(d)gn(d)+ >> w(d)r(d) 
a d|P(z) d|P(z) 
- dan) ] | - snp) + D> w@ri@) 
pl P(2) d|P(z) 
= D5 a(n)Vn(z) + R(2), 
where 
= |] -an(p)) 
p|P@) 
and 


R(z)= > u(d)r(d). 


d| P(z) 


If P(z) has a large number of divisors, the remainder term R(z) in Legendre’s 
formula may be too large to give useful estimates for S(A, P, z). For example, let 
A be the characteristic function of the set of all positive integers not exceeding x, 
and let P be the set of all prime numbers. Let 


| 
8n(d) ™ d 


for all n. Then 


V.(z)= |] ( - - 


p< 
for all » > 1. Moreover. for all d > 1, 


A 
0 < |r(d)| = a lAal = =~ -(F]<0 
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and so 


IR) < > Ir(d)| < 27. 


dd) P(z) 


It follows from Legendre’s formula that the number of integers up to x divisible 
by no prime less than z is 


1 
S(A,P,z) =x] [] (1 — | +O (27), 
By Mertens’s formula (Theorem 6.8), 


pei 
l -Y 1 
M(1-=)-< (1+0(--)). (9.3) 
pe: P log z log z 
and so the remainder term will be larger than the main term unless z is very small 
compared to x. 


The sieve idea is to reduce the size of the error term by replacing the Mobius 
function with carefully constructed arithmetic functions A*(d) and A (d) such that 


At(1) =A7(1) =} (9.4) 
and, for every m > 2, 
(l¥A*)(m) = ) ard) >0 (9.5) 
d|m 
and 
(1 *#A7)(@m) = 5° A-(d) < 0, (9.6) 
d\|m 


Let 4*(d) and A~(d) be arithmetic functions that satisfy (9.4), (9.5), and (9.6). If 
D is a positive number such that A*(d) = 0 for all d > D, then the arithmetic 
function 4*(d) is called an upper bound sieve with support level D . Similanly, if 
D 1s a positive number such that A~(d) = 0 for all d > D, then the arithmetic 
function A~(d) is called a lower bound sieve with support level D. 

If P is a set of primes such that A*(d) = 0 whenever d is divisible by a prime not 
in P, then A*(d) is called an upper hound sieve with sieving range P. Similarly, 
if 4~(d) = 0 whenever d is divisible by a prime not in P, then A ‘(d) is called a 
lower bound sieve with sieving range P. 

The following result is the basic sieve inequality. 


Theorem 9.1 Let 2*(d) be an upper bound sieve with sieving range P and support 
level D, and let .~ (d) be a lower bound sieve with sieving range P and support 
level D. Then 


> a(n)Ga(z,A7) +R < S(A,P.2) < > a(n)G,(z, A*) + RY, 
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where 


G,(z,A*)= D> A*(d)gn(d) 


d| P(z) 
and 
Rt = > a*(d)r(d). 


d,Ptz) 
d.D 


Proof. Since the arithmetic function A*(d) is supported on the finite set of 
integers 1 < d < D, it follows that the series 


>= a(n) >> atid) 
n d\(1, P(=)) 


converges. By conditions (9.4) and (9.5), the inner sum is | if (n, P(z)) = 1 and 
nonnegative for all n. Therefore, 


S(A,P.2)= D> a(n) 


(2, P(z))=1 
<Yianm) DO v@ 
n d\(n. P(z)) 
= >> td) > an) 
d\P(z) d\n 
= >> At@)lAul 
d| P(z) 
- >>) (Tame, (d) + na) 
d{P(z) n 
= >) avt@ > alnygn(d)+ D> A*(d)r(d) 
d| P(z) n d|P(z) 
= do a(n) D* A*@)gn(d) + D> A*(d)r(d) 
n d|P(z) AP) 


a@<bD 


= > a(n)G,(z, A*) + R*. 


The proof of the lower bound is similar. 
The following result shows how to extend the sieving range of upper and lower 
bound sieves by any finite set of primes. 


Lemma 9.1 Let A¥(d) be upper and lower bound sieves with sieving range P, 
and support level D. Let Q be a finite set of primes disjoint from P,, and let Q be 
the product of all primes in Q. Every positive integer d can be written uniquely in 
the form 

d = dd), 


where d, is relatively prime to Q and d; is a product of primes in Q. Define 


A*(d) = AY (di) (a2). (9.7) 


236 9. The linear sieve 


Then the function X.*(d) (resp. X (d)) is an upper bound sieve (resp. lower bound 
sieve) with sieving range 


P=P,\UO 


and support level DQ. 
Let g be a multiplicative function, and let 


G(z,A*)= S> A*(d)g(d) 


d|P(z) 


and 


G(z,AF)= D> AF (di) g(di). 
dy | Pi(z) 


Then 
G(z,A*) = G(z,A#) [] Ui - 8G). 
ql Q(z) 


Proof. Clearly, A*(1) = A~(1) = 1. Every positive integer m factors uniquely 
into a product m = m,mz2, where rm, is relatively prime to Q and mz is a product 
of primes in Q. We have 


a= DF DI Maid) 


d|m cy jany daa 


= DU ATG) DO (dr) 2 0 


dy |m, dz|my 


since 
_ l if m2 = | 
X wide) = | 0 ifm, >2. 


Similarly, if m =m m2 > 1, then 


Yor (dy= do ap) > wld) <0 


d|m dy len, d3|my 


> H(d2) = 0, 


dy|my 


since either mm, > 1 and 


Or m2 = 1, which implies that m, > 1, and so 


> Ai(d)) < 0. 


d, |r7t 


Thus, the arithmetic functions 1*(d) satisfy conditions (9.4), (9.5), and (9.6). 
Since A*(d) = 0 if d is divisible by some prime not in ?, it follows that the 
functions A* have sieving range P. 
Let d = d,d2, where d; is relatively prime to Q and d) is a product of primes 
in Q. If d = d\d, > DQ, then either d, > D and A} (d,) = 0, or d2 > Q, which 
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implies that d2 is divisible by the square of some prime q € Q, and so yz(d2) = 0. 
In both cases, 4*(d) = 0. Therefore, the functions A4*(d) = 0 have support level 
DQ. 

Finally, since P(z) = P,(z)Q(z), 


G(z,A*) = S > a*(@)g(d) 


d|P(z) 


= DY) >) A*(didr)g (dig) 


d\| Pi (z) dy Q(z) 


= > Yr ARae(diyu(r)e(ar) 


dy |Pi(z) d3/Q(z) 
= >> AF(di)g(di) >> wld2)g(d2) 
dy} Py(z) dt Q(z) 
= G(z, Ay) |]  — 8). 
gl Q(<) 


This completes the proof. 
Combining Theorem 9.1 and Lemma 9.1, we obtain the following result, which 
is an important refinement of the basic sieve inequality. 


Theorem 9.2 Let AF(d ) be upper and lower bound sieves with sieving range P 
and support level D. Let |At (d)| < 1 forall d > 1. Let Q bea finite set of primes 
disjoint from P,, and let Q be the product of the primes in Q. Let P = P, UQ. 
For each n > 1, let g,(d) be a multiplicative function such that 


0 <g,(p) < | forall pe P. 


Let 
Gn(z.at)= > > A¥(d)gn(d). 
d|P;(z) 
Then 
S(A,P, 2) < ) a(n)G,(z, 47) [| Cl - gn(g)) + R(DQ, P. 2) 
n=} gi Q(z) 
and 
S(A,P, 2) =D a(n)Gp(z. ay) [|] Cl - an(q)) — R(DQ, P. 2), 
n=1 qlQ(c) 
where 


R(DQ,P,z)= >> Ir(d)l. 


di P(z) 
d- DQ 
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It often happens in applications that the arithmetic functions g,,(d) satisfy one- 
sided inequalities of the form 


] K 
[]-e(pyy' <K (72 ) . 
Og u 


peP 


usp<: 


where K > | andx > Oare constants that are independent of n, and the inequality 
holds for all mn and | < u < z. In this case we say the sieve has dimension x. The 
case K = | is called the linear sieve. The goal of this chapter is to obtain upper 
and lower bounds for the linear sieve that were first proved by Jurkat and Richert 
(Theorem 9.7). This is the only sieve inequality that is needed for Chen’s theorem. 


9.2 Construction of a combinatorial sieve 


In acombinatorial sieve, we reduce the size of the error term in Legendre’s formula 
by replacing the Mobius function with its truncation to a finite set of positive 
integers. This idea goes back to Viggo Brun [7]. We construct these truncated 
functions in the following theorem. 


Theorem 9.3 Let B > | and D > 0 be real numbers. Let D* be the set consisting 
of | and all square-free numbers 


d = p\pr--- px 


such that 
Pro<--°><pro<p<D 


D 1/8 
Pm < (—-—_) 
Pi P2°°* Pm 


for all odd integers m. Let D~ be the set consisting of \ and all square-free numbers 


and 


d = pi p2--+ Dk 


such that 
Pr<s-+<pr<pp<D 


D 1/8 
pn < (>) 
Pi P2°-* Pm 


for all even integers m. Then the sets D* and D™ are finite sets of square-free 
positive integers d < D. Let P bea set of primes. and let P(D) denote the product 
of all of the primes in P that are less than D. Define the arithmetic functions 4*(d) 
and d(d) as follows: 


4*(d) = “U(d) ifd € D* andd|P(D) 
0 otherwise 


and 
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and 
_ u(d) ifdéeD° andd|P(D) 
A (d) = . 
0 otherwise. 


Then 4*(d) and X~(d) are upper and lower bound sieves with sieving range P and 
support level D. 


Proof. The condition 


D 1/f 
Pn <(— —] 
P\ P2°°° Pin 


P\P2*** Pm-i Pa? < Dz 
Letd = p,--- pp, € D*. If k is odd, then 


is equivalent to 


1 
d = pi -++ Pe~1Pk < Pi--: Pe-1Py” < D. 


If k is even, then k — | is odd. Since py < px—-, and B > 1, we have 


d = p\ +++ Pe-1Pk < Pi Phy < pi--- pitt < D. 


Therefore, | < d < D foralld € D”. 

Similarly, if d = p,---p, € D™ andk > 2, then! < d < D.Fork =1, we 
have d = p, < D, that is, D~ contains all primes strictly less than D. Therefore, 
1<d< DforalldeD. 

The arithmetic functions A*(d) and 7 (d) are truncations of the MObius function 
4(d) to certain subsets of the sets D* and D  ,, respectively. Since both sets contain 
1, we have 

AT) =A“) = we) = 1. 


Let m > 2. We must prove that 


EC) <0< > A*(d). (9.8) 


d\m d\m 


Since the functions A*(d) are supported on divisors of P(D), we may assume that 
m divides P(D). Let w(m) denote the number of distinct prime divisors of m. The 
proof is by induction on k = w(m). If A = 1, then m = p < D for some prime 
p € P,and som € D~. We have 


d* @)= (1) + w(p) = 0 


dim 


DM) = HI) +A%(p) 2 1-1 = 0. 
d\m 


This proves the lemma in the case k = 1. 
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Now let k > 1, and assume that inequalities (9.8) hold for all positive integers 
m with k distinct prime divisors. If w(m) = k + 1, then we can write m in the form 


m = q091 °° ° qk; 
where 
qx <Qk-1 <*** < 41 < qo < D, 
Go. 4i.--+>Qk are prime numbers in ?, and qo is the greatest prime divisor of m. 
Let 


m 
my, = -— = q) “°° Qk. 
qo 
Since m, is a divisor of P(z) with k prime factors, it follows from the induction 


hypothesis that 
Yad) sO) ard). 


d|m, d|m, 
Every divisor of m is of the form d or god, where d is a divisor of m,. Therefore, 
Do) = DA") + D> God) 
d|m d\m, d\n, 


> > A*(qod) 


d|m, 


= >> u(g0d) 


d\m 
qode D* 


=— )) ud). 


d\n 
qndeD* 


Similarly, 


wr @s- Do ud). 


d\m blr 
agdeD~ 


If d is a divisor of m,, then 
d = Pi eee Pj; 
where p},..., pj are primes in P such that 


Pj <-> < pi sa <q < D. 


Let D; = D/qo > 0, and let D; and D, be the sets of integers constructed from B 
and D,. Let Ay(d) and A, (d) be the Mobius function truncated to the sets Dy and 
D, , respectively. Then god € D” if and only if 


D 1/B 
qo < (=) 
qo 
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mG) (a) 
™ GoPi°:* Pm Pi-+* Pm 


for all even integers m. If 
D 1/B 
go = (2) : 
qo 


> U(d) = 


que D* 


D l/p 
qo 


then god € D* if and only if d € D, , and 


» Ha) = dHd)= Dd (d) <0 


dm dim, 
aye D* Je? 


and 


then god ¢ D* and so 


since the sum is empty. If 


by the induction hypothesis. Therefore, 


> A*(d) > 0. 


d|m 


Similarly, god € D~ if and only if d € D7, and so 


dD Hd) = Di ud) = DUM 2 0. 


dm deny d\m) 
qgd€ D- deD t 
This proves that A*(d) and A (d) are upper and lower bound sieves with sieving 
range P and support level D. 


Lemma 9.2 Let P be a set of primes, and let g(d) be a multiplicative function 
such that 
0 < g(p) < | forall péP. 


Let 
V(z)=] [a - g(p)) = D> u@gca). 


peP PlP(z) 
Pes 


Then V(z) is a decreasing function of z, 
0 < V(z) < 1 


for all z, and 
Y> 8(p)V(p) = V(w) — V(z) (9.9) 


PoP 


forall | < w <z. 
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Proof. It follows immediately from the definition that V(z) is decreasing and 
V(z) € (0, 1) for all z. 

The proof of the combinatorial identity (9.9) is by induction on the number k of 
primes p € P that lie in the interval (w, z). If k = 0, then V(w) = V(z) and 


>| a(p)V(p) = 0. 


per 
wepes 


If kK > 1, let p, be the largest prime in the interval. Then 
>> a(P)V(p)= >> 8(p)V(p) + 8(P1)V (ri) 


peP peP 
weeps: wSp<Py 


= V(w) — V(p1) + g(p1)V (pr) 
= V(w) — (1 — g(pi))V (pi) 
= V(w) — V(z). 


Lemma 9.3 Let P be a set of primes. For B > | and2 < z < D, let 
D 1/B 
Ym = Yn(B, Dy Pts --1 Pm) = (—"— ] . 
P1 Pm 
Let 4*(d) be the upper and lower bound sieves constructed in Theorem 9.3, and 


let 
G(z,A*) = S> A*(d)g(d). 


d| P(z) 
Let 
T,(D, z) = > g(Pi ++ Pn)V (Pn). 
rca 
Then oo 
G(z,A*)=V(z)+ > T(D,2) (9.10) 
am) "od 2) 
and _ 
G(z,A-)=V(2)- DD T,(D, 2). (9.11) 
pwd Canes 2) 
Moreover, 
T,,(D, z) > 0 


for alln > \, and 
G(z,A~) < V(z) < G(z, A”). 


if 
log D 
ogD 


log z 


B< 


then 
T,(D,z)=90 forn<s-—B. 
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Proof. It follows from the construction of the sets D* and the sieves A*(d) that 


G(z,4*) = > w(d)gn(d) 


Sl P(2) 
deDt 


= 0 (Han (p++ Pe) 
PEt SP <2. ppeP 
Pm <saVorwl (mod 2) 


and 


G(z,A7) = D> u(d)gn(d) 


Ai PCs) 
deD- 


k 
= So (HD gn(pi ++ Ped: 
Pes <9, <2. pjeP 
Pee <n Vna0 (mod 2) 


We expand the function V(z) to obtain a partition of G(z, A*) as asum of nonneg- 
ative functions: 


V(z)= )> u(d)g(d) 


d| P(2) 


= >> (-1)'g(pi-- pe) 


MS Pps 
peP 


= Yo (=) (pi +++ pe) 
Pew SPy Ss. p EP 
Pm <Ju;¥mal (mod 2) 


+ > (—1)g(pi ++ Pe) 
Pas <py cs. ppeP 
Jrael (mod 2! v7 Spm 


=G(z,At)+ D> (-1)'g(pi-+- pe) 
PES <Py <i. ppeP 
3mm (mod 2):\m <P 


OO 


=G(z,a*)+ >> YY (=D g(pi +: Pe) 


aa| Pas < Pp <i ppeP 
aed (mod 2) pay < sey Ver<nrm) (mod 2) 
< 


= G(z, A") 
ee) 
* » > (—1)"8(Pi => Pn) >» (—1)*"" g(pe + Past) 
aol Ya SPan << p) <2 PEK <Prgy < Pn 
aml (mod 2) p,eP pyaP 
mai timo 2) 
fe) 
=Gz,A*)- >> 8(P1-+ Pa) V (Pn) 
nol Ya S Pa eK Py <i. ppeP 
ral (mod 2) Pm <\mVet< nn, 


mal (mod 2) 


=G(z,at)— > T,(D,2), 


nel (mod 2) 
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where 
T,(D, z) = >, (P+ Pa) Vpn) > 0. 
pe intima mien nea 2 
Therefore, x 
G(z,A*)=V(z)+ > T,(D,z) = V(2). 
wnt od 2 
Similarly, 
00 
Gz,A-)=V(2)- > T,(D,z) < V(2). 
aw) (mod 2) 
If 
Yn S Po << Pi <Z, 
then 


oh 


D < pi--- pape <=". 


(9.12) 


Let D = 2°. Since 7,,(D, z) is a sum over integers p;--+ p,, that satisfy inequal- 
ity (9.12), it follows that 7,,(D,z) = O unless s < 2 + B. This completes the 


proof. 


9.3. Approximations 


For the rest of this chapter, we shall consider only the case 


p=2 


in the construction of the sets D* and the upper and lower bound sieves A* (cf). 
ppe 


Then 


D 1/2 
Ym = ( ) ’ 
P\ 9° Dm 


and the functions 7,,(D, z) satisfy the following recursion relation. 


Lemma 9.4 Let z > 2 and D be real numbers such that 


log D 1 ifn is odd, 
Sm = tps 
logz ~ | 2. ifnis even. 


Then 
T,(D, z) = V(D"”*) — V(2). 
Letn > 2. Ifn is even, or ifn is odd and s > 3, then 


D 
T,(D.z)= >) g(P)Ta—-1 (=. P) 


peP 
p<, 


(9.13) 


(9.14) 
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[fn is oddand\ <s <3, then 


D 
T,(D.2)= )° g(p)Tu-1 (2. r). (9.15) 


peP 
p<dl3 


Proof. Since y, = (D/p;)'/, it follows from Lemma 9.2 that 


T(D.z)= >> g(pi)V(pi) 


pyeP 


sy; SPyp<s 


= >, 8(p1)V (pi) 


pleP 
DIA<p, «2 


= V(D'*) — V(z). 
If n is even, then 


T,(D.z)= = >> g(pi-+ Pn) V(Pn) 


Paw <py<ip,eP 
3 
PL Pn P_a2d 


Py Pm Pm < D 
Yaan,man (mod 2) 


~ » 8(P1) - 8(P2--+ Pn)V(Pn) 


pyeP Pax =< py.p,€P 
Pixs P2-Pn parDipy 
Pd Pm Pay < Di pyWisman, 
m-len-) (mod 2) 
D 
= ) 8(Pi)Tn-1 | —., Pr |. 
Piss 


Let n be odd, n > 3. 1f p) < y) =(D/p,)'/? and p; < z= D"", then 


1/3: 
Py < min (D", DY) = | ” food 
and the argument proceeds exactly as in the case of even integers n. This completes 
the proof. 
We shall now construct a sequence of continuous functions /,,(s) that will be 
used later to approximate the discrete functions 7,,(D, z). Fors > 1, let ?,,(s) be 
the open convex region of Euclidean space consisting of all points (t),..., t,) € R” 


such that 


O<t, <-:-<ft, <-, 
A) 
fht--+ +t, + 2t, > l, 
and 


thts +h, +20, < 1 ifm <nandm=n _ (mod 2). (9.16) 
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For n > 1 ands > 1, we define the function i (s) by the multiple integral 


ty -+-dty 
n(S) = 9.17 
‘ s) [- Loa Ra(s) Gone “ty Yn ( 


The function /f,(s) is nonnegative, continuous, and decreasing, since R,(s2) © 
R,(S,) for s; < sz. If f,(s) > 0, then R,(s) is nonempty, so ,,(s) contains a 
point (f;,...,¢,). This point satisfies 


n+2 
L<tyt-- +t, t2t, < (n +2), < —, 
S 


and so ' 
<< -. (9.18) 
n+2 Ky 
It follows that 
fri(s)=0 fors >n+2. (9.19) 


Itis easy tocompute f;(s) and f2(s). We have f;(s) = Ofors > 3.Forl] <s <3, 
we have 
Ri(s) = (1/3, 1/s) 


and so y 
> at 
sfi(s) = i = =3-s. (9.20) 
1/3 hy 
Similarly, f2(s) = 0 fors > 4. For2 <s < 4, we have 
| | l-t 
R2(s) = 4(t},0):-<t <—- and b<n<al 
4 S 3 
and so 


I/s dtz dt 
S 
sfals) = I [ )/3 1; Ny 
[- (= | )2 dt; 
vs \l-n nf] 
M/s 3 3 | 
-| ( +—-— =) dt, 
v4 \l-h ty 


=s — 3log(s — 1) +3log3 — 4. 


The functions f,,(s) satisfy the following recursion relation. 


Lemma 9.5 Letn > 2. Ifn is even ands > 2, or ifn is odd and s > 3, then 
le @) 
sfi(s)= f fn-1(t — 1)dt. (9.21) 
Ifn is odd and | <s < 3, then 


Sfr(s) = 3 f,(3) -/ fn-1(t — 1)dt. (9.22) 
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Proof. If n is even and s > 2, or if n 1s odd and s > 3, then, from (9.18), we 


have 
dt,---dt, 
sfusy= ff pad ben. 
Ry (5s) (t vce En tn 


[- | dty---dt, | dt, 
1/(n+2) tyeccigedinee en (t2 sol, Mtn ty 


tat +lme +Uen <1 -t 
Vi<m<n.man = (mod 2) 


In the inner integral, we make the change of variables 
th = (1 — tui) 


fori =2,...,n.Let 
l-—t, | 
=——1], 
fy ty 


Since t; < 1/s, it follows thats, > 1 ifmisevenands > 2,ands, > 2 ifn is odd 
and s > 3. We obtain 


/ dt2---dt, 
tpenninednce tay (t2 .ee l, \tn 


!2 44m +i <1 -t 
Vi<em<n.man (mod 2) 


f du,---dun_ 
Oxmy pce <ty lay) (1 —_ ti (uy wee Un—|)Un-} 


1 +--eM, 1 +20, 1) >) 
Bt Hig | tli | <l 
Vieman.m-\imn—-!| (mod 2) 


| du, cee dun-) 
Oca, coca cd /sy 7 


= 
] —t WO Oy | Oley _ | >I (uy Un )Un-| 
MO Oty Oli <I 
Vicm<n.m—Iiaa-| (mod 2) 


] [ du} -++dun-} 
1—t Jri_y(syy i Un-1 Un) 


7 fn-(S1) 


5; = 


] 
Setting t = 1/t,, we obtain 


V/s ] | dt, 
Sfun(S) -| — Jn- (- _ 1) — 
J 1/(n+2) nl’ hy ty 


S 


= [ fn-1(t — 1)dt, 
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since f,_;(¢ — 1) =O fort —1 > (nm — 1) +2 by (9.19). 

Let n > 3 be an odd integer. If (t),...,t,) € Ra(s), then t; < 1/s. Also, it 
follows from inequality (9.16) with m = | thatt; < 1/3,andsot, < 1/max(s, 3). 
Therefore, if 1 < s < 3, then 


Rs) = Rp (3) 


sfu(sy= f fw WNdty dt 
R,(s) 
-|- fo t'dty --- dl, 
R, (3) 


= 3 fn (3). 


This completes the proof. 
We construct the function A(s) for s > 1 as follows: 


and 


- forl<s <2 
h(s) = ~s for2<s <3 (9.23) 
ase “5 fors > 3. 
It is easy to check (Exercise 8) that 
h(s — 1) < 4h(s) for s > 2. 
For s > 2, let 


Hs) = | h(t — l)dt. 


Both Ah(s) and H(s) are continuous, positive, and decreasing functions on their 
domains. Let 
yw HQ) e?H(2) I _3e 
2h(2) 2 2e7 2 3 


We can express a in terms of the exponential integral 
Ei(x) = / e'r dt 
—00 
since 
OO 
i e't7'dt = —Ei(—3) = 0.013048... 
3 
We can obtain this number with technology, such as Maple, or without technology, 


either by estimating the integral directly or by looking it up in old books, such as 
Dwight’s Mathematical Tables(26, page 107]. We find that 


a = 0.96068 .... (9.24) 


9.3 Approximations 249 


Lemma 9.6 
H(s) < ash(s) fors >2 (9.25) 


and 
H(3) < ash(s) forl<s <3. (9.26) 


Proof. If s > 3, then h(s — 1) < e'~' and 
esh(s) 


fo. @) 
H(s) < | e'"'dr me's < ash(s). 


For 2 < s < 3, let 
Ho(s) = ash(s) — H(s). 


We have 
s—-l=l+(s—2) <e’, 
and so 
(l—s)e > —e7?. 
Then 


H,(s) = ah(s) + ash'(s) — H"(s) 
=a(l—s)e*+h(s — 1) 
> (1-a)e~? 
> 0, 


and so Ho(s) is increasing for 2 < s < 3. Since 
Ho(2) = 0 
by the definition of a, it follows that 
H(3) < H(s) < ash(s) for2<s < 3. 
Let 1 <s <2. Sincea < 1, it follows that h(2) > H(2)/2 and 


H(3) = H(2) —e~* = H(2) — h(2) < “ = ah(2) < ash(2) =ash(s). 


This completes the proof. 
Lemma 9.7 [fn isoddands > 1, orifn is :venand s > 2, then 
fn(s) < 2e’a"~'h(s). 
Proof. This is by induction on n. For n = 1, we shall show that 


sfi(s) < 2e*sh(s). 
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For 1 < s < 3, we have sf;(s) = 3 —s by (9.20). If 1 < s < 2, then A(s) = e~? 
and 


sfi(s)=3—s<2= 2e*h(s) < 2e*sh(s). 
If2 <s < 3, then h(s) =e~* and 
sf\(s)=3—s <1 < 4e7h(s) < 2e?sh(s). 
If s > 3, then f(s) = 0 and 
sfi(s) =O< 2e*sh(s). 


This proves the case n = 1. 
Now letn > 2, and assume that the lemma holds for n — 1. By (9.21) and (9.25), 
if n is even and s > 2, or if n is odd and s > 3, then 


sfuls) = | frit — 1)dt 


oo 
< deta"? | h(t — 1)dt 


= 2e*a"~*H(s) 
< 2e7a"~ash(s) 
< 2e*a"~'sh(s). 


By (9.22) and (9.26), if n is odd and 1 < s < 3, then 


Sfnr(s) = | fn-1(t — I)dt 


Lo @) 
< 2e*a"~? [ h(t —1)dt 
3 


< 2e*@"~* (3) 
< 2e*a@"~*ash(s) 
< 2e7a"~'sn(s). 


This completes the proof. 
Theorem 9.4 Fors > 1, the function 
oO 
F(s)=1+ > fils) (9.27) 
nal "nod 2) 
is continuous and differentiable, and 


F(s)=1+0(e™). 


9.4 The Jurkat—Richert theorem 


For s > 2, the function 


f(s)=1- y fals) 


nad "nod 2) 


is continuous and differentiable, and 


f(s)=1+0(e™). 


Proof. By Lemma 9.7, 


0< f(s) < 2e*a"'h(s) < 2ear"'e-* 


fors > (3 +(—1)")/2. Therefore, 
> firls) Ke”. 
ne| 


The theorem follows immediately from this inequality. 
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(9.28) 


From now on, we shall consider only arithmetic functions g(d) that satisfy the 


linear sieve inequality (9.29). 


Lemma 9.8 Letz >2and1 < w «< z. Let P bea set of primes, and let g(d) be 


a multiplicative function such that 
0 < g(p) <1 forallpeP 


and 
log z 


[] 0 - spy s kK 
Og u 


peP 
“spe 


for some K > | andallu such that 1 < u < z. Let 


v(z)=| [Cl - a(p)). 


peP 
pss 


and let ® be a continuous, increasing function on the interval (w, z]. Then 


i) 


peP 
wspe: 


>> 8(p)V(p)®(p) < (K — 1)V(z)@(z) — KV(z) [ b(u yd ( Pee 


(9.29) 
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Proof. The step function 


S(u)= >> a(p)V(p) 


peP 
a<p<e 


is nonnegative and decreasing. By Lemma 9.2 and inequality (9.29), 
S(u) = V(u) — V(z) 


V(u) 
= {—— —1]V 
(Ts ) (z) 


= (1 (1 — g(p))~' — } V(z) 


Let 

WS Pe < Pe-1 <0 SP <Z 
be all the primes in P that lie in the interval [w, z). Then S(p,) = S(w), S(pi) = 
2(p:)V(p;), and S(u) = 0 for p; < u < z. By partial summation and integration 
by parts of the Riemann-—Stieltjes integral, 


k 
S~ 2(pP)V(p)®(p) = S~ a(p;)V(pi)P( pi) 


peP i=] 
wep<: 


k 
= > (S(pi) — S(pi-1))®(p;) + S(p1) (Pi) 
i=2 


k k-) 
= > S(pi)P(pi) — > S(pi)P( pis) 


i=] i=] 


k--] 
= S(pi) (pe) + > S(pi)((pi) — O(pis1)) 
im] 
= S(w)O(w) + S(px) (P(px) — O(w)) 
k-] 
+ >> S(pi)(®(pi) — (pia) 


ia] 


= S(w)®(w) + [ S(u)d P(u) 


u) 


= s(wyo(w)+ f S(u)d P(u) 


w 


= scot) - | @(u)d S(u) 


: | 
< (K — 1)V(z)®(z) - Kv | @(u)d ( a ; 


log u 
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This completes the proof. 


Theorem 9.5 Let z > 2, and let D be a real number such that D = z for n odd 
and D > z* for n even, that is, 


log D |}! ifn is odd 
logz ~ | 2. ifnis even. 


Let P be a Set of primes, and let g(d) be a multiplicative function such that 
0 < g(p) <1 forallpeP 


and 
log z 


—_— ~] ———— 
[]a g(p)) SK 


usps: 


for all u such that 1 <u < z, where the constant K satisfies 


1< K <1l+ J 
200 
Then 
T, (D, z) < Vz) ( fn(s) +(K — 1) (=) eto). (9.30) 


Proof. We define the number 
tT=a+5(K —1)+ lle’ 


and the functions 


h,,(s) =(K — 1)t"e'°h(s) (9.31) 
forn > 1. Note that 
99 
a <t < 0.9607 + 0.0250 + 0.0037 = 0.9894 < 100° 
We shall prove that 
T,(D, z) < V(z) (f(s) + hy(s)). (9.32) 


This immediately implies (9.30) since h(s) < e~* forall s > 1. 

The proof of (9.32) is by induction on n. Letn = 1. By Lemma 9.3 with 6 = 2, 
we have 7,(D, z) = Ofors > 3. Since the right side of inequality (9.32) is positive, 
it follows that the inequality holds for s > 3. If 1 < s < 3, then f,(s) = (3/s)—1 
and 


T\(D, z) = V(D'*) — V(z) 
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by (9.13). It follows that 


T(D,2) _ VDI") _, 
V (2) V (z) 


[] G-s)'-1 


D'B<pe<z 


(5-143 
-(--1)+-(K-1 
s s 

< fi(s)+3(K — 1) 

< fi(s) +hy(s) 
since h(s) > e~> and t > 1le~®, hence 


hy(s)=(K — 1)te!°h(s) > (K — 1)lle7! > 3(K — 1). 


This proves the lemma forn = |. 
Let n > 2, and assume that the lemma holds for n — 1. For n even and s > 2, 
or for n odd and s > 3, we define the function 


log D log D 
P(u) = fn-i ( ae ' +Ay-1 ( — ? 
log u log u 
for 1 < u < w. The function ®(u) is continuous, positive, and increasing. 
Moreover, 


D(z) = fn-1(s — 1) + hy-i(s — 1). 


It follows from the recursion formula (9.14), the induction hypothesis for n — 1, 
and Lemma 9.8 that 


D 
T,(D, 2) = > 8(P)Tn-1 (2. p) 


peP 
pes 


log D log D 
< )g(p)V(p) (4-1 (e- - ' + hy (ee - ')) 


pe 


= >> 2(p)V(p)®(p) 


= (K —1)V(z)0(z) — Kv | @(u)d (== ) 
] 


log u 
= (K — 1)V(2)(fn-1(8 — 1) + An-1(s — 1) 


_ KV(2) [ (u)d Ge 
S ; log u 
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= (K — 1)V(z)(fn-1(s — 1) + An-1(s — 1) 
ae | (fn-it — 1) + An-1(t — 1)) dt, 
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where the last equation comes from substituting ¢ = log D/ logu in the integral. 


By (9.21), we have 
K © ©) 
~ | frit — I)dt = Kf,(s). 


Similarly, from the definition of H(s) and (9.25), we have 


| h(t — 1l)dt = H(s) < ash(s) 

and so 

K Oc 

* | hya(t — Vdt <@Khy1(s). 

A) AY 
Since h(s — 1) < 4A(s) fors > 2, we have 

(K — I)hn-1(s ~ ) < 4(K ~~ I)hn-1(S) 

and 


(K —1)fn-i(s — 1) < (K — 1)2e2a"~7h(s — 1) 
< 8e7(K — 1)a"~*h(s) 


n—-1 
= 8e5 (=) a'(K — 1)e'®r""'h(s) 
T 
< 9e~*h,-1(s) 
since 0 <a < t anda! < 9/8. Therefore, 


T,(D, Z) 


Jt" _ -8 
VO < Kf,(s)+ (aK +4(K — 1) +9e7*) hy_1(s). 


By Lemma 9.7 and definition (9.31), we have 
(K —1)fy(s) < (K — 1)2e7a""'h(s) < 2e7%h,_1(s), 


and so 
K f(s) < fa(s) + 2e Shy _1(s). 
Since 
ak =K —(l-a)K < K —(l-—a)=(K — 1) +a, 
we have 


T,,(D, z) 
V(z) 


< f(s) +(a@+5(K — 1) + 11e7*) Ay_i(s) 


= fils) + th, _,(s) 
= f(s) +h,,(s). 
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Let n > 3 be odd, and let 1 < s < 3. If z = D'/*, then log D/ logz = 3. By the 
recursion formula (9.15) and the same argument used above, we obtain 


D 
T,(D, Z) = 8(p)Th-1 (2. P) 


peP 
p<ol/3 


< >> 8(p)V(p)%(p) 


peP 
p<b3 


< (fn(3) + An(3))V (2) 
< (fn(s) + hn(s))V (2) 


since the functions f,,(s) and A(s) are decreasing. This completes the proof. 


Theorem 9.6 Let z,D,s,P,g9(d), and K = 1+€ Satisfy the hypotheses of 
Theorem 9.5. Let 


G(z,*) = > A*(@)g(d). 


d| P(z) 


Then 
G(z,A*) < V(z)(F(s) +ee'**) 


and 
G(z,A~) > V(z) (f(s) — €e'*"*), 


where F(s) and f(s) are the continuous functions defined by (9.27) and (9.28). 


Proof. We note that the sum of the following geometric series satisfies 


By (9.10) and Theorem 9.5, 


G(z,A*) = V(z)+ > T,(D, Z) 


aml (mod 2) 
© 6) 10 fo @) 99 a 
V ] , —s ac 
< V(z) + » Fu(s) + €e » (a) 


< V(z)(F(s)+ee'"*). 


Similarly, by (9.11) and Theorem 9.5, 


G(z,A4-) = V(z) — T,(D, z) 
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OC oo 9 n 
> V(z) TL 1- > fn(s) — ee 5 > (=) 


awl red | 


neQ imod 2) ae (meal 2) 
> V(z) (f(s) — ee'**). 
This completes the proof. 
Theorem 9.7 (Jurkat-Richert) Let A = {a(n)}°2, be an arithmetic function such 
that 
a(n) > 0 forall n 
and 


|Al = ) a(n) < 00. 


n=] 


Let P be a set of prime numbers and, for z > 2, let 


P(z)= |] p. 


ne? 


oC 


S(A,P,z)= > a(n). 


ne! 


(nm. Piz)=l 


For every n > 1, let g,(d) be a multiplicative function such that 
0 < g,(p) <1 forall pe P. (9.33) 
Define r(d) by 
|Aal = Yam - Sa(n)ga(d) +r(d). 


no 
van 


Let Q be a finite subset of P, and let Q be the product of the primes in Q. Suppose 
that, for some € satisfying 0 < € < 1/200, the inequality 


[] dante! < +e) 282 (9.34) 
pePAO log 


holds for alln and \ <u < z. Then for any D > Z there is the upper bound 
S(A, P.z) < (F(s) + €e'* °)X + R, (9.35) 
and for any D > 2? there is the lower bound 
S(A, P, z) > (f(s) — €e'* *)X — R, (9.36) 


where 
log D 
sS=-_ —— 


logz’ 
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f(s) and F(s) are the continuous functions defined by (9.27) and (9.28), 


X= 5 a(n) [ |G - aap»), 


ne} PIP(z) 


R= > Ir(d)|. 


d(PXz) 
d<DQ 


and the remainder term is 


(9.37) 


If there is a multiplicative function 9(d) such that 9,(d) = @(d) for all n, then 


X = V(z)|Al, 


where 


Vizy= |] Gd -a(p)). 


PIP(z) 


(9.38) 


Proof. Let P; = P \ Q. By Theorem 9.3, there exist upper and lower bound 
sieves A*(d) with sieving range P, and support level D. and with ia‘(d) < 1 for 


all d > 1. We define 


G,(z,a*)= > AP(d)gn(d) 
PI Pi(z) 


and 


Vi(z)= [] (1 —an(p)). 


PIP\(z) 
Since P; and Q are disjoint sets of primes, we have 
[ | ( - en(p)) = Va(z) [] 1 — gn). 
PIP(:) q| Q(z) 


By Theorem 9.6, 
Gn(z,A*) < Vq(z) (F(s) + e€!*"*) 


and 
Gn(z,A~) > V,(z) (F(s) — ee'**). 


It follows from Theorem 9.2 that 


S(A,P,z) < }a(n)G,(z, Af) [] (1 - an(g)) +R 
n=| qi Q(z) 


< (F(s)+ee'**) } a(n)V,(z) [] (1 — gn(q)) + R 


n=l qi Q(z) 
= (F(s)+ee'**) a(n) [] (1 — gn(p)) +R 
n=\ PIP(z) 


= (F(s)+ee!*5)X +R. 


The lower bound is obtained similarly. This completes the proof. 
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9.5 Differential-difference equations 


In this section, we shall compute initial values for the functions 


1, @) 
F(s)=l+ > fils)  fors > 1 
wai mod 2 
and x 
f(sy=1- Do fils) — fors > 2. 
nad "od 2) 
We shall prove that 
2e” 
F(s) = — forl <s <3 
5 
and 


f(s) for2<s <4, 


where y is Euler’s constant. We define f(s) =O for 1 <s < 2. 


Lemma 9.9 


2e” log(s — 1) 
AY 


sF(s) = 3F(3) 
for\ <s <3. 


Proof. Let 1 < s < 3. By Lemma 9.5, 


sf,(s) = 3 f,(3) for all odd n > 3. 


Since 
s+sf\(s)=3 
by (9.20), it follows that 
sF(s)#s+sf\(s)+ > sfi(s) 
oS 
=3+ > 3fn(3) 
al Tod 2) 
= 3F (3), 


which completes the proof. 
Define the constants A and B by 


A =5SF(s) forl <s <3 


and 
B =2f(2). 
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Lemma 9.10 The functions F(s) and f(s) are solutions of the system of differ- 
ential-difference equations 


(sF(s)) = f(s — 1) fors >3 
(sf(s)) = F(s — 1) fors > 2. 


Proof. Letn > 2. By Lemma 9.5, for n odd and s > 3, or form even and s > 2, 
we have 


Sfu(S) - | fn-1(t — 1)dt 


and so 
(sfu(s)) = —fi-1(s — 1). 


For s > 3, we have sf\(s) = 0 and so 


(sF(s)) =| s+ 2 0 
-(: 2 0 
=1- dD) fils — 1) 
wm 
=1- Yo fils —1) 
= f(s — 1). 
Similarly, for s > 2 we have 
50 / 
(sf(s=|s—- So sfils) 
= im 
=1+ Yo fails — 1) 
ime 
=1+ Oo fils —1) 
= F(s — 1). 


This completes the proof. 
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Lemma 9.11 Fors > 2, let 


P(s) = F(s) + f(s) 
and 
QO(s) = F(s) — f(s). 


Fors > 3, the functions P(s) and Q(s) are the unique solutions of the differential- 
difference equations 
sP'(s) = —P(s) + P(s — 1) (9.39) 


and 
sQ(s) = —Q(s) — Q(s — 1) (9.40) 


that satisfy the initial conditions 
sP(s)=A+B+Alog(s — 1) 
and 
sQ(s)=A—B-—Alog(s — 1) 


for 2 <s < 3. Moreover, 
P(s) =2+ O(e*) 


and 
O(s) = O(e™*). 


Proof. Since 
SF(s)=A forl <s <3, 


it follows that A 
F(s) = — forl <s <3 
Ss 


or, equivalently, that 


F(s-—l)= for2<s <4. 


s—1 


Since (sf(s))’ = F(s — 1) for s > 2, it follows that 


AY A 
sfis)=2f02)+ f 7a = B+ Alog(s — 1) 
»t- 
for 2 <5 < 4. Since 
SF(s)=A forl <s <3, 


it follows that 
sP(s)=A+B+A log(s — 1) (9.41) 


and 
sQ(s)= A — B-— Alog(s — 1) (9.42) 
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for 2 < s <3.Fors > 3, we have 
(sP(s))' = (sF(s))' +(sf(s)) = f(s — 1) + F(s — 1) = P(s — 1), 


and so 
sP'(s) = —P(s) + P(s — 1). 


Similarly, 
(sQ(s))' = (sF(s))' — (sf(s)) = f(s — 1) — F(s — 1) = -Q(s — 1) 


and so 
sQ'(s) = —Q(s) — Qs — 1). 


By Theorem 9.4, we have F(s) = 1 + O(e ') and f(s) = 1 + O(e'*), and so 
P(s) = 2+ O(e~*) and Q(s) = O(e *). This completes the proof. 
The differential-difference equations (9.39) and (9.40) are of the form 


sR'(s) = —aR(s) — bR(s — 1). (9.43) 
Associated with this equation is the adjoint equation 
(sr(s)) =ar(s) + br(s + 1). (9.44) 
To every solution R(s) of equation (9.43) and every solution r(s) of equation (9.44), 
we associate the function 
(R(s), r(s)) = sR(s)r(s) — of R(x)r(x + Idx 


for s > 3. Differentiating with respect to s, we obtain 


£(R(s), r(s)) 

= R(s)r(s)+sR'(s)r(s) +sR(s)r'(s) — bR(s)r(s + 1) + bR(s — 1)r(s) 
= (sR'(s) + bR(s — 1))r(s) + (r(s) + sr'(s) — br(s + 1))R(s) 

= —aR(s)r(s)+aR(s)r(s) 

= (), 


Therefore, {R(s), r(s)) is constant for s > 3. 
The equation adjoint to (9.40) is 


(sq(s))' = q(s)+q(s +1) 
or, equivalently, 
sq'(s) = q(s + 1). 


This has the solution 
q(s)=s— 1. 


9.5 Differential-difference equations 

Clearly, 

q(s)~s 
as s tends to infinity, and 

q(1) = 0. 
Since Q(s) = O(e~*), it follows that 

sQ(s)q(s) = O (s7e~*) = o(1) 

and 


| QO(x)q(x + 1)dx = o(1). 
s—l 


Therefore, 
lim (Q(s), q(s)) = 0. 


Since (Q(s), qg(s)) is constant for s > 3, it follows that 


(Q(s), q(s)) = 0 
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for s > 3. This implies that B = 0, since (x Q(x))’ = —(x — 1)! by (9.42), and 


0 = (2(3), 4(3)) 
3 
= 30(3)9(3) — | O(x)q(x + Idx 


3 
= 30(3)9(3) — | xO(x)q"(x)dx 


3 
~ 30(3)9(3) — Lx O(n) q(x) 23 + [ (x O(x))'g(x)dx 


3 
= 20(2)q(2)— A | We) ay 
2 x-1 
=(A—B)—A 
= B. 


Similarly, the equation adjoint to (9.39) is 


(sp(s))’ = p(s) — p(s + 1) 


or, equivalently, 
sp'(s) = —p(s + 1). 


For s > 0, we introduce the function 


p(s)~ [ exp(—sx — I(x))dx, 
0 


(9.45) 


(9.46) 
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where . 
I(x) -/ (l—e')t7'dr. 
0 

Since 

l—e! 

0O< <] fort > QO, 
we have 
O</(x) <x for x > 0, 

and so 


exp(—(s + 1)x) < exp(—sx — I(x)) < exp(—sx). 
Therefore, the integral converges for all s > O, and 


te, @) 


-| exp (—(s + 1)x)dx < p(s) < [ exp(—sx)dx = -, 
0 0 


s+] 


It follows that 
sp(s)~ 1 
as s tends to infinity. Using integration by parts and the observation that 


xI'(x)=l-—e™, 


we obtain 


sp'(s) = -| sx exp(—sx — I(x))dx 
0 


= [ (= exp(—ss) x exp(—1(x))dx 
0 dx 


» 


= [x exp(—sx — I(x))]") — i exp(—sv) (— expl— 1x) dx 
0 
= -| exp(—sx)(1 — x1/'(x)) exp(—I(x))dx 
) 
=— [ exp(—sx) exp(—x) exp(—1/(x))dx 
) 


= -| exp(—(s + 1)x — I(x))dx 
0 
= — p(s +1). 


This proves that p(s) is a solution to the adjoint equation (9.45) for all s > 0. 
We shall prove that 
pil) =e”. 


We need the following integral representation for Euler’s constant: 


I oc 
Y -| ( ~ eye tae — | erat (9.47) 
0 I 
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(see Exercise 16 and Gradshteyn and Ryzhik [42, page 956]). Then 


I(x) - fo ~ et dt 


-fa-eortas f (l—e')t7'dt 
=f a-eyrtar- [- “'t~!dt + log x 
(fo @) 
- [ a-enr tar [ elas f e't dt +logx 


-y+ fo e't"'dt +logx. 
It follows that 
Oo 
—sp'(s) = | sx exp(—sx — I(x))dx 
0 
[o @) Oo 
=e?” | Ss exp (-sx _ | erat) dx 
0 x 
Oo Oo 
= ev | exp (-« -| eld) du. 
0 u/s 


Oo 
im | e't~'dt =0, 
s—>0°* u/s 


For u > O, we have 


and so 


p(1) = lim p(s +1) 


= — lim, sp'(s) 
OO oo 
=e” lim | exp & — | era) du 
s—0° 0 u/s 
OS oo 
= ev | lim exp (-« — | erat) du 
0 570° u/s 


-ev fo exp(—u)du 
0 


=e’. 


Since P(s) = 2+ O(e~*) and sp(s) ~ 1, it follows that 


lim (P(s), p(s)) = lim (sPisrp)+ |  P(x)p(x + bas = 
s—> OC 5s—>0o s-] 
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Since (P(s), p(s)) is constant for s > 3, it follows that 
(P(s), p(s)) = 2 
for all s > 3. Letting B = 0 in (9.41), we have 
sP(s)=A+A log(s — 1) 


and 


(sP(s)) = — 
for 2 <s < 3. Therefore, 2P(2) = A and 
2 = (P(3), p(3)) 


3 
= 3P(3)p(3)+ P(x) p(x + 1)dx 
2 
3 
~ 3P(3)p(3) — | xP(x)p'(x)dx 
2 


3 
= 3P(3)p(3) — [x P(x) p(x) 23 + | (x P(x))' p(x)dx 
p(x) dx 
x-—! 


3 
me dx 


3 
= 2P(2)p(2)+A i 
2 


= Apa +A | 
2 


3 
= Ap(2) — A | p(x — 1)dx 
2 
= Ap(2) — Ap(2) + Ap(1) 
= Ae”. 
This proves that 
A =2e”. 
We can now determine the initial values of F(s) and f(s). 
Theorem 9.8 
2e” 
F(s) = —— forl<s<3 
and 2e” log( 1) 
og(s — 
f(s) = ce" 10S — 1) 


where y is Euler’s constant. 


for2<s <4, 


Proof. Let 2 < s < 3, and let A = 2e” and B = 0 in (9.41) and (9.42). Then 


sP(s) = 2e” + 2e” log(s — 1) 
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and 
sQ(s) = 2e” — 2e” log(s — 1). 
Therefore, 
P(s)+sQ( 
sF(s)= —ee =e”. 


By Lemma 9.9, s F(s) is constant for 1 < s < 3 and so 
sF(s) = 2e” forl <s <3. 


By Lemma 9.10, we have (sf(s))’ = F(s — 1) for s > 2 and so 


sf(s) =2f(2)+ [ F(t — 1)dt = [ at = 2e” log(s — 1) 
2 2 _ 


for 2 < s < 4. This completes the proof. 


9.6 Notes 
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The material in this chapter is based on unpublished lecture notes of Henryk 
Iwaniec(68]. See Jurkat and Richert [69] for the original proof of Theorem 9.7. 
Standard references on sieve methods are the monographs of Halberstam and 


Richert [44] and Motohashi [87]. 


9.7 Exercises 


1. Let P be the product of the primes up to ./x. Prove Legendre’s formula 


| 
+ 


u(x) — w(/x) +1 


Xx Xx 
“GT 2 = + > lan - 


P3<Pr<PisJx 


2. Let P be the product of the primes up to ./x. Prove Sylvester’s formula 


E pri b mol] (E]+0). 


Vr<pen 


3. Let A; = {a,(n)} and Az = {a2(n)} be arithmetic functions such that a,(n) < 


a2(n) for all n > 1. Prove that 


S(A\, P, 2) < S(A2, P, 2). 
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. Let Ay = {a¢(n)} be a nonnegative arithmetic function for € = 1,...,k, and 


let A = {a(n)} be the arithmetic function defined by a(n) = a,(n)+- - -+a,(n) 
for all n. Prove that 


k 
S(A,P,z) =) S(Ae, P, 2). 
f=] 


. Let 2 < w < z. Prove Buchstab’s identity: 


S(A,P,z) = S(A,P, w)— >> S(Ap,P, P). 


w<p<z 


In particular, 
S(A.P, 2) =|Al — ) > S(Ap, P, p). 


pxi 


. By iterating the Buchstab identity, prove that, for z; < z, 


S(A,P.2) <IAl— D> lApl+ D> lApipnl 


Pissed P2<Pi<r 
— y } S(A p, p:ps» P, P3)- 
P3<P2<PpPi<c 


. Let P be aset of primes, and let A*(d) be upper and lower bound sieves with 


sieving range P and support level D. Let P; be a subset of P. We define 
functions A¥(d) by A¥(d) = \*(d) if d is divisible only by primes in P;, and 
A¥(d) = ( otherwise. Prove that A¥(d) are upper and lower bound sieves 
with sieving range P and support level D. 


. Let A(s) be the function defined by 9.23. Prove that 


h(s — 1) < 4h(s) for s > 2. 


. Use the recurrence relation 


sfils) = | fit — Dae 


to prove that 
Sf2(s) =s — 3log(s — 1)+3log3 —4 


for2<s <4. 


. Prove that 


ax < lo ? 
9x —-17— b 3 


for x > 1. Hint: Show that the function f(x) 1s decreasing for x > 1. 


f(x) = x log 


15. 
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. Let Q(s) be a continuous function on the interval [1, 2]. Prove that there ex- 


ists a unique continuous function Q(s) defined for all s > 1 that satisfies this 
initial condition and that is a solution of the differential-difference equation 


sQ'(s) = —Q(s) — Q(s — 1) 


for all s > 2. Hint: For 2 < s < 3, we must have 


sQ(s) = — [ O(x — 1)dx +2Q(2). 
2 


Similarly, for 3 < s < 4, we must have 


sQ(s) = — [ O(x — I)dx +3Q(3). 
3 


The proof proceeds by induction. 


. Let Q(s) be the function defined in Lemma 9.11. Prove that 


s(s — 1)Q(s) = [ xO(x)dx 
s—] 


for all s > 3. Prove that 


0<sO(s)<s. 


. Let P; and P2 be disjoint sets of prime numbers, and let f; and f2 be 


arithmetic functions such that f;(d) + 0 only if d is a product of primes 
belonging to P; and f2(d) #0 only if d is a product of primes belonging to 
Pz. Let f = fi * fo. Prove that 


lx f=(1* fi)(l * fo). 


. Let A; (d) and A3(d) be upper bound sieves with support levels D, and D2, 


respectively, and with disjoint sieving ranges P; and P2. Let A* + (d) be the 
convolution of A;(d) and A>(d), that is, 


A (d) =A, #AZ(d) = Yo AT(dL)AZ(d2). 
d=djd; 
Prove that A* is an upper bound sieve with support level D = D, D2 and 
sieving range P, U P. 


Let Aj(d) and A}(d) be upper bound sieves with support levels D, and D2, 
respectively, and with disjoint sieving ranges P; and P2, and let A, (d) and 
45 (d) be lower bound sieves with support levels D, and D2, respectively, 
and with disjoint sieving ranges P, and P2. Prove that 


A (d) =A) * AZ (d) — AT * AZ(d) + AT * AZ) 


Prove that A~ 1s a lower bound sieve with support level D = D, D2 and 
sieving range P, U P2. 
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16. In the theory of the Gamma function, it is proved that 
oO 
-y =T(1) -/ e~* log xdx. 
0 


From this formula, use integration by parts to obtain (9.47): 


] oo 
Y -/ (l—e yo dt -| er dr. 
0 ] 
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Chen’s theorem 


Is it even true that every even n is the sum of 2 primes? To show this 
seems to transcend our present mathematical powers. ... The prime 
numbers remain very elusive fellows. 


H. Wey] [142] 


10.1 Primes and almost primes 


In this chapter, we shall prove one of the most famous results in additive prime 
number theory: Chen’s theorem that every sufficiently large even integer can be 
written as the sum of an odd prime and a number that is either prime or the product 
of two primes. An integer that 1s the product of at most r not necessarily distinct 
prime numbers is called an almost prime of order r, denoted P,, and so Chen’s 
theorem can be written in the form 


N = p+ P, 


for every sufficiently large even integer N.. We shall prove not only that every large 
even integer N has at least one representation as the sum of a prime and an almost 
prime of order two but that there are, in fact, many such representations. 


Theorem 10.1 (Chen) Letr(N) denote the number of representations of N in the 
form 
N =p+n, 
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where p is an odd prime and n is the product of at most two primes. Then 


r(N) > G(N)——_, (10.1) 


2N 
(log N)? 


] p-l 
G(N) = ] — ——_—— . 10.2 
“ I( oo)T] p-2 oe? 


aa 


where 


The number G(N) is called the singular series for the Goldbach conjecture. 

The proof has two ingredients. The first is the Jurkat—Richert theorem (Theo- 
rem 9.7), which gives upper and lower bounds for the linear sieve. The second 
is the Bombieri—Vinogradov theorem, which describes the average distribution of 
prime numbers in arithmetic progressions. Throughout this chapter, p and q denote 
prime numbers. 


10.2. Weights 


Let N be an even integer, N > 4°. We begin by assigning a weight w(n) to every 
positive integer n. Let 
z= N'/® (10.3) 


and 
y=N??. (10.4) 


Then z > 4. We define 
win)= 1-5 k= 5 YL (10.5) 


*<4<% P\PIPy~™ 
g* fa SEPL <2 SPE PZ 


Clearly, 
w(n) < 1 


for all n, and w(n) = 1 if and only ifn is divisible by no prime in the interval [z, y). 
Let P be the set of prime numbers that do not divide N. Then 2 ¢ P since N is 


even. Let 
P(z) = I] p. 


peP 
Let n be a positive integer such that 
n<WN and (n,N)=(n, P(z)) = 1. 


Then n is divisible only by primes p > z that do not divide N. If n = p,p2--- 
Pr Pr+i°** Pres, where 


ZS PiS-°S Pr < YS Prot S°°' S Press 
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then 
sf/3 s 
N* =y < Pret +? Pras SN <N 


and so s = 0, 1, or 2. Suppose that w(n) > 0. Since 


] r 
5 kas. 


4 


An 
it follows thatr = Oor 1. If r = 1 ands = 2, thenn = p,; p2p3, where z < p, < 
y < p2 < p3, and so w(n) = O. Therefore, if w(7) > O, then either r = 0 and 
s =0,1, or 2,orr = 1 ands =Oor 1. In all of these cases, r+s < 2. Therefore, 
if (n, N) =(n, P(z)) = 1 and w(n) > 0, then either n = | or 7 1s an integer of the 
form p, Or p; p2, where p; and p2 are primes > z that do not divide N. 
Consider the set 
A={N-—p:p<WN,peP}. (10.6) 


Then A is a finite set of positive integers, and |.A| = 7(N) — w(N), where w(N) 
denotes the number of distinct prime divisors of N. If n = N — p € A and 
if (n, N) > 1, then p divides N and so p ¢ P, which is absurd. Therefore, 
(n, N) = 1 for all n € A. We obtain a lower bound for r(N) as follows. 


r(N) > - 


Nepon 


nell. py P_pPs Py prs) 


- 


ntA 
mEClL py Pp pr Py Paz) 


= - | 


neA 
ter Psy) 
ne{l ry py Pr Py.P222) 


IV 


w(n) 


IV IV 
EM 
g 2h 


yo 1 


ll 
| 
Nl — 
mM 
. * 
~ 
| 
Nl— 


1 PLPIP Aan 
in, Pushed DEPp<vSpyEpy 
nea 2 neA Sys 


ta Pichenl (nt, Ppl yf Yn 
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We shall express these three sums as sieving functions. If we let A = {a(1)}* 


n=] 


be the characteristic function of the finite set A, then the first sum becomes simply 


> ] = > a(n) = S(A, P, 2). 


nteA - 
tn Pid (1, PQ] 


We divide the second sum into two pieces: 


Ee rel yr yij-| Leen 


ncA isqe<s néA zsSq<y¥ réeA csq<y 
(9. P(zsml  ghtn (a. P(e! oan tn. Piz) ghan 
&>2 


The first piece can be expressed as a sieving function as follows: For every prime 
q, let A, = {a,(n)}°2, be the arithmetic function defined by 


n=l 


1 ifn e Aandgq|n 
0 otherwise. 


Gq(n) ™ 


Since (n, N) = | for alln € A, we have q € P if a,(n) = 1, and 


SF yry Lam 


meA isa Z<q<y (n, P(z))=1 
(9.Piz)e1 gia 1<¥( @))- 


= > S(Ag, P, 2). 


2<q<y 

It is easy to estimate the second piece. Since z = N'/8 > 4 and 
Ak) l 
2 ge gly’ 

we have 


ye Ye-p- YY Yen 


neA  <sq<yr 2<q<y keu2 AtA 
(9.Piryel gk gn q*; (a, P{z)~l 
k>? qa’ tn 


<P Yye-n 


SSq<y ke nm 
q ta 


cv yok 


k 
c5qQ<¥ km? q 
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For the third sum, we let B be the set of all positive integers of the form 
N — pi p2P3. 
where the primes p}, p2, p3 Satisfy the conditions 
ZSPi<YSPr2SP3 


Pip2p3 < N 
(Pi p2p3, N) = 1. 
Let B = {b(n)}®, be the characteristic function of the finite set B. An element 


ne} 


of B is a prime p if and only if p < N and N — p = pimp; € A, where 
Zz < pi < y < Po < Ps. Therefore, 


~ dD I= dt 


neA P\PIPI—A Py Pz PEA 
(a, P(zppml CE PY SYS P2EPS 22 P1 <YSP2EP3 
-Ddoi=doiepul 
peB peS pe8 
p<y p2y 


<y+) 1 


peS 


p> 
cy+ D1 
8 


ne 
(9. P(y))~1 


-~y+ )) b(n) 


(n, P(y))o1 
= N'34S(B,P, y). 


We now have a lower bound for r(N) in terms of sieving functions. 


Theorem 10.2 
I I 7/8 1/3 
r(N) > S(A,P,z)— 5 D7 S(Aq.P, 2) — 55(B,P, y) — N78 — NIM. 


isq<y 


We shall obtain a lower bound for S(A, P, z) and upper bounds for 3°, S(Ag, P, 
z) and S(B,?, y). 


10.3. Prolegomena to sieving 


In applying the linear sieve to estimate the three sieving functions, we choose the 
multiplicative function 


] 
d)= n(a) = —— 
g(d) = g,(d) o(d) 
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for all n > 1. Since N is even, we have 2 ¢ ? and 


l 
0 < g(p)= ; <1 for all p € P, 


p 


so the functions g(d) satisfy (9.33). To establish inequality (9.34), we apply 
Theorem 6.9, which says that there exists a number u(€) such that 


1\7! 1 
T] (1 _ ~) <(1+6/3)—— 
u<pe: p log u 
for any u)(€) < u < z. Also, there exists u2(e) such that 

— 1) 1 
TM 25+ TI (+soa5) <'45 
p>ur(e) P(p — 2) prur(e) P(p — 2) 
since the infinite product converges. Therefore, for 

u > Uuo(€) = max(u;(E), u2(E)) 

we have 


T] c-eey' = J] (i-L) 


u<p<cz usp<c p—l 
— 1) 1\7 
Trea ILC) 
usp<c Pp Pp u<sp<c Pp 
] 
< (1 + 6/3 
log u 


! 
<(l+e)——. 
logu 


Let O(e) be the set of all primes p < uo(e€), and let O = PNQ(e). This gives (9.34). 
Let Q(e) be the product of the primes in Q(e), and let Q be the product of the 
primes in Q. Then Q(e€) depends only on €, not on N, and so 


Q < Oe) < logN (10.7) 
for all sufficiently large integers N. 
Theorem 10.3 Let N be an even positive integer, and let 


l 
v= [[a-se»= [] (1-—) (10.8) 


p\P(z) pee 


<?e 
(pW pot 


eY l 


Then 


10.3 Prolegomena to sieving 


where ; 
p —_ 
G(N) = ( ) pol 
I] (p ~~ 1)? pin p —2 
Proof. Let ' 
W(z) = Tl (1 _ —) 
<p<z 

Then 


pin 
“M(-F9) -F) 
at p-\ ar p-l 
PIN PIN 
p-\ 
FTN (- 53) 


] 
= exp 2054] 
( me PI 


z 
—8log N 
= exp Nive 
8 log N 
> 1 NIB 
Thus, 
V _ 
(2) pen! 140 log N ). 
W(z) tp p-2 NV 


pin 


To estimate W(z), we see that 


woTl(1-2) = 1 (1-s4)E0-3) 


pss 2<p<2z 
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P(p — 2) 
2 
i (p ~ 1)? 


“2 IT (:- or) 
| 
21] (1- om) L(+ =a): 


Since 1 +x < e* < 1+2x for0O < x < log 2, it follows that 


I 1 
I] (: * P(p —) < emP dX p(p =) 
l 
er 5) 


A 
f@') 
Pa 
oO 
a a a 
Vv 


By Mertens’s formula (Theorem 6.8), we obtain 


we=27] (1- -o-r) (+0(2)) (0-5) 
-2T1(1~ Gaax) (1 9(z)) ioge ('*? (icez)) 
21] (1- 1) 2 (00(29)) 


Therefore, 


V(z) = We W(z) 


p-l 1 ey 1 
“AT 2 I] (: (p= 7) ies (\+0(55)) 


pin 


ase — (1+0( )) 
( log z logN])- 
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10.4 A lower bound for S(A, ?, z) 


Theorem 10.4 


NV(z) 
log N~ 


e’ log3 
2 


S(A, P, 2) > ( + ot) 


Proof. We shall apply the linear sieve and results about the distribution of prime 
numbers in arithmetic progressions to obtain a lower bound for the sieving function 
S(A, P, z). We use the prime number theorem in the form 


N l 
(w= (140( )). 
log N log N 


lAl= Do | 


p< 
(p.N =) 


= 1(N) — w(N) 
= «(N) + O(log N) 


‘ 1+0( )) 
log N logN/)- 


In the Jurkat—Richert theorem, the main term in the lower bound (9.36) is f(s)X, 


where N l 
X= V(z)|Al = MOEN ( +0 (cen) 


and V(z) is defined by (10.8). 
The remainder term in the Jurkat-Richert theorem is 


R= )> ir(d)l, 


4a<@D 
d'Pis) 


where 
r(d) = \Aa| — ) © a(n)g(d) = |Aal - od) (10.9) 


We want to obtain 


R ee 
S (og NY? 


with D = D(N) as large as possible. We want D large because the function f(s) 
in the lower bound of the Jurkat—Richert theorem is an increasing function of 
s = log D/logz for 2 < s < 4. We have 


|Aal = >_ a(n) 


ne| 
d\n 
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0O 
N-peA 
N-pwO (rood d) 


= > 1+ O(w(N)) 
pen’ ined d) 


= 1(N;d, N) + O(log N), 
where the term w(V) appears when we include the primes that divide V. Therefore, 


|A| 
d = A —_— —_—__ 
r(d) = |Ag| y(d) 


w(N) 
= 1(N;d,N)— 
n( g(d) 
= 5(N;d, N) + O(log N), 


+ O(log N) 


where 
(x) 
5(x;d,a) =2(x;:d,a) — —— 
g(d) 
for x > 2,d > 1, and (d,a) = 1. There are two important results that provide 
estimates for 5(x; d, a). The Siegel—Walfisz theorem states that 


x 

5(x;d,a) < (logx) 

for any positive number A, where the implied constant depends only on A. This 
result is useful if the modulus d is not too large, say, d < (log x)“. The Bombieri— 
Vinogradov theorem tells us about the average distribution of primes in congruence 
classes over a large set of moduli. It states that, for every A > Q, there exists a 
positive number B(A) such that 


x 
max |d(x;d,a)| << ——— 
deDeay orl (log x)4 


for 
1/2 


2) Tog xy" 


where the implied constant depends only on A. 
We shall apply the Bombieri— Vinogradov theorem with x = a = N and A = 3. 
Let 
D(3) Ni2 
logN (log N)8Gy1" 
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Then D > z? = N'/4, Since Q < Q(e) < log N for N > N(e), we have 
1/2 


D ——_____ 
OD < Togn yee 


= D(3) 


and 

N12 N 
(log N)PO-1 S (og wy 
for N sufficiently large. Therefore, 


R=} |r(@) 


d<QD 
d| Pts) 


< > Ir@)| 


d<Q@N 
(dN yal 


< )- \8(N;d, N)| + QDlog N 
d<QD 
(dN ol 


N 
K I6(N; d, N)| + ———~ 
X (log N)°? 


(d,N =) 
< a 
(log N)> 
Now we apply the Jurkat—Richert theorem (Theorem 9.7) with z = N'/® and N 
sufficiently large. We have 


; log D 4- 8(B(3) — 1)) log log N 


QODliogN < 


4 
log z log N € 13,4] 
and so 
2e” log(s — 1) e” log3 log log N e” log 3 
= = ——_—_ + 0 | ——__ ] = O(e). 
f(s) $ 2 ( log N 7 * OC) 
Therefore, 


S(A, P, z) > (f(s) — ee'*5)X — R 


N N 
> (f(s) —- ce WON (1 +0 (= a) +0 (aonm) 


eY log3 NV(z) 
> ( 5 + 0] log N . 
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S(Ag, P e” log6 NV 


egy log N 
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Proof. We shall apply the Jurkat—Richert theorem again to get an upper bound 
for S(A,, P, z), where q is a prime number such thatz <q < y.lfn=N—peA 
and q divides both n and N, then q = p, which is impossible since the prime p 
does not divide N. Therefore, |A,| = 0 if q divides N, so we can assume that 
(q, N)=1. 

Again we choose g(d) = g,(d) = 1/g(d) for all n, so inequalities (9.33) 
and (9.34) are satisfied. The error term r,(d) is defined by 


1Adl 
y(d) 


Let d divide P(z). Since d is a product of primes strictly less than z, it follows that 
(q,d) = 1 for every prime number qg > z, and so 


(Ag)al = a(n) =) a(n) = |Agal. 


rq(d) = |(Ag)al — 


made 
Then 
A 
rg(d) = |Aga| — ne 
Aca! — |A| Al IAgl 
14" p(qd) (qd) 9d) 
r(q) 
= r(qd) - ——, 
r(qd) o(d) 


where r(qd) and r(q) are error terms of the form (10.9). Let 


D(4) Ni2 
log N (log N)8(4)+! 


and 


D D 
a 0 
Then D, > D/z > z. The remainder term for S(Ag, P, z) is 


] 
Ry DY elds Dd) ir@al+ra) d) Te. 


d<QDqg d<QDq d<QDq 
dt P(z) d}P(z) d|P(:) 


From Theorem 9.7, we have the upper bound 
S(Aq, P, 2) < (F(sq) + €€'4-*) |Ag|V(z) + Rg, 
where 
_ log Dg 
logz 


Sq 
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We do not estimate the main term and the remainder term for individual primes q. 
Instead, summing over z < q < y, we obtain 


Y> S(Ag. P. 2) < D> (Flsq) + €e"*) |Ag|V (2) + R’, 


i<q<) isq<) 


ty.N ol (g.Ny=l 
where 
R’'= > R, 
< 2. do Ira@a)i+ D)r@) do 
Se Gee er “a 
< dX Ir(d’)| + 2 ira) , a a5 


and QD < D(4). Applying the Bombieri- Vinogradov theorem as in the previous 
section, we obtain 


Yo ir@) s So 18(Nsd’ N+ D> O(log N) 


d’<QD d’<DQ d’<DQ 
(df! Net id’. Nel (dN yo) 
< N 
(log N)* 


Since y = N'3 < D < QD for sufficiently large N, we also have 


2» Ir@l« ~_—] (log —s 


By Theorem A.17, | 
dX aa) <8 
and so 
R'<« _N 
(log N)° 
Next, we estimate the main term. We have 


_ log D/q _ 8log(N'/*/q) _ 8(B(4) + 1) log log N 
log z log N log N 


Since N'/8 =z <q < y=N"”3, it follows that 


8log(N'"/q) _ (10.10) 
log N 7 


< 


4 
3 
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and so 1 < s, < 3. By Theorem 9.8, F(s) = 2e”/s for 1 < s < 3. Therefore, 


2e” Y log N 
F(s,) = 2er __eY log , (Meee | 
Sy 4log(N'/2/q) log N 
and so y oe N 
14 e" 108 
F (sq) + €e ” Flog(w'2/q) * 2 (10.11) 
Also, 
|A,| = 2(N;q, N) + O(log N) 
N 
~ 7%) 50:4, N) + O(log N) 
~(q) 
N | 
= ———___—_— | ] —— 6(N;q,N). 
saan ( +O(aw))* (ae N) 
Therefore, 
>| (F(sq) + €€"*)1Ag| 
e’ log N N l 
= ———$—$___—____ —________ [| ] —_—__ 
d (sisgewt7a3 * 0) p(q) log N ( ro (gw) 
+ ) > (F(sq) + €€'*)8(N; 4, N) 
eYN | 
4 £2 9(q) log(N'/?/q) 
(q.N =I 


o( N ) l 
logN] <3, 9(q)log(N'/?/q) 


EN ] 
O ) — +O 6(N;q, N) 
(sn 2 9(q) » 4 
(¢.N =I (¢.N 1 


It is not difficult to evaluate these terms. By the Bombieri—Vinogradov theorem 
again, we have 


>> 5(N3q Ny-0(——). 
™ (log N)? 


i<q<o 
(q.N p=] 


By Theorem 6.7, we have 


l l 
isq<) y(q) rsq<)\ q —_ | 


(q.N =! qeP 


10.5 An upper bound for S(A,, P, z) 


] 
= loglog y — loglogz+ O (—) 
log z 


= log(8/3)+ O (—-) 
log z 
= O(1). 


Using this estimate and inequality (10.10), we have 


N log N 
logN 4% y(q)log(N'7/q) (log Toa 2. SayiognT™7a) 
_ N “ l 
(log NY? 2 9(9) 
oo 
« (log NE 
Therefore, 
ey (F(sg) + €e!*)|Ag| = -~ Xu TOTTI +O (<) 


We note that 


and 


| | 
N iN _—__ 
2 q* log(N'/2/q) — » q? log N'/2/y 


iSq<y 


_ 6N 3 l 
log N 2,9? 


(qg. N= 


N 

zlog N 
N?7/8 

7 log N- 


Let , , 
S(t) = = loglogr+B+0O 
(t) > - oglogr+B+ (—) 
q<t 
and 


] 
IO = eNiyy 
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The functions S(t) and f(t) are increasing. We shall estimate the sum 


» q log(N'/2/q) 


2<q<y 


by using integration by parts twice in Riemann—Stieltjes integrals. We have 


I »  dS(t) y 
2. Tog) -| log(N'72/1) | f()dS() 


= f(y)S(y) — F)S(2) — | SMa f(0) 


= f(y)(log log y + B) — f(z)(log log z + B) 
-f (log logt + B)df(t) 
+0 (~) +0 ([ ee 
log z - logt 
, ] 
= t)d log log t ———~ |]. 
We compute the integral explicitly by making the change of variable t = N°®. Then 


¥ , dt 
d log | = —— 
/ (Od log logs / t log t log(N!/2/r) 


l 1/3 da 
~ log N I, a((1/2) — @) 


2 log 6 
log N- 
Therefore, 
log 6 N 
Yo (F,) + 8€"91Ag| = (SS oe" + Ol€ ) oN 
and so 


eY log NV(z) 
S(Ag, P, 2) < (Ses Ole ae 
» q 2 log N | 
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Theorem 10.6 


NV(z) —'N 
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Proof. Recall that 


B={N — pip2p3:zZ< pi < y < P2 < Ps, Pip2P3 < N,(pip2p3, N) = 1}. 


Before estimating the sieving function S(B, ?, y), we shall drop the requirement 
that (p,, NV) = 1 and relax the condition that p; p2p3 < N so that the numbers 
Pp, and p2p3 range over intervals independent of each other. This will produce 
a “bilinear form” in p, and p2p3. We shall let the prime p, vary over pairwise 
disjoint intervals 

E<p, <(l+e)é, 


where @ is a number of the form 


€=z(l+e) 
such that z < 2 < y. Then 
] log N 
O<K < OB) ~ BN (10.12) 
log(1 + €) E 
Let 
BY = {N — piprp3:2< pi < y S pr < Ps, 
£< p, <(l+e)é, pop; < N,(prp3, N) = 1} (10.13) 
and 7 
B=|JB°. 
i 
Then 


BCBC{N-—pipop3:z < pi < y < po < P3, Piprp3 < (1+e)N}. (10.14) 


Let b(n), b(n), and b(n) be the characteristic functions of the sets B, B®, and 
B, respectively. Since the sets B are pairwise disjoint, we have 


|B) = >> |B 
€ 


and 
S(B,P. y) < S(B.P, y) = >> S(B,P, y). 
e 


We shall estimate the sieving function 5(B, P, y) by using Theorem 9.7 with 
the functions 


1 
d) = ¢,(d) = —— 
g(d) = 2,(d) o(d) 


for all nm > 1, and with support level 


Ni/2 
~ (log N)4 
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Then 


By | = > L, 


P)P2P3aN (owl 2) 
TEP] <YSPQE Py. CE py Clore 
(P2P3<N(p2Py.N I 


and the error term 7 is defined by 


|BO| 
|B) = —— +7, 
y 


In the next section, we shall prove that 


Roe Vl « 


a<D (log N)*s ) 


dj Ps) 


With this estimate for the remainder, Theorem 9.7 gives the upper bound 


S(BO,P, y) < (F(s) + ee!) |BOIV(y) + O ( 


, log D 3 + (=e log N 
logy 2 log N 
and so, by Theorem 9.8, 


Y log log N 
Fis) = +0 (CER). 


3 log N 


It follows from (10.3) that 


Viy) logz l 3 
V@ oes (1+ (cow) 50 ( 


This gives 


S(B, P, y) 


Jens 


(10.15) 


fer 3,0{—)) 2 (am) 
<( 3 +0.) (5+0(—3))i2 [V(z)+O (log NY 


er (¢) N ) 
< (5 +(e) 1B V@+0(— . 


Summing over the sets B, we obtain 


Y ~ 
S(B,P,y)< da Piy)< (S + 01) {B|V(z)+ 0 ( 


since the number of sets B is O(€~' log NV) by (10.12). 


© TN \ 
Ulog wy} 
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Next, we estimate |B]. By the prime number theorem, 


7 (OO) , (1 +2e)N 
P\ Pr P1 p2 log(N/ p, p2) 


for N > N(e). If py) < p2 < ps, and pi p2p3 < (1+e)N, then pp? < (1+e)N 


and 
(l+e)N 
< -—.. 


Pi P2 


P3 


It follows from (10.14) that 


[BI < ) l 
ISpPp syd p2rSpy 
PyPzr er <(leein 


(S + *) 
Yi x 
SSP) <9 SP) Pi P2 


Py pe <(leeyy 


I 1 
<(1+2e)N D> — ee 
c<pi<y Pi y¥Spr<((l+e)N/ pi)? P2 log(N / Pi p2) 


lA 


To estimate the inner sum, we introduce the functions 


log(N/pit) 


and 


(N/u)'? 
H(u) = —_____ jog log. 
(u) f log(N/ut)) © 


The function A(t) is positive and increasing for 0 < t < N,/p;. Since y = N!”, 
we have (N/y)!/2 = y and so H(y) = 0. Since z = N'/8, we have, with the change 
of variable t = N°, 


yy. t6 
; ] 

H(z)= —#§——-d lop log? 
@ ie log(N78/1) 
l 7/16 da 
oan | (7/8) —a@ 


=O 
(cen) 


l l 
Si=DTo = logiogr + B+0(——). 


Pr logt 


Recall that 


Applying integration by parts to the inner sum, we obtain 


l 


y<pr<((lee)n/p,)'? P2 log(N/ py P2) 
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- yo we 


YSp2<((1+e)N/pi)'? P2 


((it+e)N/p.)'? 
h(t)d S(t) 


“(een / po 1/2 
. f h(t) log logs + 0 (Mie) 


log y 
(N/pi)? 


—__—§—d log log? 
aT Bmee 


pe’ l 
+ —— -d log lo +0 ( 
(N/pi)'? log(N/ pit) Be 


l 
- #170+0 (cram). 


The error term is obtained as follows. First, 


l 
(log N)? 


h((1+e)N/pi)?) _ 2 
log y log 


Second, with the change of variable t = (N/p))'/2s, 


((1+e)N/p.)'? | 
—————d log logt 


((l+e)N/ pi)? | 
- | tg, 
(N/py)l? t logt log(N/ pit) 
(Ute)? ds 
j s log ((N/pi)'/2s) log ((N/pi)'/25-!) 
(l+e)!/? ds 
j s(log ((N/p;)!/2) + log s)(log ((N/p1)'/2) — log s) 


ro 2 ds 
5 ((log(w/pi)"/2)" — (logs)?) 
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l (Ite) as 
« — 
< (log N)? j S 


I 
° (acemp) 


It follows that the outer sum is 
H l H ] 
> (Pi) > -)= > 2) 4 0( i). 
cSpi<y Pi i<pi<y pi (log N) r<py<y P1 (log N) 
where the error term comes from the fact that 


l 
> — = log log y — log log z + O((log z)7') 


<SPi<y 
= log(8/3) + O((log N)~') 
= O(1). 


We calculate the main term, as usual, by integration by parts: 


ee 


cSpi<y 


-[ H(u)dS(u) 


max(7(z), me) 


y 
-/ H(u)d log log u + O ( 
z log y 


(log a) 


To evaluate the integral, we make the change of variables t = N® andu = N°. 
This gives 


-f H(u)d log logu + o( 


NUS aN uy? 
[ H(u)d log log u -f ie aN loe(N Jury? Oe 08 14 log log u 


1/3 p(l—B)/2 __ dadB 
-ioen in I. aB(1 — a — B) 


1 1/3 _ 
= [a= 30) gg 
log N Jijs BCI —- B) 
oe 
~ log N’ 
where 13 
log(2 -- 38) 
= ——_—_——dB =0.363.... 
° I, Bap) 
Therefore, 


By < Ut OW)N +o( N ) 
log N (log N)? 
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and 


Y -] 
S(B,P,y) < (S + o.e)) |BIV(z) +O (= evN ) 
ce’ NV(z) e~'N 
< (= + 1) log N +O (= a . 


10.7. A bilinear form inequality 


We must still prove inequality (10.15) for the remainder R®., This will be a 
consequence of the following theorem. 


Theorem 10.7 Let a(n) be an arithmetic function such that \a(n)| < 1 for all n. 
Let A be a positive number, let X > (log Y)*4, and let 

(XY)! 

(log Y)4_ 


s 


Then 


aoa (a. pe map » a(n) — ab » a(n) 


Zep<Y n<X Z<p<yY 
appa (madd) (np.d)=l 


XY (log XY)? 
(log Y)4 


, (10.16) 


where the implied constant depends only on A. 


Proof. Let (a, d) = 1. By the orthogonality property of Dirichlet characters x 
(mod d), we have 


y <(a)x(np) = | g(d) ifnp =a (mod d) 


0 otherwise. 
x (mod d) 
This gives 
~ EY am-r ye @ YY yorum) 
WX as temo dl n<X Z<ep<Y e(d) , (mod @) 
l 
-—— dE x@)Diamxin) DY x(p). 
9( ), (mod d) n<X Z<p<Y 


The contribution of the principal character yo (mod d) to this sum is 


l 
pid) Dy Du, 2 


(np.drel 
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It follows that the left side of (10.16) 1s bounded above by 


ww > dl at)x@|} D> x(p)}- 


<D°* nee n<X Z<p<Y 


Every character x (mod d) factors uniquely into the product of a primitive char- 
acter (mod r) and the principal character (mod s), where rs = d. Therefore, 
the sum can be written in the form 


] 
>») yrs) yo": {ner ) 2. a(n)x(n) 2, X(P) (10.17) 
7 peers me Law 0. » 12 a(n)x (n) du X(p)}, 
ty (nado (p.1)=1 


where ) > * denotes the sum over primitive characters (mod r). To obtain the last 
inequality, we used the fact that the Euler y-function satisfies y(rs) > y(r)gy(s). 
We can estimate the character sum }— p< x(p) by means of the Siegel—Walfisz 
theorem. We have 


= > x(@)n(¥;r,a) 


a (mod r) 


m(Y) y 
Ex (Gm °° (ware) 
Dx g(r) \(og yy? 


K rY 
(log Y)8 


>> x(a) =0 


a (mod r) 


since 


for every nonprincipal character x. Since also 


rY 
2x0) Ks, Tog on < aoe" 


it follows by subtraction that 


>> xp) « —; Tog on , 


Z2<p<Y 
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If we add the condition (p,s) = 1, we remove at most w(s) « logs « log D* 
terms from the character sum and so 


> x(p) <i yi + log D*. 


Z<p<l 
(p.sel 


Since ja(n)} < 1, we also have 


>> a(n)x(n)| < X. 


n<X 
{asl 


Let Do be “small.” The inner sum in (10.17), restricted to r < Dj, is 


> => 1 ined 2, am)x(n) > x(p) 


r<D*° g(r) Z<p<Y 
tn. Set (p.s)=l 
rxX rY 
< —~ | ————_ + lo D*) 
x g(r) (ass ye °F 
D3> XY log D* 
_0 se 10.18 
(log Y)? ( 


The rest of the inner sum in (10.17) ranges over D) < r < D*. We partition this 
interval into pairwise disjoint subintervals of the form Dif < r < 2Dy, where 
Dj; = 2* Dj and 0 < k « log D*. This produces partial sums of the form 


tot 2, amx(n) >> x(P) 


se “re 52DF g(r) Z<p<y 
Deer cD tn. ar (p.sp—ol 
] r 1/2 
<— * (maxd 7) _ 
se OL Lem (5) [Dawa 
1 ps per<2Dt ? n<X 
De <<" (n,3)ol 
rp \t2 
x (Pp) 
(a5) du 
(p.sje) 
By Cauchy’s inequality, this sum is bounded above by 
a\ 1/2 
l r 
> — J t+ win |» a(n)x(n) 
PV \ py crc; PW) ae rae 
1/2 


— | >> x(p) 


prerarp: PW) tape) 
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The large sieve inequality (19, page 160] states that 


2 


L+M L+M 
Ee men | SS ax] « (8? + M) YO tary? 
r<R g(r) n=L+] neL+l 


for every arithmetic function a(n). Applying this inequality to each of the factors 
in the product, and using the condition that |a(n)| < 1, we obtain 


2» a5 0, a(ndx(n) >~ x(p) 


pers2Dy Zepc<l 


ones rep* tn. I (p.sy=l 


1/2 


< D L_ ((D%? + X)x)"? (DP + ¥)¥) 


XY M2 
= “(opener x0 
Dy 


XY 1/2 
K (Dr + x's yey a yon"? 
(xy)'/? 
D* 


<x (0 +Xieyyley 
0 


Jon" 


Multiplying this by the number of partial sums, which is O(log D*), and adding 
(10.18), we obtain the following upper bound for the left side of (10.16): 


Ya dy Pdoamx@]| dS) x(p) 


d<D* x wee n<X Zap<Y 
! ! ; 
< »» a5 De or) Doe tome » a(n) x(n) > x(p) 
ayel (pst 


«<3 1 Po Ag 
5. 9(s) (log ¥)® 


l (xY)'/? 
+ —— | D*+X'/*4y'/2 4 ~~ _ ](xy)'/? log D* 
2 7 Dp) 


s<D* 0 
D5 X Y (log D*)? 
(log Y)3 
XY 1/2 
+{(D*+X'24y!24 (ay y (XY)'/2(log D*)?. 
De 


Note that we picked up a factor log D* from the estimate (Theorem A.17) 


xX on « log D*. 
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Choose B = 4A and D> = (log Y)*. Since X > (log Y)*4 and Y > (log Y)*", it 
follows that the left side of (10.16) is | 


XY (log D*)* D* l l ] 
«K XV (log D'y" +( ) x og D*y 


(logY)*  \(xyy'2* x12 * yin * De 
1 ! ; 
XY (log XY)? 
(log Y)4 


This completes the proof. 
We can now derive the upper bound (10.15) for the remainder term 


é (¢) 
RO me rt, 
d<D 
a|Pts) 


where z < @ < y. From the definition (10.13) of the sets B°, we obtain the 
individual error terms 


rd 4 l 

ri ) |B‘ J _ —— | BO 
d d d 

g(d) 

| 
= -— ] 
SSP) <3 SP25P} g(d) SEPp<dEPQEP3 
(<p) <(bery Cap, «tle pt 
(p2P3<N pz py.N)=l (pp p3< Np ypy.N I= 


PLP2PyEN (mod df) 


We delete some numbers from the second sum by adding the condition that 
(Pi P2p3. da) = 1. This is equivalent to (p;, d) = 1, since the condition (2 p2. d) = 
1 already follows from the fact that d divides P(y). This additional condition 
decreases the second term by at most 


1 y le (l+e)N y i (1+ €)Nw(d) (VN logd 
g(d) PLP 2 Py <( ee y(d) pild.pi2z P\ zo(d) 2g(d) 


Pid. py2z 


lA 


Let a(n) be the characteristic function of the set of numbers of the form n = p2p,. 
where y < p2 < py; and (p2p3, N) = 1. Then we can write the error term in the 


form 
l (N log d 
pO - > > a(n) — 9(d) > > a(n)+O ( zo(d) ). 


0X mex Ire 
where 
X=N/€ 
Y = min(y, (1 + €)@) 
Z = max(z, @) 


a=N. 


10.8 Conclusion 


Since £ < y, we have 


(xyY)!/? 

(log Y)* 
, N'/2 min(y/@, (1 +)!” 

(log y)4 
N}/2 

> ey 

(log N))4 
= D. 


* 


Similarly, 
D* <(XY)'!? <(Ny)!? <N. 


By Theorem 10.7, 


RO = Do rg’ | 


d<D 
di P(y) 


< irl 
-Y IY LY am-TyY yam 


n<X Zsp<Y 
d|Pty) apwa imo d) (ap.d)=1 


N logd 
+ O 
» ( zo(d) 


XY(logXY)* N log D* l 
(log Y)4 Z fp. 94) 
N 
S (og Ny 


« 
+ N"®(log D*)* 


N78 ] 2 
< (log N)4 * (log) 


< N 
(log N)4 


if we choose A = 6. This completes the proof. 


10.8 Conclusion 


We can now prove Theorem 10.1. 
Proof. It follows from the formula for V(z) in Theorem 10.3 that 


NV(z) _ 8e "N l 
logN ON) Tog NP (: re Ca), | 
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Theorem 10.2 gives a lower bound for r(N) in terms of three sieving functions. 
Using the estimates for these sieving functions in Theorems 10.4, 10.5, and 10.6, 
we obtain 


r(N) > S(A, P, z) — ; 2 S(Ag, P, 2) — 558, P, y)—2N78 — NIB 


z<q<y 
YNV 
> (2log3 ~ log6 — ¢ ~ O(e)) FE 
-] 
(a v.) 278 — NIP 
(log N)° 


2N 
> (2log3 — log6 —¢ — Oe) ON) Ta g NYP (1+0(—)) 


O ( ein ) —2N78 _ NV, 
(log N)? 


2 log 3 — log6 — c = 0.042... > 0, 


we can choose € such that 0 < € < 1/200 and 


Since 


2 log 3 — log6 —c — O(e) > 0. 


For this fixed value of ¢, we have 
—IN N 
O ( ) = 0 (ao a5s 
(log N)° (log N)? 


r(N) > G6(N)——; 


Then 


(log NV)?” 


This completes the proof of Chen’s theorem. 


10.9 Notes 


Chen [10, 11] announced his theorem in 1966 but did not publish the proof until 
1973, apparently because of difficulties arising from the Cultural Revolution in 
China. An account of Chen’s original proof appears in Halberstam and Richert’s 
Sieve Methods [44]. The proof in this chapter is based on unpublished notes and lec- 
tures of Henryk Iwaniec [67]. The argument uses standard results from multiplica- 
tive number theory (Dirichlet characters, the large sieve, and the Siegel—Walfisz 
and Bombieri-Vinogradov theorems), all of which can be found in Davenport [19]. 
Other good references for these results are the monographs of Montgomery [83] 
and Bombieri [3]. For bilinear form inequalities, see Bombieri, Friedlander, and 
Iwaniec [4]. 


Part III 


Appendix 


Arithmetic functions 


A.1 The ring of arithmetic functions 


An arithmetic function is a complex-valued function whose domain is the set of 
all positive integers. Let f and g be arithmetic functions. The sum f + g is the 
arithmetic function defined by 


(f + g)(n) = f(n) + g(n). 
Addition of arithmetic functions is clearly associative and commutative, and every 


arithmetic function f has an inverse — f defined by (— f)(n) = — f(n). 
The Dirichlet convolution of the arithmetic functions f and g 1s defined by 


(f *g)(n)= >> f(d)g(n/d). 


an 


It is easy to see that Dirichlet convolution is commutative, that is, f *g = 2 * f, 
and distributes over addition in the following way: 


f(gth)=fxg+ fh 
The following theorem shows that Dirichlet convolution is also associative. 


Theorem A.1 /f f, g, and h are arithmetic functions, then 


fe(geh)a=(f*g)eh. 
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Proof. For any n > 1, 


(Sf * 8) * h(n) = DOF * 8@h (5) 


djn 


= \ °F * g)(d)h(m) 


dmean 


= 0 > Flkyg(eyh(m) 


dmun kad 


= >> flk)g(e)hn) 


kéman 


=> fk) D> g(eh(m) 


k\n Eman{k 


=i fm YL swon(s) 


k|n E\(n/k) 


= >> sere #h) (5) 


kn 


= (f * (g *h))(n). 


This completes the proof. 
We define the arithmetic function d(n) by 


| ifm=1, 
am)={ 4 ifn > 2. 


Then for any arithmetic function f we have 


(f *8)(n) = > £05 (=) = Se, 


d\n 
and so the set of complex-valued arithmetic functions forms a commutative ring 


with identity element 5(7). This ring is an integral domain (Exercise 3). 
The product f - g of the arithmetic functions f and g is defined by 


(f - g)(n) = f(njg(n). 


Let L be the arithmetic function L(7) = logn. Multiplication by L is a derivation 
on the ring of arithmetic functions, that is, 


L-(f*g)=(L- f)*xgt+fx*(L-g) 


(Exercise 11). 
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A.2 Sums and integrals 


In number theory, we often need to establish asymptotic formulas or at least good 
estimates for sums of the form 


M (x)= )> f(n), 


nex 


where f(n) is an arithmetic function. It is sometimes possible to estimate these 
“mean values” by integrals. 


Theorem A.2 Leta and b be integers witha < b, and let f(t) be a monotonic 
function on the interval [a, b]. Then 


b b 
min( Fla), £06) < Fe) — f flrrdt < max(fla), f(b). 
k=a a 


Proof. If f(t) is increasing on [a, b], then 


k+l 


fii) < f(t)dt 
k 
fork =a,a+1,...,b—1, and 
k 
fz | f(t)dt 
k-1 
fork =a +1,...,b. It follows that 
b b-) b 
rw Disw+ sos fo findr+ FO 
k=a k=a a 
and 


b b—-] b 
YrmH- VY sw+ saz [sends fea 
kea a 


k=a+) 


Thus, 
b b 
fa< fw) [sender < F) 
k=a a 


Similarly, if f(¢) is decreasing, then 
b b 
fers Ys - | fendt = foo) 
kag a 


This completes the proof. 
From this result, we get a useful estimate for n!. 
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Theorem A.3 For any positive integer n, we have 


n Nn n n 
e(-) <n! <en(-) ; 
e e 


Proof. Since the function f(t) = log? is increasing on the interval [1,7], it 
follows from Theorem A.2 that 


logn! = Ylogn = [ logtdt +logn =nlogn—n+1+logn 
kel I 


and , 
logn! > | logtdt =nlogn—n+1. 
! 
The result follows from exponentiating these two inequalities. 


Partial summation is another simple and powerful tool for computing sums in 
analysis and number theory. 


Theorem A.4 (Partial summation) Let u(n) and f(n) be arithmetic functions. 
Define the sum function 


U(t)= > -u(n). 
Let a and b be nonnegative integers with a < b. Then 
b b-1 
>| un) f(n) = U(b) f(b) — Ua) f(a+l)— YS UM (Fn 41) — F(a). 
n=a+] ne=a+) 


Let x and y be real numbers such thatQ < y < x. If f(t) is a function with a 
continuous derivative on the interval [y, x], then 


Y> u(n) f(a) = UX) F(x) - UC) FY) - | “UM f (dt. 


Y<NSZxX y 


In particular, if f(t) has a continuous derivative on {1, x], then 


yu(n) f(n) = Ua) f(x) - / UW) f' dt. 
1 


Proof. This is a straightforward calculation. 
b 


>> a(n) fn) 


ne=a+| 


b 
= )> U(r) - Un - 1) fn) 


n=a+) 


b b-1 
- >) UM f(n) - YoU) fant) 


n=a+) 
b—} 
= U(b) f(b) ~ Ula) f(at+1)- Y> UM Fin +1) — f@). 


nea+) 
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If the function f(t) is continuously differentiable on [y, x], then 
n+l 


f(n+1)— f()= f'(Odt 


n 


and | 
U(n)(f(n +1) — fin) = | U()f (ode. 
Let a = [y] and 5 = [x]. Then 


>> u(n) f(n) 


VCnss 


b 
= >) un) f(n) 


n=a+] 


b-1 
= U(b) f(b) — Ula) f(a+1)- > Uy f(n +1) - fr) 


n=aq+l 


b—1 n+l 
-Uwfe)-Unfa+n- Yo f ves'eod 
nea+] 7" 


= U(x) f(x) — U(y) f(y) — UG) f(x) — £6) -— Uy) f(a +1) -— f(y) 
b 
-| U(t) f'(t)dt 
a+} 


= U(x) f(x) —- UY) f(y) - [ U(t) f(t. 


If f(t) is continuously differentiable on [1, x], then 


Youn) f(n) = uF) + DS um) fr) 


n<x l<n<x 


=u(lI)f(l)+ UG) fa) —- UDF) — [ U(t) fi (tdt 


- use | U(t)f (tdt. 


This completes the proof. 
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Here is an application of partial summation. Recall that every real number x can 


be written in the form 
x = [x] + {x}, 


where [x] is the integer part of x and {x} is the fractional part of x. 


Theorem A.5 Let 
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Then 0 < y < land 
3 (>) 
y= =logx+y +0 — }. 
nox n x 
The real number y is called Euler’s constant . 


Proof. Since 0 < {t} < 1 for all t, we have 


OO ff roan | 
o< | mat < | —dt=1, 
» 1 0 


and so Euler’s constant y is a well-defined real number in the interval (0, 1). 
We apply partial summation with u(n) = | for all n and f(t) = 1/t. Then 


U(t)=[t]=¢t — {t} 


and 


> - =) u(n)f(n) 


nex nsx 


ef Ba 
X 1 f 


m1 Ey [oar mur 
] 


x t 1 w 


~° {t} ° {t) {x} 
mlogx+1— [ wats | nat 


x 
l 
logs +y +0 (2). 
x 


This completes the proof. 
As another application of partial summation, we obtain the Euler sum formula. 


Theorem A.6 (Euler sum formula) Let f(t) be a function with a continuous 
derivative on [y, x]. Then 


>, fm)-= | * f(tde + R, 


yen<x 


where 
R= | {a f'(dt +(y} FQ) — GF) = | " 8(t) f' (dt +0(y) f(y) —8(x) f(2), 


where 
O(t) = {t} -— 5° 
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Proof. We apply partial summation with a(n) = | for all n. Then A(t) = [t] = 
t — {t} and 


>> fm 


Vd 


= [x1f(%) — DIF) - | [yea 


- [x] f(x) - [If — | “1f'(dt + | “ye (dt 


V 


= [x] f(x) — DI f(y) - (x00 — yf(y) - [ far +f {t} f'(ndt 


- | “fndt+ | ns’ dt + YF) — LAF. 


This completes the proof. 
There is a simple expression for partial summation in terms of Riemann-Stieltjes 
integrals. If f and g are bounded functions on [y, x] and if f- fdg exists, then 


f° gdf also exists and 


|  fdg+ | gd = f(x)e(x) — f(y)g(y). 


This lovely reciprocity law is called integration by parts. (See Apostol (1, chapter 
9].) Let u() be a nonnegative arithmetic function, and let 


U(t) = y u(n). 


If f is continuous on [y, x], then 
> ums) = | “ f(ddU() = UC) Fx) — UO) FO) - | “u(wds io. 
If ; has a continuous derivative on [y, x], then 
| “UWdf(n) = | “uMs dt, 


and we recover the formula for partial summation. Similarly, if we let 


U(t) = y= u(n) 


n<l 


and if f is continuous on [y, x], then 


Y> ula) f(n) = UR) F(x) — UO) f(y) - | U@df(). (AN) 


ysne<\ Vv 
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A.3 Multiplicative functions 


An arithmetic function f(n) is multiplicative if 


f(mn) = f(m) f(n) 


whenever m and n are relatively prime positive integers. Since f(1) = f(1- 1) = 
f(1)*, we have f(1) = 1 or O. If f(1) = 0, then f(n) = f(n- 1) = f(n) f(1) =0 
for all n > 1. Therefore, if the multiplicative function f is not identically zero, 
then f(1) = 1. 

If f and g are multiplicative functions, then the Dirichlet convolution f * g 1s 
multiplicative (Exercise 2). An arithmetic function f(n) is completely multiplica- 
tive if f(mn) = f(m)f(n) for all positive integers m and n. 


Theorem A.7 Let f be a multiplicative function. Then 


f([m, n}) f((m, n)) = f(m) f(r). 


Proof. Let p,,..., p, be the prime numbers that divide m or n. Then 


and 


where r},....7,,51,-.., 5, are nonnegative integers. Moreover, 


r 
im. m} =P] ome 


i=] 
and 


(m,n) = I] pins) 


i=] 
Since 
{max(r;, 5;), min(7;, 5;)} = {7;, Si} 


and since f is multiplicative, it follows that 


f(m, nfm. n) =T] Ferm) TY Fer) 


im] i=] 


=|] ri |] fe) 
i=] i=] 


= f(m)f(n). 


This completes the proof. 
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The Mobius function p(n) is defined by 


1 ifn =|, 
p(n)={ 0 if n is divisible by the square of a prime, 
(—1)’ ifn is the product of r distinct primes. 


Thus, y(n) » 0 if and only if n is square-free, and 
p(n) = (-1)" 


for square-free integers n, where w(n) is the number of distinct prime divisors of 
n. It is easy to check that the arithmetic function p(n) is multiplicative. 


Theorem A.8 Let f be a multiplicative function with f(1) = 1. Then 
>> wa) f(a) = [Ja - F(p)). 


d\n pin 


Proof. This is certainly true for nm = 1. For n > 1, let n* be the product of the 
distinct primes dividing n. Since .(d) = 0 if d is not square-free, it follows that 


>| ud) f(a) = > way f(a) =] Ja - £(p)). 


din din* pin 
This completes the proof. 
Theorem A.9 Let f(n) be a multiplicative function. If 
lim f(p*)=0 
p'—>oo 


as p* runs through the sequence of all prime powers, then 


lim f(n) =0. 
n—> OO 
Proof. There exist only finitely many prime powers p* such that | f(p*)| > 1. 
Let 
A= [] [f'. 
If(p* yz) 


Then A > 1. LetO < € < A. There exist only finitely many prime powers p* such 
that | f(p*)| = €/A. It follows that there are only finitely many integers n such 
that 

If(p*)| = e/A 


for every prime power p* that exactly divides n. Therefore, if n is sufficiently 
large, then n is divisible by at least one prime power p* such that | f(p*)| < €/A, 
and so n can be written in the form 
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where p),..., Pr+s+r are pairwise distinct prime numbers such that 
l<(|f(p,| fori=1,...,r, 


e/A<|f(pi|< 1 forier4l,...,r4s, 


Lf (pi | <eée/A fori=r+s+1,...,r+s+t, 


and 
t> 1. 
Therefore, 
fol=[ pire [| fart PT wi < ae/ay' < «. 
| iar+!] iar+s+] 


This completes the proof. 


A.4_ The divisor function 


The divisor function d(7) counts the number of positive divisors of n. For example, 
d(n) = 1 if and only if n = 1, and d(n) = 2 if and only if n is prime. 


Theorem A.10 Let 
be a positive integer, where p\,..., Py are distinct primes and k,,...,k, are 
nonnegative integers. Then 
d(m) = (ky + 1)---(k, + I)n. 
Ifm and n are any positive integers, then 
d(mn) < d(m)d(n). 


If (m,n) = 1, then 
d(mn) = d(m)d(n), 


that ts, the divisor function is multiplicative. 
Proof. Every divisor d of m can be written uniquely in the form 
j ir 
d = Py eee Pp} ’ 


where 
O< ji <ki 
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fori = 1,...,r.Since there are k; +1 choices of j; foreachi = 1,..., 7, it follows 
that 


d(m) = ] [«: +1). 


jel 
Let n be a positive integer, and let 


€ é, 
n= Pp, -°* Dry 


where €,,..., 2, are nonnegative integers. Then 
d(n)= | [i +1). 
i=l 


Since 


and since 
ky + @, +1 < (ki + 1)(G +1) 


for all nonnegative numbers k; and €;, it follows that 


d(mn) = | [(ki + @ +1) < | [i + 1G +1) = d(m)d(n). 


ia! im! 
If (m,n) = 1, then &; =O or €; = 0 foreachi = 1,...,7r.In this case, 
k, + €; +1 = (k; + 1)(G; + 1) 


and 


d(mn) = ] [« +@,+1)= ] [a +1) | [ce +1) =d(m)d(n). 


i=] io) 


! 
t, “A 


This completes the proof. 


Theorem A.11 
d(n) «, n° 


for every € > 0. 


Proof. Let f(n) = d(n)/n* . We shall prove that f(n) = o(1). Since the arithmetic 
functions d(n) and n‘ are multiplicative, it follows that f(n) is multiplicative, and 
so, by Theorem A.9, it suffices to prove that 


lim f(p*‘) =0. 
pi oe 
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Since (k + 1)/2**/? is bounded for k > 1, we have 


d(p* 
f(p') = a 


k+1 
~ pk 


k+1 | 
pke/2 pke/2 
(; + :) ( l ) 
=< |= 95 
Dke/2 pkel2 


This completes the proof. 


Theorem A.12 


D(x) =) d(n) = x logx +(2y — 1)x + O(/x). 


nex 


Proof. We can interpret the divisor function d(n) and the sum function D(x) 
geometrically. In the wv—plane, 


d(in)= } l=) 1 


d|n nev 


counts the number of lattice points (uv, v) on the rectangular hyperbola uv = n that 
lie in the quadrant u > O, v > 0. Then D(x) counts the number of lattice points in 
this quadrant that lie on or under the hyperbola uv = x, that is, the number of points 
(u, v) with positive integral coordinates such that | < u < x and! < vu < x/u. 
These lattice points can be divided into three pairwise disjoint classes: 


l<u<J/x and 1 <v< Vx, 


or 
l<u<JS/x and Vx <u<x/u, 


or 
J/x<u<x and Il<u<x/u. 


The last class consists of the lattice points (u, v) such that 
l<vu<Jx and Vx <u<x/v. 


It follows from Theorem A.5 that 


pwy=[va}* Do ([Z]-[vel)* 0 ([p]- (4) 


b<u</x l<u< f/x 
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~[vxf'+2 30 ([5]-[ve)) 


u 
I<u< x 


23 EE] bat 


I<u<J/x 
sap >A ial Fi ale aD 


22x > a) > {=| — x + O(vz) 


u 
l<u<J/t l<usJ/x 


2x (log VE +y +0 (—2))-x+ 00%) 


=xlogx+(2y — 1)x+ O(./x). 
This completes the proof. 


Theorem A.13 
a(n) 


n<x 


| 
= 5 (log x)* + O(log x). 


Proof. It follows from Theorem A.12 that 


D(x) = > d(n) = x logx + O(x). 


n<x 


By partial summation, we obtain 


yi PO, 2M, 
2 
! 


nex n x t 


] x 
_* og x + O(x) +/ tlogr + OW) 7 
x 1 1? 


* logt * | 
= logx + 011) + | = dt + 0 ( vat) 
| ] 


l 
- 5 (log x)" + O(log x). 


This completes the proof. 


Theorem A.14 
> d(n)’ <x (log xy. 


nsx 


Proof. Since d(ab) < d(a)d(b) for all positive integers a and b, we have 


yo d(iny = didn) 1 


nsx n<x neab 
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» d(ab) 


ab<x 


< )> d(a)d(b) 


ab<x 


= yd(a) » d(b) 


asx b<xfa 


- Daa ((f)e8(8) +0(3) 
< rlogx “+0 (2) 


acn asnx 


<« x(log xy. 


This completes the proof. 


A.5 The Euler g—function 


Let 1» > 1. We denote by y(n) the number of positive integers a < 7 such that 
(a,n)=1.1fa =b (mod n), then (a,n) = (b,n), and so y(n) also counts the 
number of congruence classes modulo n that are relatively prime to n. This is 
exactly the order of the multiplicative group of units in the ring Z/nZ. 


Theorem A.15_ The arithmetic function ¢(n) is multiplicative, and 
I 
gin) = nT] (1 — -). 
pin P 


Proof. Let (m,n) = 1, and let g(m) = r and g(n) = s. Let aj,...,a, and 
b,,..., b, be complete sets of representatives of the congruence classes relatively 
prime to m and n, respectively. We shall prove that the rs numbers ajn + b;m 
fori = 1,...,r and j = 1,...,s form a complete set of representatives of the 
congruence classes relatively prime to ynv. If 


ain+bjm =ayn+ben (mod mn), 


then 
ain+bj;m=an+ben (mod n) 


and so 
b;m = bem (mod n). 


Since (m,n) = 1, we have 


bjm = bem (mod n). 
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This implies that j = 2. Similarly, we obtain i = k. Thus, the rs integers ajn +b jm 
represent distinct congruence classes modulo mn. If (a;in+b,;m, mn) > 1 for some 
i and j, then some prime p divides mn and ajn+b,m. Since (m, n) = 1, the prime p 
divides exactly one of m and n. If p divides m, then p divides a;n, and so p divides 
a;. This contradicts the fact that (a;, m) = 1. Therefore, (ajn + b;m, mn) = 1 for 
alli and j. 

We shall show that every congruence class relatively prime to mn is of this 
form. We note that (m,n) = 1 implies that the r integers a;n form a complete set of 
representatives of the congruence classes relatively prime to m, and the s integers 
b;m form a complete set of representatives of the congruence classes relatively 
prime to n. Let (c, mn) = 1. Then (c, m) = 1, and so 


c=aj;n (mod m) 
for some 7. Since 
(c,n) =(c —a;n,n)=1, 


it follows that 
c-—ajn=b;m (mod n) 


for some j. Therefore, 
c=ajn+bj;m (mod n) 


and 

c=ajn+b;m (mod m), 
hence 

c=ajn+bjm (mod mn). 
Thus, 


g(mn) =rs = g(m)g(n). 


This proves that ¢ is multiplicative. If p is prime and k > 1, the only integers not 
prime to p* are multiples of p, and so 


7 1 
y(p*) = p* — p* = pt(1-<), 


p 
Therefore, 
l l 
y(n) =|] op) =|] 2’ (1 - - -n JT (1 - -). 
ci ie rf pS? 
This completes the proof. 


Theorem A.16 Lete > 0. Then 


for all sufficiently large n. 
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Proof. It is clear that y(n) <n for all n > 1. We shall prove that 


l-e 


lim = (), 


noc O(n) 


Since p/(p — 1) < 2 for every prime number p, we have 


Pp 
g(p™) p™—p™-' p-1 p™ pm 


m(1i-—e) pm-e) Pp pmi-s) 9) 


Therefore, 
p™ —e) 
lim —— =0 
pa—+co pp”) 
Since the arithmetic function n'~£ /g(n) is multiplicative, the result follows from 
Theorem A.9. 


Theorem A.17 


Then 


s| 
EN | mt 
= 
—_ 
| 
~ 
ee 
| 
 sal— 
Nae” 
J 
| 
= | — 
Ms 
a,| — 


and so 


| 
ots ar d 


asx asx dot 
° 


a l 


x 
d=] d m<x/d° d*m 


oI 
<)e log x. 


The integers of the form dd”* are precisely the integers that are square-full in the 
sense that if p divides d, then p? divides d for every prime p. We have 


“1 


| | 
Va Wt att) 


A.6 The Mobius function 
(1+ ( -)) 
= a 
p p p 
T(+ 20) 


= O(1). 


This completes the proof. 


A.6 The Mobius function 


The fundamental property of the Mobius function 1s the following. 
Theorem A.18 
l ifn = 1, 
2 Hid) = 5(n) = | 0 ifn>2 


Proof. This is clearly true forn = 1. If n > 2, then 


k 
n=|[>;. 


where k > 1, pi,..., px are distinct prime numbers, andr; > 1 fori =1,... 


Let )~’ denote a sum over square-free integers. Then 


> Hd) = Do ’u(d) 


d\n d\n 


>» Hd) 


d|pi---pe 


» ep” 


d|pi---Pe 
k *) 
- (-1)° 
XC 
= (). 


This completes the proof. 
We define the arithmetic function 


l(n) = 1 
for all n. Then Theorem A.18 can be rewritten in the form 


ux*l=d, 
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A nonempty set D of positive integers is called divisor-closed if whenevern € D 
and d divides n, then d € D. For example, the set N of all positive integers and the 
set of positive integers less than a fixed number z are examples of divisor-closed 
sets. The set of all divisors of a fixed positive integer is divisor-closed. If f and 
g are functions defined on a divisor-closed set D, then their Dirichlet convolution 
f * g 1s also defined on D. 


Theorem A.19 Let D be a divisor-closed set, and let f(n) be a function defined 
for alln € D. If g is the function defined on D by 


g(n)= >> f(d), 
d\n 
then n 
f(n)= You (5) e@) 
d\n 
foralin eé D. 
Conversely, let g be a function defined on D. If f is the function defined on D 
by 
fin)= Yu (5) 8), 
d\n 
then 
g(n)= >> f(d) 
d\n 
foralin ée D. 


Proof. If n € D and d|n, then d € D, since D is divisor-closed. Let 


g(n)= > f(d) 

d\n 

forn € D. Then 
g=fxl, 
and so 
n 
| — } e(d) = (g * w)(n) 
Eo (2) 

= ((f * 1) * w)(n) 

= (f «(1 * 2))(n) 

= (f *5)(n) 

= f(n). 


Similarly, if 
n 
fin)= You (5) 8d) = (e+ wn), 


d\n 
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then 
>> fd) =(f *1)(n) 
d\n 
= ((g * 4) * 1)(n) 
= (g * (u * 1))(n) 
= (g * d)(n) 
= a(n). 
This completes the proof. 


Theorem A.20 Let f and g be arithmetic functions. Then 


g(n)= )> f(d) 


d|n 
if and only if 
fin) = Su (5) 8@). 
d\n 


Proof. This follows immediately from Theorem A.19 with the divisor-closed 
set D equal to the set N of all positive integers. 


Theorem A.21 Let f(x) and g(x) be functions defined for all real numbers x > 1. 
Then 


g(x) = >> f(x/d) 


d<x 
if and only if 
f(x) = )> u(d)g(x/d). 


d<x 
Proof. Let f be a function defined for all x > 1. If 
g(x)= > f(x/d), 


d<x 


then 
> ud)g(x/d)= do ud) D> f(x/da’) 
d<x d<x d’<x/d 


= >) ud) f(x/dd’) 


dd'<x 


= >> f(x/m) >> ud) 


m<x d|m 


= f(x). 


The proof in the opposite direction is similar. 
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Theorem A.22 Let D be a finite divisor-closed set, and let f and g be functions 
defined on D. If 
g(n)= ) f(a) 


éeD 
ahd 


foralln € D, then 


fay= dou (¢ ) g(d) 


4ep 


for alin € D. Conversely, if 


fany= you (¢ ) ew) 


4” 


foralln € D, then 
g(n)= >> f(d) 


deD 
ald 


foralin ée D. 
Proof. This is a straightforward computation: 


dH (=) g(d) = 2." (<) 2a f(k) 
: - > Loy f(k) 


nheD ir 

=> 4) y f(nhe) 
nheD nhleD 

- >> far) > uth) 
nreD heD 

- >> far) uth) 
nreD hlr 

= f(n). 


The proof in the opposite direction is similar. 


A.7 Ramanujan sums 


Let q and n be integers with g > 1. The exponential sum 


q 
Cg(n) = >» e (“) (A.2) 


ae! 
{a.q)el 
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is called the Ramanujan sum. These sums play an important role in the proof of 
Vinogradov’s theorem (Chapter 8). 


Theorem A.23 The Ramanujan sum c(n) is a multiplicative function of q, that 
is, if(q,q’) = 1, then 
Cgq'(n) = Cg(n)Cq(n). 


Proof. Since every congruence class relatively prime to qq’ can be written 
uniquely in the form aq’ +a’q with | < a <q,1 <a’ < q’,and(a,q) =(a’,q’) = 
1, it follows that if (¢, q’) = 1, then 


q q’ / 
Cg(n)cg:(n) = > e (=) > e (<*) 


aol aol 
(a.gpel (a’.4’ jel 


_i¢ oa’ +a'9y) 
dX X «( qq 


ta.gdel (a! g’ bol 


| 
ME 
Cs) 

% 
reer 
I= 
I= 
Nee” 


= Cgq'(n). 
Theorem A.24 The Ramanujan sum can be expressed in the form 
Cq(n) = > Ke ( )a, 
d\(q.n) 
In particular, if (q,n) = 1, then 
Cq(n) = w(q). 
Proof. Since 
d ; 
én d ifd|n 
frd= Yre(F) =| 0 ifd yn, 


it follows that 


c,(n) = > (=) 


ay 
aa 


q 
$e(it > u(d) 
k= d\(k.q) 


4 \q 


so $e ( 


kel 
dik 


d\q 
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q/d en 
- >> ud) yie (=) 


diq «| 

= >> ud) fyja(n) 
dl\q 

=) u(g/d) fa(n) 
d\q 

= >> u(q/d)d 
‘i 

= 0 u@/d)d. 
d|(".q) 


If (q,n) = 1, then cg(n) = u(q). 
Theorem A.25 The Ramanujan sum can be expressed in the form 


(q/(q, 2))9(9) 
Cg(n) = —————_.. 
9(q/(q,n)) 
Proof. We define 
q'=q/(q,n). 
If the prime p divides q but not qg’, then p|(qg, 7). It follows from Theorem A.15 
that 


94) _ WM Tpg(l — 1/P) 
04’) a’ [pig - 1/P) 
=(q.n)] [U - 1/p) 
py’ 
=(q.n) |] (1 -1/p). 
ply’ 
Then 
cy(n)= > u(S)a 


d\(q.r) 


q @, ”) 
= Iv (4 d 
pa (q,n) d 


= uu (q'c)d 


cd=(g,n) 
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l 
oe 
_ HG) 
gq’) 


This completes the proof. 


A.8 Infinite products 


This is a brief introduction to infinite products and Euler products. 
Let @,@2,...,@n,,... be a sequence of complex numbers. The nth partial 
product of this sequence is the number 


n 
Pn =) ee ‘An = | |=. 
ko! 
If as n tends to infinity, the sequence of nth partial products converges to a limit a 
different from zero, then we say that the infinite product [],-, «« converges and 


fo. @] n 
] [= = lim p, = lim | [= =. 
kel n—> oo tt-> OO ke] 
We say that the infinite product diverges if either the limit of the sequence of partial 
products does not exist or the limit exists but is equal to Zero. In the latter case, we 
say that the infinite product diverges to zero. 
Let 
a, = 1+ Qk. 


If the infinite product [],~,(1 + a.) converges, then a, » —1 for all k. Moreover, 
lim (1 +a,) = lim & =1, 
k—»00 k--0o Pr-] 
and so 
lim Q.= 0. 
k—>00 


Theorem A.26 Let a, > 0 for all k > 1. The infinite product [],-,(1 + ax) 


converges if and only if the infinite series ) 72, ax converges. 


Proof. Let s, = hel a, be the nth partial sum and let p, = [T,2101 + ay) 
be the nth partial product. Since a, > 0, the sequences {s,,} and {p,} are both 
monotonically increasing, and p, > 1 for all n. Since 


l+x <e* 
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for all real numbers x, we have 


0< ay < Ta +a) < T]e* = exp (=) ; 
k=l k=] k=] k=} 


and so 
0O< 5S, < Pn <e™. 


This inequality implies that the sequence { p,,} converges if and only if the sequence 
{s,} converges. This completes the proof. 
We say that the infinite product [72 ,(1 +a,) converges absolutely if the infinite 


product 
oO 
] [c+ len) 


n=l 


converges. 


Theorem A.27 If the infinite product [|--,(1 + an) converges absolutely, then it 
converges. 


Proof. Let 
Pn =| [C+ ax) 
k=] 


and let 


P, =| [G+ lal). 


k=] 


If the infinite product converges absolutely, then the sequence of partial products 
{ P,,} converges and so the series 


> (Pn _ Ph-1) 


n=2 
converges. Since 


0 < | Pn _ Pn-1\ 
= lan Pn—1| 


n—-] 
ay | [+ ax) 
k=] 


n—1] 

< Jay} ] [C+ lax) 
k=] 

= lan| Pai 


= Py —_ Put, 
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it follows that 


co 
S 5 1Pn — Pn-1l 


n=2 


converges, and so 


e) n 
> (Pn — Par) = lim (pe — Pe-1) = lim (Pn — pr) 
na? n—>0o km? n—oo 
converges. Thus, the sequence of partial products { p,} converges to some finite 
limit. 

We must prove that this limit is not zero. Since the infinite product []72, (1 + 
a,) converges absolutely, it follows from Theorem A.26 that the series ram |a,| 
converges, and so the numbers a, converge to zero. Therefore, for all sufficiently 
large integers k, 


[l+a,| > 1/2 
and 
| < 2Ia,| 
1+ Qt 
It follows that the series 
(o @) 
—Ak 
kel ] + a, 


converges, and so the infinite product 


I (1- | 


k=] 


converges absolutely. This implies that the sequence of nth partial products 


- ay - ] ] ] 
] — = ————— 
IT ( oe] I] 1 + ay [[pe, (1 + ax) Pn 


k=] k=] 


converges to a finite limit, and so the limit of the sequence {p,} is nonzero. 
Therefore, the infinite product [],~,(1 + a.) converges. 

An Euler product is an infinite product over the prime numbers. We denote sums 
and products over the primes by )_, and []_,,, respectively. 


Theorem A.28 Let f(n) be a multiplicative function that is not identically zero. 


If the series 
>= f(r) 


n=] 


converges absolutely, then 


Y= T(1+s0+ 10+) =[] (15 709). 
Pp 


n=] p k=] 
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If f(n) is completely multiplicative, then 


> fa) =] ]Ja- fit. 


neo] p 


Proof. If )->~, f(n) converges absolutely, then the series 
oo 
ap™ > f (p*) 
kel 
converges absolutely for every prime p. Also, the series 


> ap! = > > f(r) 
p p 


k=} 


<> Vife 


p k=l 


oO 


< If) 


n=l 


converges, and so the infinite product 


[ Ja +4,)=[] (: + > re) 
p p 


ke! 


converges absolutely. By Theorem A.27, this infinite product converges. 
Let € > O, and choose an integer No such that 


> If (n)| < e. 


n>No 


For every positive integer n, let P(n) denote the greatest prime factor of n. Then 
> Pinyen Genotes the sum over the integers all of whose prime factors are less 
than or equal to N, and )’p,,),,y denotes the sum over the integers that have 
at least one prime factor strictly greater than N. Since the series ) j-y f(p") 
converges absolutely for every prime number p, any finite number of these series 
can be multiplied together term by term. Let N > Np. It follows from the unique 
factorization of integers as products of primes that 


I (1+ 5° 105) - Efe 
p<N k=] P(n)<N 
and so 


Yfay- YS fm) 


n=| P(n)<N 


> f@)-[] ( +10) 
k=) 


n=] psN 
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>) f(r) 


P(n)>N 


> IF 


P(n)>N 


< lfm) 


n>N 


< DV If@ 


n>No 
< €. 


Therefore, 


ysin)= 1 lim my [070 ) (1+ 57). 


n=| k=| 


If f(n) is completely multiplicative, then f(p*) = f(p)* for all primes p and all 
nonnegative integers k. Since f(p*) tends to zero as k tends to infinity, it follows 
that | f(p)| < 1. Summing the geometric progression, we obtain 


1+ Fh) = 14 FF - <a : 


k=] 


and so 
I] ( +) re) =| fa -swy'. 
Pp k=! Pp 


This completes the proof. 


A.9 Notes 


All of the material in this chapter is basic elementary number theory. Compre- 
hensive standard references are the books of Hardy and Wright(51] and Hua [63]. 
Cashwell and Everett [8] proved that the ring of arithmetic functions is a unique fac- 
torization domain. Hardy’s book Ramanujan [46] contains a chapter on Ramanu- 
jan’s function cg(n) and its connection to the problem of representing numbers as 
sums of squares. 


A.10 Exercises 


1. Prove that 
> Mk )d(n/k) = 1 
kin 
for alln > 1. 
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2. 


10. 


Arithmetic functions 


Prove that if f and g are multiplicative functions, then the Dirichlet convo- 
lution f * g is multiplicative. 


. Let f and g be arithmetic functions. Prove that if f « g = 0, then either 


f =Oor g = 0. Thus, the ring of arithmetic functions is an integral domain. 


. An arithmetic function f(n) is additive if f(mn) = f(m) + f(n) for all 


positive integers m and n such that (m,n) = |. An arithmetic function f(n) 
is completely additive if f(mn) = f(m) + f(n) for all positive integers m 
andn.Letn = p;' --- p;,'. We define the arithmetic functions w(n) and Q(n) 
as follows. The arithmetic function w(n) counts the number of distinct prime 
factors of n: 
w(n) =k. 
The arithmetic function $2(n) counts the number of prime factors of n with 
multiplicities: 
Q(n) = ry te + tre. 


Prove that w(n) is additive but not completely additive. Prove that 92(n) is 
completely additive. 


. Letn = p;' --- p,'. Liouville’s function A(n) is defined by 


An) = (-1)% = (— 1yitetr 


Prove that A(n) is completely additive. 


. Let f(n) be an arithmetic function. There exists a unique completely multi- 


plicative function f,(m) such that f;(p) = f(p) for all primes p. Show that 
y(n) = A(n). 


. Show that the functions j(n), g(n), and o,(n) are not completely multiplica- 


tive. 


. Prove that 


d(n) < 2° <n 


for every positive integer n. Prove that if n is square-free, then 


d(n) = 2%) w= 220), 


. Prove that 


S “(d(n))? > x(log x)’, 


n<x 


Hint: Apply the Cauchy—Schwarz inequality to }°. , d(n). 


n<x 


Let f be an arithmetic function. Prove that f is invertible in the ring of 
arithmetic functions if and only if f(1) = 1. 


16. 


17. 
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. Let f and g be arithmetic functions. Define the function L by 


L(n) = logn. 


Prove that pointwise multiplication by L(n) is a derivation on the ring of 
arithmetic functions, that is, 


L-(fxg)=(L- f)*gt+fx*(L-g). 


. Let f and g be arithmetic functions with Dirichlet generating functions F(s) 


and G(s), respectively. Prove that F’(s) is the generating function for L - f 
and that (F(s)G(s))’ is the generating function for L - (f * g). 


. Prove that 


q 
fa(n) = ye (=) = Y > ca(n). 


a=] d\q 


Use Mobius inversion to deduce Theorem A.24 from this identity. 


. Let 


o(n) = Yod. 


dln 


Prove that 
n<a(n) < nlogn+ O(n). 


Hint: o(n) = doy, n/d. 


. Let (mn) be the Mobius function. Prove that 


=. x(n) 
eT z) 


n=] 
for alls > 1. 


Prove that the Dirichlet convolution of arithmetic functions is associative, 
that is, if f(), g(n), and h(n) are arithmetic functions, then 


(fxg)*h= f *(g*h). 


Let L(n) = logn for all n > 1. For any arithmetic function f, define Lf 
by Lf(n) = L(n) f(n). Prove that L is a derivation on the ring of arithmetic 
functions, that is, 


Lif *g)=(Lf)*ge+ f * (Lg). 
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18. Let f, g, and h be arithmetic functions. Prove that 


g(n)= >> f(d)h(n/d) 
din 
if and only if 
f(n) = > wd)g(n/d)h(d). 
d|n 
19. Compute 


I (- =): 
tN kk ed 


20. Show that the infinite product 


Fi(1 22) 
k=2 k 


converges, but not absolutely. 


21. LetO < b, < 1 forall n. Prove that if }~°2, b, converges, then []°~, (1 — bn) 
converges. 


22. Let 0 < b, < 1 forall n. Prove that if }-°-, b, diverges, then []7°,(1 — bn) 
diverges to zero. 
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